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Preface

Ergodic theory is a mathematical subject that studies the statistical proper-
ties of deterministic dynamical systems. It is a combination of several branches
of pure mathematics, such as measure theory, functional analysis, topology,
and geometry, and it also has applications in a variety of fields in science and
engineering, as a branch of applied mathematics. In the past decades, the
ergodic theory of chaotic dynamical systems has found more and more appli-
cations in mathematics, physics, engineering, biology and various other fields.
For example, its theory and methods have played a major role in such emerging
interdisciplinary subjects as computational molecular dynamics, drug designs,
and third generation wireless communications in the past decade.

Many problems in science and engineering are often reduced to studying the
asymptotic behavior of discrete dynamical systems. We know that in neural net-
works, condensed matter physics, turbulence in flows, large scale laser arrays,
convection-diffusion equations, coupled mapping lattices in phase transition,
and molecular dynamics, the asymptotic property of the complicated dynami-
cal system often exhibits chaotic phenomena and is unpredictable. However, if
we study chaotic dynamical systems from the statistical point of view, we find
that chaos in the deterministic sense usually possesses some kind of regularity
in the probabilistic sense. In this textbook, which is written for the upper level
undergraduate students and graduate students, we study chaos from the statis-
tical point of view. From this viewpoint, we mainly investigate the evolution
process of density functions governed by the underlying deterministic dynam-
ical system. For this purpose, we employ the concept of density functions in
the study of the statistical properties of sequences of iterated measurable trans-
formations. These statistical properties often depend on the existence and the
properties of those probability measures which are absolutely continuous with
respect to the Lebesgue measure and which are invariant under the transforma-
tion with respect to time. The existence of absolutely continuous invariant finite
measures is equivalent to the existence of nontrivial fixed points of a class of
stochastic operators (or Markov operators), called Frobenius-Perron operators
by the great mathematician Stanislaw Ulam, who pioneered the exploration of
nonlinear science, in his famous book “A Collection of Mathematical Problems”
[120] in 1960.

In this book, we mainly study two kinds of problems. The first is the ex-
istence of nontrivial fixed points of Frobenius-Perron operators, and the other
concerns the computation of such fixed points. They can be viewed as the
functional analysis and the numerical analysis of Frobenius-Perron operators,
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respectively. For the first problem, many excellent books have been written,
such as “Probabilistic Properties of Deterministic Systems” and its extended
second edition “Chaos, Fractals, and Noise: Stochastic Aspects of Dynamics”
by Lasota and Mackey [82], and “Law of Chaos: Invariant Measures and Dy-
namical Systems in One Dimension” by Boyarsky and Géra [14]. For the second
problem, this book might be among the first ones in the form of a textbook on
the computational ergodic theory of discrete dynamical systems. One feature
that distinguishes this book from the others is that our textbook combines strict
mathematical analysis and efficient computational methods as a unified whole.
This is the authors’ attempt to reduce the gap between pure mathematical
theory and practical physical, engineering, and biological applications.

The first famous papers on the existence of nontrivial fixed points of Frobe-
nius-Perron operators include the proof (see, e.g., Theorem 6.8.1 of [82]) of the
existence of a unique smooth invariant measure for a second order continuously
differentiable expanding transformation on a finite dimensional, compact, con-
nected, smooth Riemann manifold by Krzyzewski and Szlenk [80] in 1969, and
the pioneering work [83] on the existence of absolutely continuous invariant
measures of piecewise second order differentiable and stretching interval map-
pings by Lasota and Yorke in 1973. The latter also answered a question posed
by Ulam in his above mentioned book. In the same book, Ulam proposed a
piecewise constant approximation method which became the first approach to
the numerical analysis of Frobenius-Perron operators. A solution to Ulam’s
conjecture by Tien-Yien Li [86] in 1976 is a fundamental work in the new area
of computational ergodic theory.

Our book has nine chapters. As an introduction, Chapter 1 leads the reader
into a mathematical trip from order to chaos via the iteration of a one-parameter
family of quadratic polynomials with the changing values of the parameter, from
which the reader enters the new vision of “chaos from the statistical point of
view.” The fundamental mathematical knowledge used in the book — basic
measure theory and functional analysis— constitutes the content of Chapter 2.
In Chapter 3, we study the basic concepts and classic results in ergodic theory.
The main linear operator studied in this book — the Frobenius-Perron oper-
ator — is introduced in Chapter 4, which also presents some general results that
have not appeared in other books. Chapter 5 is exclusively devoted to the inves-
tigation of the existence problem of absolutely continuous invariant measures,
and we shall prove several existence results for various classes of one-dimensional
mappings and multi-dimensional transformations. The computational problem
is studied in Chapter 6, in which two numerical methods are given for the ap-
proximation of Frobenius-Perron operators. One is the classic Ulam’s piecewise
constant method, and the other is its improvement with higher order approxi-
mation accuracy; that is, the piecewise linear Markov method which was mainly
developed by the authors. In Chapter 7, we present Keller’s result on the stabil-
ity of Markov operators and its application to the convergence rate analysis of
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Ulam’s method under the L!'-norm and Murray’s work for a more explicit upper
bound of the error estimate. We also explore the convergence rate under the
variation norm for the piecewise linear Markov method. Chapter 8 gives a sim-
ple mathematical description of the related concepts of entropy, in particular the
Boltzmann entropy and its relationship with the iteration of Frobenius-Perron
operators. Several modern applications of absolutely continuous invariant prob-
ability measures will be given in the last chapter.

This book can be used as a textbook for students of pure mathematics, ap-
plied mathematics, and computational mathematics as an introductory course
on the ergodic theory of dynamical systems for the purpose of entering the re-
lated frontier of interdisciplinary areas. It can also be adopted as a textbook
or a reference book for a specialized course for different areas of computational
science, such as computational physics, computational chemistry, and compu-
tational biology. For students or researchers in engineering subjects such as
electrical engineering, who want to study chaos and applied ergodic theory, this
book can be used as a tool book. A good background of advanced calculus is
sufficient to read and understand this book, except possibly for Section 2.4 on
the modern definition of variation and Section 5.4 on the proof of the existence
of multi-dimensional absolutely continuous invariant measures which may be
omitted at the first reading. Some of the exercises at the end of each chapter
complement the main text, so the reader should try to do as many as possi-
ble, or at least take a look and read appropriate references if possible. Each
main topic of ergodic theory contains matter for huge books, but the purpose of
this book is to introduce as many readers as possible with various backgrounds
into fascinating new fields having great potential of ever increasing applications.
Thus, our presentation is quite concise and elementary and as a result, some
important but more specialized topics and results must be omitted, which can
be found in other monographs.

Another feature of this textbook is that it contains much of our own joint
research in the past fifteen years. In this sense it is like a monograph. Our joint
research has been supported by the National Science Foundation of China, the
National Basic Research Program of China, the Academy of Mathematics and
Systems Science at the Chinese Academy of Sciences, the State Key Laboratory
of Scientific and Engineering Computing at the Chinese Academy of Sciences,
the Chinese Ministry of Education, the China Bridge Foundation at the Uni-
versity of Connecticut, and the Lucas Endowment for Faculty Excellence at the
University of Southern Mississippi, among the others, for which we express our
deep gratitude.

Jiu Ding would also like to thank his Ph.D. thesis advisor, University Dis-
tinguished Professor Tien-Yien Li of Michigan State University. It is Dr. Li’s
highly educative graduate course “Ergodic Theory on [0,1]” for the academic
year 1988-1989, based on the lecture notes [87] delivered at Kyoto University
of Japan one year earlier, that introduced him into the new research field of
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computational ergodic theory and led him to write a related Ph.D. dissertation.
Aihui Zhou is very grateful to his Ph.D. thesis advisor, Academician Qun Lin,
of the Chinese Academy of Sciences, who with a great insight, encouraged him
to enter this wide and exciting research area.

The first edition of this book was published in Chinese by the Tsinghua
University Press in Beijing, China in January 2006 and reprinted in December
in the same year. We thank editors Xiaoyan Liu, Lixia Tong, and Haiyan Wang
and five former Ph.D. students of Aihui Zhou, Xiaoying Dai, Congming Jin,
Fang Liu, Lihua Shen, and Ying Yang for their diligent editorial work and tech-
nical assistance, which made the fast publication of the Chinese edition possible.
We thank Lixia Tong for her help during the preparation of this revised and
expanded English edition of the book.

Jiu Ding and Aihui Zhou
Beijing, March 2008
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Chapter 1
Introduction

JiuDing, Department of Mathematics, The University of Southern Mississippi in America.
Aihui Zhou, Academy of Mathematics and Systems Science, Chinese Academy of Sciences.

Abstract Using the famous logistic model Sy(z) = rz(1 —x) as an example, we give
a brief survey of discrete dynamical systems for the purpose of leading the reader on a
mathematical trip from order to chaos, and then we introduce basic ideas behind the
statistical study of chaos, which is the main topic of the book.

Keywords Logistic model, period-doubling bifurcation, Li-Yorke chaos, Frobenius-
Perron operator, absolutely continuous invariant measure.

In the modern statistical study of discrete deterministic dynamical systems
and its applications to physical sciences, there are two important and mutually
related problems. On the theoretical part, there is the problem of the ezistence
of absolutely continuous invariant measures that give the statistical properties
of the dynamics, such as the probability distribution of the orbits for almost
all initial points and the speed of the decay of correlations. On the practical
part, we encounter the problem of the computation of such invariant measures to
any prescribed precision in order to numerically explore the chaotic behavior in
many physical systems. In this textbook, we try to address these two problems.
For this purpose, we need to study a class of positive linear operators, called
Frobenius-Perron operators, that describe the density evolution governed by the
underlying dynamical system. Density functions, which are the fixed points of
Frobenius-Perron operators, define absolutely continuous invariant probability
measures associated with the deterministic dynamical system, which can be
numerically investigated via structure preserving computational methods that
approximate such fixed density functions.

Before we begin to study the statistical properties of discrete dynamical
systems, we first review the deterministic properties of one-dimensional map-
pings in this introductory chapter as a starting point. The well-known logistical
model, which has played an important role in the history of the evolution of
the concept of chaos in science and mathematics, will be studied in detail from
the deterministic point of view. Then, we are naturally led to the statistical
study of chaos by introducing the concept of Frobenius-Perron operators with
an intuitive approach, which motivates the main topic of this book.
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1.1 Discrete Deterministic Systems—from Order to
Chaos

In their broad sense, dynamical systems provide rules under which phenom-
ena (states) in the mathematical or physical world evolve with respect to time.
Differential equations are widely used to model continuous time dynamical sys-
tems in many areas of science, such as classical mechanics, quantum mechanics,
neural networks, mathematical biology, etc., as these equations describe math-
ematically the laws by which they are governed. Transformations on phase
spaces not only determine a discrete time dynamical system[23], but also form
the basis of investigating continuous time dynamical systems via such math-
ematical tools as the Poincare’ map. Even simple nonlinear transformations
may exhibit a quasi-stochastic or unpredictable behavior which is a key feature
of the chaotic dynamics. Poincaré deduced this kind of chaotic motion for the
three-body problem in celestial mechanics about fifty years before the advent
of electronic computers in the 1940s, and about eighty years before Tien-Yien
Li and James A. Yorke first coined the term “Chaos” in their seminar paper
“Period Three Implies Chaos” [88] in 1975.

The discrete time evolution of a dynamical system in the N-dimensional
Euclidean space RY is usually given by a first order difference equation which
is often written as a recurrence relation

LTp+1 = S(iL’n), n = 0717" T

where S is a transformation from a subset 2 of RV into itself. For example,
consider a population of organisms for which there is a constant supply of food
and limited space, and no predators. In order to model the populations in
successive generations, let x,, denote the population of the nth generation, and
adjust the numbers so that the capacity of the environment is equal to 1, which
means that 0 < z, <1 for all n. One popular formula for the dynamics of the
population is the so-called logistic model , after the differential equation studied
by the Belgian mathematician Pierre F. Verhulst about 160 years ago [98]:

Tnt1 =rxn(l —x,), n=0,1,---,

where r € (0,4] is a parameter. In the following, we study the deterministic
properties of this logistical model to some extent when the parameter r varies
from 0 to 4 and see how the dynamics will change from the regular behavior to
the chaotic behavior as r increases toward 4.

First, we introduce some standard terms in discrete dynamical systems . Let
X beaset and S : X — X be a transformation. A point x € X is called a fized
point of S if S(x) = x and an eventually fixed point of S if there is a positive in-
teger k such that S*(z) is a fixed point of S, where S¥(x) = S(S(--- (S(x))---))
(i.e., S* is the composition of S with itself £ — 1 times) is the kth iterate of x.
A point zg € X is called a periodic point of S with period n > 1 or a period-n
point of S if S"(zg) = o and if in addition, xo, S(zo),S?*(x0), -, S (z0)
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are distinct. A fixed point is a periodic point with period 1. An eventually
periodic point is a point whose kth iterate is a periodic point for some k& > 0.
The orbit of an initial point xq is the sequence

X0, S(Z‘O), SQ(:L‘O% T 7Sn(x0)7 T
of the iterates of xyp under S. If x( is a period-n point, then the orbit
Zo, S(IO)7 to 7Sn71(‘r0)3 o

of g is a periodic orbit which can be represented by {xo, S(x¢), -+ ,S" (z0)}
called an n-cycle of S.

From the mean value theorem of calculus, a fixed point x of a differentiable
mapping S of an interval is attracting or repelling if |S'(z)] < 1 or |S"(x)| >
1, respectively. Similarly, a period-n point zy of S is attracting or repelling
when |(S™)'(zo)| < 1 or [(S™)'(x0)| > 1 respectively, and the corresponding n-
cycle is attracting or repelling. Such information only gives the local dynamical
properties of a fixed point or a periodic orbit, not the global ones which need
more subtle arguments and more thorough analysis to obtain in general.

Now, we begin to study the iteration of the logistic model. Let

Sp(z) =rz(l —z), Yz €[0,1],

where the parameter r € (0, 4] so that S, maps [0, 1] into itself. It is obvious that
Sy has one fixed point 0 when 0 < r < 1 and two fixed points 0 and p, = 1—-1/r
when 7 > 1. Since S/.(0) = r and S/.(p,) = 2 — r, one can see that the fixed
point 0 is attracting for » < 1 and repelling for » > 1, and the fixed point p, is
attracting for 1 < r < 3 and repelling for r > 3. In the remaining part of this
section, we study the global properties of the fixed points and possible periodic
points in more detail.

As will be shown below, the dynamics of S, changes as the parameter r
passes through each of the values 1, 2, 3, 1+ v/6,---, called the bifurcation
points of the one-parameter family {S,} of the quadratic mappings, that is,
the number and nature of the fixed points and/or the periodic points change
when r passes through each of them. Hence, our discussion below will be split
into four cases, from easy to more complicated ones. They are respectively
0<r<1,1<r<2 2<r<3,and 3 <r < 4. In the analysis, we often use
the simple fact that the limit z* of a convergent sequence {x,} of the iterates
of a continuous mapping S must be a fixed point of S if z* is in the domain
of S.

Case 1. 0 < r < 1 (see Figure 1.1).
Since 0 < S.(z) = rz(l —z) < x for 0 < z < 1, the iteration sequence
{S(z)} is positive and monotonically decreasing, and so it converges to the
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Figure 1.1 S, at r=10.5

unique fixed point 0 of .S, as n approaches infinity. It follows that the basin of
attraction of 0, which is the set of all the initial points whose orbit converges
to the fixed point 0 by definition, is the closed interval [0,1]. So there are no
periodic points except for the unique fixed point 0.

Case 2. 1 < r < 2 (see Figure 1.2).

1
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Figure 1.2 S, at r=1.5

Now, S, has two fixed points, 0 and p, = 1 — 1/r. We know that the
fixed point 0 is repelling and the fixed point p, is attracting. Let 0 < = < p,..
Then, 1/r < 1 —2x, so z < rz(l —x) = Sy(z). By induction we see that
x < Sp(z) < -+ < 8"(x) < ---. On the other hand, since S, is strictly
increasing on [0, p,],

Sr(x) < Sr(pr) = Dr

which implies that S”(z) < p, for all n. Thus, the sequence {S*(x)} is strictly
increasing, bounded above by p,., and hence it converges to the fixed point p,..
Similarly, if p, < 2 < 1/2, then {S"(x)} is a monotonically decreasing sequence
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bounded below by p,, so it also converges to p,. Finally, if 1/2 < = < 1,
then 0 < S,(z) < 1/2, so by the above argument, {S](x)} converges to p,.
Therefore, when 1 < r < 2, the basin of attraction of the fixed point p, is the
open interval (0, 1), the basin of attraction of the fixed point 0 is the 2-point
set {0,1}, and there are no other periodic points besides the two fixed points.

Case 3. 2 < r < 3. (see Figure 1.3).
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Figure 1.3 S, at r =2.5

When r > 2, the fixed point p, > 1/2. Assume that » < 3 and let g, be
the unique number in (0,1/2), which is symmetric to p, about 1/2, such that
Sr(qr) = Sr(pr) = pr. Then, using the geometry of the graph of S, and the fact
that ¢, < Sy(r/4), one can show that (see Exercise 1.1):

(i) if z € (0, ¢,), then x has an iterate > ¢,;

(i) if g» <z < py, then p, < Sp(z) < 7/4;

(iii) if p, < & < 7/4, then ¢, < S, (z) < pr;

(iv) if r/4 <z < 1, then 0 < Sy (x) < py.

From (i)-(iv) it follows that if 0 < z < 1, then z has an iterate in the interval
(g¢r,pr]. Moreover, (ii) and (iii) imply that the iterates of x oscillate between
the intervals (g, p,-] and [p,, r/4]. Thus,

(v) if z is in (g, p,], then so is the sequence {S2"(x)};

(vi) if @ is in [py,7/4], then so is the sequence {S2"(x)}.

Since 0 and p, are the fixed points of S, a simple calculation shows that

Si(x)—x=ra(x—p;) [+ (PP +r)a—r—1]. (1.1)

The expression inside the brackets has no real roots when 2 < r < 3. Therefore,
if 2 < r < 3, then the only fixed points of S? are 0 and p,. Since S?(x) — x
has no roots in (g, pr), it has the same sign as S?(1/2) — 1/2 which is positive.
Consequently x < S?(x) for all € (gr,pr), and by (v) the sequence {S?"(x)}
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is monotonically increasing, lies in (g, p,], and converges to the only positive
fixed point p, of S2. Using the continuity of S, we find that

Sp (@) = Sp(87"(x)) — Sr(pr) = pr

as n increases without bound. Therefore, S7'(z) — p, whenever x € (g, pr].
Since every « in (0,1) has an iterate in (g, p;], we conclude that S (x) — p,
as n increases without bound, for all € (0,1). In other words, the basin of
attraction of p, is (0, 1), so the basin of attraction of 0 is {0,1}. A consequence
of this result is that there are no periodic points for S, other than the fixed
points. The same conclusion can be proven for r = 3 with a more careful
analysis.

Case 4. 3 < r < 4 (see Figure 1.4).

0.9
0.8
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0.4
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Figure 1.4 S, at r = 3.2

We have learned that the dynamics of S, is regular when 0 < r < 3, and in
particular the only periodic points are fixed points. When 3 < r < 4, both 0 and
pr =1 — 1/r are repelling fixed points. Do the iterates of other points in (0, 1)
converge, or oscillate, or have no pattern at all? Are there periodic points other
than 0 and p,? The analysis of the dynamics of S, becomes more and more
complicated as r increases from 3 to 4. We only study the case 3 < r < 1+ 6
in detail and list the main results that follow.

For our purpose, we need to study the dynamics of S2. When r = 3, the
graph of S? is tangent to the diagonal y = x at the point (p,,p,). From (1.1),
the other two fixed points of S? besides 0 and p, are the real roots of the
quadratic equation

—r?? () —r—1=0,
which are
1 1 1 1 1

1
==+ ——— — +1 r==-4+ =4+ — — +1).
s (r—3)(r ) and ¢ 5T T o (r—3)(r )
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Since 0 and p,. are the only fixed points of S, for » > 1, it is obvious that {s,., ¢}
is a 2-cycle for r > 3. After a simple computation, we find that

(S%Y(s,) = Sl(5,)SL(t,) = (r — 2rs,)(r — 2rt,) = —r® + 2r + 4.

Since | — 72 + 2r + 4| < 1 if and only if 3 < r < 1 4+ /6, the 2-cycle {s,,t,}
is attracting if 3 < r < 1+ V6. Tt can further be shown that the basin of
attraction of the 2-cycle {s,,t.} consists of all x € (0,1) except for the fixed
point p, and the points whose iterates are eventually p,.

When r > 1++/6, the 2-cycle {sr, t,} becomes repelling. As we may expect,
an attracting 4-cycle is born. Actually, there exists a sequence {r,} of the so-
called period-doubling bifurcation values for the parameter r, with 7o = 3 and
ri=1+ \/6, such that

e if 1o < r < 11, then S, has two repelling fixed points and one attracting
2-cycle;

e if r; <1 < ro, then S, has two repelling fixed points, one repelling 2-cycle,
and one attracting 22-cycle;

e if ro < 1 < r3, then S, has two repelling fixed points, one repelling 2-cycle,
one repelling 22-cycle, and one attracting 23-cycle;

In general, forn=1,2,---,

o if r,_1 < r < 7y, then S, has two repelling fixed points, one repelling
2k_cycle for k =1,2,--- ,n — 1, and one attracting 2"-cycle.

It is well-known that lim r, = r, = 3.561547-... This number r, is

n—oo

called the Feigenbaum number for the quadratic family {S,}. Moreover, the
sequence {c,} of the ratios

Tn — Thn—1
Cp = ———
Tn+1 — Tn
converges to a number ¢, = 4.669202 - - -, which is called the universal constant

since for many other families of one-humped mappings, the bifurcations occur in
such a regular fashion that the ratios of the distances between successive pairs
of the bifurcation points approach the very same constant cs,! This universal
constant ¢, is also referred to as the Feigenbaum constant because the physicist
Michael Feigenbaum first found it and its universal property in 1978.

So far the dynamics of the quadratic family {S,} is still regular for 0 < r <
Too since every point z € (0,1) is periodic, eventually periodic, or attracted
to a fixed point or a periodic orbit. So, the eventual behavior of the orbits
is predictable. When r > ro, there could exhibit a complicated irregular or
chaotic behavior for the dynamics of S,. For example, if 3.829 < r < 3.840,
then S, has period-3 points. The celebrated Li- Yorke theorem [88] says that if a



8 Chapter 1 Introduction

continuous mapping S from an interval I into itself has a period-3 point, then it
has a period-k point for any natural number k, and there is an uncountable set
A C I, containing no periodic points, which satisfies the following conditions:
(i) For every pair of distinct numbers z, y € A,
limsup |[S™(z) — S™(y)] >0 and liminf|S"(x) — S™(y)| = 0.
n—oo

n—oo

(ii) For every = € A and each periodic point p € I,
limsup |S™(z) — S™(p)| > 0.

Thus, from the Li-Yorke theorem, the eventual behavior of the iterates of S,
with 3.829 < r < 3.840 is unpredictable.

The case r = 4 is worth a special attention. It is well-known [7] that Sy is
topologically conjugate to the tent function

. 1
N 0.3 (1-2)

201 —-ux), if xe [%71}

That is, there is a homeomorphism h : [0,1] — [0, 1] such that Syoh =hoT.
Since T has a 3-cycle {2/7,4/7,6/7}, there is a period-3 orbit for Sy. By the Li-
Yorke theorem, Sy, is chaotic. As a matter of fact, if we randomly pick an initial
point zg € [0, 1], then the limit set of the sequence {x,} with =, = S} (zo) is
the whole interval [0, 1], that is, for each x € [0, 1], there is a subsequence {zy, }
of {z,} such that klirrgo Ty, = .

Chaotic dynamical systems are now very popular in science and engineering.
Besides the original definition of Li-Yorke chaos in [88], there have been various
definitions for “chaos” in the literature, and the most often used one is given
by Devaney in [27]. Although there is no universal definition for chaos, the
essential feature of chaos is sensitive dependence on initial conditions so that the
eventual behavior of the dynamics is unpredictable. The theory and methods
of chaotic dynamical systems have been of fundamental importance not only in
mathematical sciences [22, 23, 27], but also in physical, engineering, biological,
and even economic sciences [7, 18, 94, 98].

We have examined a family of discrete dynamical systems from the deter-
ministic point of view and have observed the passage from order to chaos as the
parameter value of the mappings changes. In the next section, we study chaos
from another point of view, that is, from the probabilistic viewpoint.

1.2 Statistical Study of Chaos

Although a chaotic dynamical system exhibits unpredictability concerning
the asymptotic behavior of the orbit starting from a generic point, it often
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behaves regularly as far as the statistical properties are concerned. In other
words, a chaotic dynamical system in the deterministic sense may not be chaotic
in the probabilistic sense.

In physical measurements, we often consider a probabilistic distribution of
a physical quantity. Let S : X — X be a dynamical system on a phase space X
of finite measure pu(X) < 0o, and let A be a subset of X. Instead of observing
the deterministic properties of individual orbits, let us consider the probabilistic
properties by observing the frequencies of the first n terms of the orbit {S™(x)}
of an initial point x that enter A for all natural numbers n. To calculate the
frequency, let x 4 be the characteristic function of A, that is,

1, if z€ A,
Xale) = {0, if ¢ A (1)

Then, the frequency for a given n is exactly n=* Z xa(S%(z)). The time aver-

age or the time mean, which is the asymptotic frequency of all the terms of an
orbit starting at € X that enter A, is given by the limit

1 n—1 .
3 K3
Jim ;XA(S ()
if it exists, which measures how frequently the orbit stays in A. The classi-
cal ergodic theory deals with the existence of the time average, their metric
properties, and their close relationships with other mathematical concepts and
quantities, which originated from Boltzmann’s ergodic hypothesis in statistical
mechanics. In our context, this hypothesis concerns the following question:
given a measure preserving transformation S : X — X, i.e., u(S7H(A)) = p(A)
for all measurable subsets A of X, and an integrable function f:X — R, find
the conditions under which the limit

lim > F(SF@) (1.4)

exists and is constant for # € X almost everywhere (a.e.).

In 1931, George D. Birkhoff proved that for any S and f the limit (1.4)
exists for x € X almost everywhere, and furthermore, if S is ergodic, that is,
S71(A) = A implies that A = & or X a.e., then the time average coincides with
the space average or the space mean

pA) 1
W(X) ~ a(X) /X Xady

for © € X a.e. More specifically, the celebrated Birkhoff pointwise ergodic
theorem [123] can be stated as follows (c.f. Theorem 3.3.1 in Chapter 3):
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Theorem 1.2.1 (Birkhoff’s pointwise ergodic theorem) Let i be a prob-
ability measure on X which is invariant under S : X — X. Then, for any
integrable function f defined on X and almost all x € X, the time average

n—1
Jim =3 (7))
=0

exists and is denoted as f(x). Moreover,

f(S(z)) = f(zx), Ve e X pu—ae.
If in addition S is ergodic, then f is the constant function / fdu.
X

Now, another question arises naturally: given a transformation S : X —
X, what measure p on X is invariant under S? If we do not impose more
requirements for u, the answer may be trivial or of no physical importance. For
example, for the logistic model S(z) = 4z(1 — z), since 0 is a fixed point of S, it
is easy to see that the Dirac measure &g concentrated at 0 is invariant, where
Jo(A) =110 € A and dp(A) = 01if 0 ¢ A. In general, any fixed point a of
S gives rise to an invariant measure d,, the Dirac measure concentrated at a.
Note that the Dirac measure é, with a € [0, 1] is not absolutely continuous with
respect to the Lebesgue measure of the unit interval. In other words, it cannot
be represented as the integral of an integrable function on [0, 1].

The existence of an invariant measure for a continuous transformation on
a compact metric space has been established by the following theorem [123],
which will be proved in Section 3.4.

Theorem 1.2.2 (Krylov-Bogolioubov) Let X be a compact metric space
and let S : X — X be a continuous transformation. Then, there is an invariant
probability measure p under S.

In many applications, we are more interested in the existence and compu-
tation of invariant probability measures which are absolutely continuous with
respect to a given measure. In other words, we want to find invariant measures
that can be expressed as integrals of density functions with respect to the given
measure. In this textbook, we intend to study this problem. Here the concept
of Frobenius-Perron operators, which gives the corresponding way the density
functions change under the deterministic dynamical system, plays an important
role. Considering the iteration of the Frobenius-Perron operator leads us to the
following observation: chaos in the deterministic sense may not be so in the
probabilistic sense.

Let (X,X, 1) be a o-finite measure space, let S : X — X be a nonsingular
transformation, i.e., u(A) = 0 implies u(S~1(A)) = 0 for all A € ¥, and let



1.2  Statistical Study of Chaos 11

P: LY(X) — L'(X) be the Frobenius-Perron operator associated with S which
is defined implicitly by the relation

/Pfdu:/ fdu, VAey, (1.5)
A S—1(A)

where L!(X) is the space of all integrable functions defined on X with respect
to the measure p (see Chapters 2 and 4 for their precise definitions). In Chapter
4, it will be proved that any fixed point f of P, which is also a density function,
gives an absolutely continuous S-invariant probability measure p¢ on X defined

by is(4) = [ fap, v A€

The em’steﬁce problem of fixed density functions of Frobenius-Perron opera-
tors is one of the main topics in modern ergodic theory. On the other hand, in
physical sciences, one often needs to compute one or higher dimensional abso-
lutely continuous invariant finite measures [7]. For example, in neural networks,
condensed matter physics, turbulence in fluid flow, arrays of Josephson junc-
tions, large-scale laser arrays, reaction-diffusion systems, etc., “coupled map
lattices” often appear as models for phase transition, in which the evolution
and convergence of density functions under the action of the Frobenius-Perron
operator are examined. Understanding the statistical properties of these sys-
tems will become possible if we are able to calculate such global statistical
quantities as invariant measures, entropy, Lyarpulov exponents, and moments.
Thus, in many applied areas of physical sciences, not only the existence but
also the computation of fixed density functions of Frobenius-Perron operators
is essential for the investigation of the complicated dynamics.

However, the following two main difficulties make solving the above problems
a challenge. First, the underlying space L'(X) is not reflexive in general, and
second, the Frobenius-Perron operator P is usually not compact on L'(X).
Thus, we can only apply some special techniques and the structure analysis to
prove the existence and to develop convergent computational algorithms.

We use the following probabilistic argument to motivate the definition (1.5)
of Frobenius-Perron operators, before we formally define this operator in Chap-
ter 4. Consider again the dynamical system S(z) = 42(1 — z). Instead of
studying the eventual behavior of individual orbits, we investigate the asymp-
totic distribution of the iterates on [0, 1] under S. In other words, we examine
the flow of density functions of these iterates’ distributions if the density func-
tion of the initial distribution is known. Here, we give an intuitive description
of this approach. Pick a large positive integer n and apply S to each of the n
initial states

0 0 0
m17 $2’ ...71*

and then we have n new states

vy = S(a1), 23 = 8(h), -+, 2y = S(af).
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The initial states can be represented by a function fp in the sense that the
integral of fp over any interval I (not too small) is roughly the fraction of the
number of the states in the interval, that is,

/Ifo(a:)dx ~ %l_zlxj(x?)

fo is called the density function of the initial states. Similarly, the density

ion f, for e i
function f; for the states x1, 21 .-+ xl satisfies

/Ifl(:z:)dx ~ %ZXI(:C}).

Our purpose is to find a relation between fi and fy.
For the given I C [0,1],
z} €1 ifand only if ¥ € S71(I).

Thus, from the equality x7(S(x)) = xs-1(1)(z), we have

1 n
d ~ — —1 (»)
/Ifl(ﬂ?) € " ;:1)(3 (1)(1’1)7

which implies that

[ e = [ Ly fo@e

If we write f1 as P fj, then the above relationship between f; and fj is

/IPfo(x)dl": /51(1) fo(z)dz.

The operator P that maps the density function f of the initial states to the
density function P f of the next states is actually the Frobenius-Perron operator
corresponding to the transformation S, as defined by (1.5).

Let I = [0,z]. Then, differentiating both sides of the equality

/I Pf(t)dt = / Ft)dt
0 S=1([0,z])

with respect to x gives

d

P -
A S ([0.a])

F(#)dt.
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Since

S71([0,2]) = {o% - %m} U B + %m 1} ,

after carrying out the indicated differentiation, we obtain

1 1 1 1 1
which is an explicit formula for the Frobenius-Perron operator corresponding
to the quadratic mapping S. This formula tells us how S transforms a given
density function f into a new density function Pf. In particular, if the initial
density function f(xz) = 1, that is, if the initial distribution of the states is
uniform, then the distribution of the new states under S is given by the density

function
1

o0/1 -z

If we keep iterating, we can see that the density function sequence {P" f(z)}
will approach the density function

Pf(z) =

1

) = —
f@) m/z(l — x)
as n — oo, which satisfies Pf* = f*. This fixed density function for the logistic
model S(x) = 4x(1 — x) was found by Ulam and von Neumann [121] in 1947.

It turns out that the probability measure pu* defined by
p(A) = / f*(x)dz, V measurable A C [0,1],
A

which is absolutely continuous with respect to the Lebesgue measure on [0, 1],
is invariant under the quadratic polynomial S. Thus, the chaotic dynamical
system in the deterministic sense is stable in the probabilistic sense, that is, the
probability distribution of the states of the iterates of S will approach eventually
the stationary probability distribution given by f*.

In this book, we shall mainly study Frobenius-Perron operators and the
related concept of absolutely continuous invariant finite measures. There are
two main issues that we would like to discuss: the existence of fixed density
functions of Frobenius-Perron operators and their numerical computation. The
main mathematical foundation for achieving our goals is integration theory and
functional analysis, and a useful analytic tool is the concept of variation. So,
in the next chapter we introduce the basis of measure theory and functional
analysis as preliminaries for the subsequent chapters on the theoretical and
numerical analysis of Frobenius-Perron operators.
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Exercises

1.1 Prove the facts (i)-(vi) in the case of 2 < r < 3 for the logistic model
Sy(xz) = rz(l — z) in Section 1.1.

1.2 Find a homeomorphism A : [0,1] — [0,1] that makes S; topologically
conjugate to the tent function T defined by (1.2).

1.3 Let a € X be a fixed point of S : X — X. Show that the Dirac measure
d, is S-invariant, and also show that if {a1,az2, -+ ,axr} is a k-cycle of S, then

k
the measure § = k=1 3 §,, is S-invariant.
i=1
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Abstract The fundamental mathematical knowledge used in the book is reviewed
in this chapter, which includes basic measure theory and Lebesgue integration theory,
L' spaces, the classic definition of variation for functions of one variable and the
modern notion of variation for functions of several variables, compactness arguments
for L' spaces, and quasi-compact operators on a Banach space which is a compactly-
imbedded dense subspace of the L' space.
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The fundamental tools for studying the ergodic theory of chaotic dynamical
systems are measure theory and functional analysis. In order to investigate the-
oretical and numerical aspects of Frobenius-Perron operators for the purpose of
our book, we also need the important concept of functions of bounded variation.
In this chapter, we introduce some useful concepts and basic results from real
analysis and functional analysis.

Section 2.1 will give various definitions for measures and integration in the
sense of Lebesgue. In Section 2.2, we shall present the most important inte-
gration theorems, Section 2.3 and Section 2.4 will be devoted to the study of
functions of bounded variation in one variable and several variables, respectively.
The concept of compactness and the class of quasi-compact linear operators will
be introduced in Section 2.5. Our presentation is brief and only covers the ma-
terials that will be used in the sequel. For a more detailed study of measure
theory, the reader can consult standard textbooks such as [109, 112] or the
extensive monograph [57].

2.1 Measures and Integration

We start with the definition of a o-algebra. Let X be an arbitrary non-empty
set.

Definition 2.1.1 A class ¥ of subsets of X is called a o-algebra on X if it
satisfies:

(i) A € ¥ implies that A° € ¥, where A° = {x € X : x & A} is the
complement of A in X;
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(ii) A, € X,n=1,2,--- imply that the union |J A, € 3;
n=1
(iii) X € 3.

Since the empty set @ = X¢ by (i) and (iii) of the definition, @ € X.
Furthermore, ¥ is closed under the operation of countable intersection as per

de Morgen’s formula
) An = < Ag> .
n=1 n=1

If A is a class of certain subsets of X, then the intersection of all the
o-algebras containing A is a o-algebra and is called the o-algebra generated
by A.

Definition 2.1.2 A real-valued (including co) nonnegative set function u de-
fined on a o-algebra X is called a measure if pu(2) =0 and

K (U An) = ZM(An)

for any finite or infinite sequence {A,} of pairwise disjoint sets from 3, that is
AiNA; =@ fori# j. In other words, a measure p s a countably additive
nonnegative set function.

In the above definition, we use the convention that a + co = oo for any real
number a and oo + 0o = oc.

Definition 2.1.3 The ordered triple (X, X, u) is called a measure space if there
is given a o-algebra ¥ on a set X and a measure p defined on . If the measure
1 s nmot specifically indicated, the ordered pair (X,X) is called a measurable
space, and any A € ¥ is called a Y-measurable set, or simply a measurable set.

Definition 2.1.4 A real measure (or a complex measure) is a real-valued (or
complez-valued) countably additive set function defined on a o-algebra. If a real
measure is nonnegative valued, it is called a positive measure.

Remark 2.1.1 Clearly, a positive measure is also a measure. The value oo
is admissible for a measure, but when we talk about a real measure pu, it is
understood that p(A) is a real number for every A € .

The total variation |u| of a real measure p on ¥ is a measure defined on ¥
by

ul(A) = sup > |u(An)|, VAET,
n=1
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the supremum being taken over all measurable partitions {A,} of A, ie., A, €
o0
¥, Vn, U A, = X, and A, N A, = @ if n # k. For a real measure u, we

n=1

define its positive part p* and its negative part u= by

1 _ 1
w = SO+, 5 = 5l - ).

Then, both pu* and p~ are measures on ¥ and p has the following Jordan
decomposition:

p=pt—p, lpl=p T

Theorem 2.1.1 If j1 is a real measure on X, then |u|(X) < oo. Hence, |p|, pt,
and p~ are all positive measures.

Remark 2.1.2 A simple example of a measure space is a so-called counting
measure space (X, %, 1) in which X is any set, the o-algebra ¥ is the family of
all subsets of X, and the measure u(A4) of A is the number (including oo) of
points in A. Another example is a finite sample space X = {x1,22, - ,2,} in
which the measure is defined by assigning to each single-element subset {x;} of

X a nonnegative number p; such that > p; = 1.
i=1

Remark 2.1.3 Let X be alocally compact Hausdorff space [57], let B = B(X)
be the Borel o-algebra which is the smallest o-algebra containing all the open
subsets of X, and let u be a measure on X. Then, (X, B, u) is called a Borel
measure space. In particular, if X = RV (R! = R), the N-dimensional Euclidean
space of all real column vectors © = (x1, 2, - ,ox)" of N components under
the usual addition and scalar multiplication with the standard Fuclidean inner

N

product (x,y) = xTy = > x;y,; for ¢,y € R, where T is the transpose of z,
i=1

then there exists a unique Borel measure ; on the Borel o-algebra B(RY) such

that
N N
1% <H[aiabi]> = H(bz —a;),
i=1 i=1
N
where [][ai,b;] is the Cartesian product of the closed intervals [a,bi], -,
i=1
[an,by] and is called an N-dimensional rectangle. This measure p will be
denoted by m, which is called the Lebesgue measure on R (c.f. Remark 2.1.5
below). Whenever considering spaces X = [0,1] (or R), X = [0,1]" = [0,1] x
-+ x [0,1] (or RY), or Borel subsets of these, we always assume that such sets
are equipped with the standard Lebesgue measure unless indicated otherwise.

In this book, we are mainly interested in a more specific measure space
defined as follows:
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Definition 2.1.5 A measure space (X,3, ) is said to be o-finite if X is a
countable union of its subsets with finite measure, i.e.,

X = UA"’ Ap €%, u(Ap) <oo, n=1,2,---.

n=1

Remark 2.1.4 (RY, B,m) is obviously o-finite; A,, may be chosen as the N-
dimensional ball of radius n centered at the origin for each positive
integer n.

Definition 2.1.6 A measure space (X, %, p) is said to be finite if pu(X) < oo.
In particular, if n(X) =1, then the measure space is called a probability space
or a normalized measure space.

Definition 2.1.7 A measure space (X, 3, p) is said to be complete if whenever
AeX and BC A, p(A) =0 implies B € 3.

Remark 2.1.5 Every measure space can be extended uniquely to a complete
measure space. Under the Lebesgue measure m, the completion of the Borel
measure space (RY, B, m) is the Lebesgue measure space (R, £, m), where L is
the Lebesgue o-algebra of Lebesgue measurable subsets of RY.

Remark 2.1.6 If a certain property involving the points of a measure space
is true except for a set of measure zero, then we say that the property is true
almost everywhere (abbreviated as a.e.). The notation p-a.e. (or simply a.e. if
& is understood) is sometimes used if the property is true almost everywhere
with respect to the measure pu.

We turn to the concept of measurable functions and the definition of their
integration.

Definition 2.1.8 Let (X, X, ) be a measure space. A real-valued (or complez-
valued) function f: X — R (or C) is said to be measurable if f~1(G) € X for
every open set G C R (or C), where f~1(G) = {z € X : f(z) € G} is the
inverse image of G under f.

Remark 2.1.7 More generally, a transformation S : X — Y from a mea-
surable space (X, %) into a measurable space (Y, .A) is said to be measurable if
S~1(A) € ¥ for each A € A. Thus, a measurable function f is a measurable
transformation from (X,X) into (R,B). If X; and X, are topological spaces
with their respective Borel o-algebras B; and B, then a continuous transfor-
mation S : X7 — X3 is a (Borel-) measurable transformation. In particular, a
continuous function on a topological space is a measurable function.

Definition 2.1.9 A measurable function f : X — [0,00) on a measurable
space (X,X) is called a simple function if its range consists of finitely many
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points. In other words, f is a simple function if
n
f = ZaiXAia A’L € Ea
i=1
where x a, s the characteristic function of A; as defined by (1.3).

Definition 2.1.10 Let (X,X, ) be a measure space. If f : X — [0,00) is a
simple function of the form
f = ZaiXAm
i=1

where «;, i = 1,2,---,n are the distinct values of f, and if A € X, then the
Lebesgue integral of f over A is defined by

[ =" i a),
A i=1
where the convention 0- 0o = 0 is used.

Definition 2.1.11 Let (X,X, u) be a measure space, let f : X — R be an
arbitrary nonnegative measurable function, and let A € X.. Then, the Lebesgue
integral of f over A is defined as

/ fdu = sup {/ sdp: 0< s < f, sare simple functions} .
A A

If A= X, then / fdu is called the Lebesgue integral of f.
X

Given a real-valued function f on X, let
fH(z) = max{f(z),0} and f~(z) = max{-f(),0},

for x € X. The functions f™ and f~ are called the positive part and the
negative part of f, respectively. We have the obvious equalities f = f* — f~
and |f| = f*+ f~.

Definition 2.1.12 Let (X,X, ) be a measure space, let f : X — R be a real-
valued measurable function, and let A € ¥. Then, the Lebesgue integral of f

over A is defined by
/ fdu = / frdp —/ fdp,
A A A

if at least one of the two numbers / frdu and / f~du is finite.
A A
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Definition 2.1.13 Let (X,%,p) be a measure space, let f : X — C be a

complex-valued measurable function, and let A € X. If f = u+iv and/ |fldp <
A

oo, then the Lebesgue integral of f over A is defined by

/Afdu/Au*'du/Au_du+i</Av+du/Av_du>.

If/ |fldu < oo, then the function f is said to be Lebesgue integrable (with
X
respect to [1).

Remark 2.1.8 A complex-valued measurable function is integrable if and
only if its real part and imaginary part are both integrable. If f is a real-valued
measurable function, then the equality

/leldu=/xf+u+/xf‘du

is always true no matter whether f is integrable or not.

Remark 2.1.9 Sometimes we write / fdp as / f(z)dp(x) to emphasize the

A A
independent variable x of the function f. In the case where A is an interval
or an N-dimensional rectangle, we may employ more conventional Riemann
integral notations for Lebesgue integrals, even if f may not be Riemann inte-

b
grable. For example, we often write fdu as / fdp and / f(z)du(x)
[a,b] a [a,b]

b
as / f(@)du(x), and similarly for multi-dimensional integrals.

We give some basic properties of Lebesgue integration, the proof of which
can be found in any textbook on real analysis.

Proposition 2.1.1 Suppose that (X, %, 1) is a measure space and let f and g
be measurable functions on X.

(i) If g is a nonnegative and integrable function, and |f(x)| < g(z) forz € X
p-a.e., then f is integrable and

’/ fdu’ </ gdp.
X X

(ii) /X |f|dw =0 if and only if f =0 p-a.e.

(iii) If f and g are integrable and a and b are numbers, then the function
af + bg is integrable and

/X(af+bg)du:a/xfdu+b/xgdu.
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(iv) Suppose that f is integrable and {A,} is a sequence of disjoint measur-
able subsets of X. Then,

/E'j Anfd/J:g/Anfdu-

n=1

(v) If f is integrable and / fdu =0 for every A € X, then f(z) = 0 for
A
rz € X p-ae.

Remark 2.1.10 Throughout this book, unless it is specifically stated to the
contrary, a measure space will always be understood to be o-finite and complete,
and a function is always real-valued.

2.2 Basic Integration Theory

In this section, we list without proof the three fundamental convergence
theorems and some other important theorems for Lebesgue integration that
will be used throughout our book. Let (X, 3, 1) be a measure space.

Theorem 2.2.1 (Lebesgue’s dominated convergence theorem) Suppose
that {fn} is a sequence of measurable functions on X such that the limit

T () = /(@)
exists for x € X a.e. If there is an integrable function g such that
|fn(33)| < g(l‘) reXae, Vn=12,---,

then f and all f,, are integrable. Moreover,
lim |frn— fldp =0 and lim / frndp :/ fdu.

Theorem 2.2.2 (Lebesgue’s monotone convergence theorem) Let {f,}
be a sequence of real-valued measurable functions on X, and suppose that

(1) 0 < fi(z) < fa(z) < --- forz e X ae.,

(ii) nh_)rgo fu(x) = f(x) for x € X ae.

Then, f is measurable and

lim fndu:/ fdu.
b'e b'e

n—oo

Theorem 2.2.3 (Fatou’s lemma) If f,, : X — [0,00) is measurable for each
n=12,---, then

n—oo

/ liminf f,dp < liminf/ fndp.
X n—oo X
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Measurable functions can be used to construct new measures on a measur-
able space, as the following theorem indicates.

Theorem 2.2.4 Suppose that f : X — [0,00) is measurable and let the set
function uy be defined by

/Jf(A):/AfdM VAex.

Then, iy is a measure on X, and

/ gdpy = / gfdu
X X

for every measurable function g : X — [0, 00).

The measure py satisfies the property that pys(A) = 0 whenever u(A) = 0.
Moreover, pif is a finite measure if and only if f is integrable. The following
theorem gives a very important converse to the above conclusion, which is of
fundamental importance for the definition of Frobenius-Perron operators that
will be studied extensively in this book.

Definition 2.2.1 Let pu be a measure on a o-algebra X, and let v be an ar-
bitrary measure on ¥; v may be positive, real, or complex. We say that v is
absolutely continuous with respect to u, and write

VL fhy

if v(A) =0 for every A € ¥ such that u(A) = 0. If v < p and p < v both hold,
we say that the measures pu and v are equivalent, written as pu = v.

Theorem 2.2.5 (Radon-Nikodym theorem) Let (X,X,u) be a o-finite
measure space and let v be a real (or complex) measure which is absolutely
continuous with respect to . Then, there exists a unique p-integrable function
f:X — R (or C) such that

V(A):/Afdu, VAex. (2.1)

Moreover, if v < p and v is o-finite, then (2.1) is still valid with a nonnegative
measurable function f which may not be p-integrable.

The function f in (2.1) is called the Radon-Nikodym derivative of v with
respect to 1 and is sometimes written as f = dv/dpu.

We now introduce LP-spaces which are very useful function spaces in ergodic
theory.
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Definition 2.2.2 Let p be a real number such that 1 < p < oo. The family
of all real-valued (or complez-valued) measurable functions f : X — R (or C)

satisfying
/ |fIPdp < oo
X

is denoted by LP(X, %, p). The space L= (X, %, 1) is defined as the family of all
measurable functions which are bounded p-a.e.

Two functions f1, fo € LP(X,%, ) are considered the same if fi(z) =
f2(x), x € X p-a.e. Thus, LP(X, %, i) becomes a vector space under the usual
function addition and scalar multiplication for any p € [1,00]. We shall some-
times write L? instead of LP(X, X, ) if the measure space is understood, LP(X)
if ¥ and p are understood, LP(p) if X and ¥ are understood, or LP(X) if X
and p are understood. We note that L' is exactly the space of all u-integrable
functions.

1/p
The number ||f|, = </ |f|pdu> is called the LP-norm of f € LP for
X

p < oo and the number ||g||cc = ess sup |g(x)]| is referred to as the L-norm of
reX

g € L*. ||f|l1 will be written as ||f|| or || f||,. for the simplicity of notation since
this norm is mainly used in our book. || - ||, does define a norm on L? for each
p € [1, 0] since it satisfies the three axioms for a norm:

(i) Ifllp =0if and only if f =0, or f(z) =0 a.e.;

(ii) |lafllp = |all| fllp for any f € LP and any scalar a;

(i) |f 4+ gllp < I fllp + llgllp for all f,g € LP (triangle inequality).

It is well-known that under the above defined LP-norm, LP(X,% u) is a
Banach space, that is, a complete normed vector space. Moreover, under the
natural ordering relation among real-valued functions, LP becomes a Banach
lattice [114]. Another useful property of the L! space is that

IFF=1f =gl + llgll, (2.2)

for all real-valued functions f, g € L' such that f > g.
The dual space or just the dual of a Banach space, by definition, is the space

of all bounded linear functionals on it. The following theorem characterizes the
dual of LP.

Theorem 2.2.6 Let 1 < p < co. The dual of LP(X,%, 1) is isomorphic to
L”/(X,Z,u), where 1/p+1/p' =1 forp>1andp' =0 if p=1.

The dual relation between f € LP and g € L¥ s given by

(f.9) = /X Fodu,

which satisfies the Cauchy-Hdlder inequality
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) < Ufllpllgllyrs ¥ f €L, geL”. (2.3)

In ergodic theory, one often uses various notions of convergence for sequences
of functions.

Definition 2.2.3 A sequence of functions f, € LP,1 < p < oo is weakly
Cesaro convergent to f € LP if

n—1

.1 /
Jim — (fig) = {f.9), VgeL,
i=0

and is strongly Cesaro convergent to f € LP if

1 n—1

- Z fi—f
i=0

Definition 2.2.4 A sequence of functions f, € LP,1 < p < oo is weakly
convergent to f € LP if

Jdim (fn.g9) = (f,9), YgelLP,
and is strongly convergent to f € LP if
Tim £~ fll, = 0.

lim =0.

p

Remark 2.2.1 From the Cauchy-Holder inequality (2.3), we see that strong
convergence implies weak convergence. The converse is not true in general, as
demonstrated by the classic example of f,,(x) = sin(nz) in L?(0,1) [109].

2.3 Functions of Bounded Variation in One Variable

The concept of variation plays an important role in the compactness argu-
ment for L! spaces, and thus will be a key concept for studying Frobenius-Perron
operators that are defined on L' spaces. In this section, we first introduce the
classic definition of variation for functions of one variable, which will be used for
the statistical study of one-dimensional mappings. Then, in the next section,
we study the modern notion of variation for functions of several variables in
terms of Schwartz’s distribution theory.

Definition 2.3.1 Let f be a real-valued or complex-valued function defined on
an interval [a,b]. The variation of f on [a,b] is the nonnegative number (may
be o0)

b n
\/fsup{Z|f(:vi)f(xi1)|:ax0<x1<~o<xnb}.
a i=1

b
If \ f < oo, we say that f is of bounded variation on [a,b).
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Since two L! functions are viewed as the same in L'(a,b) if their values
are identical for almost all x € [a, b] with respect to the Lebesgue measure, we
define the variation of a function f € L'(a,b) as follows.

Definition 2.3.2 Let f € L'(a,b). Then, its variation on [a,b] is defined to

be
V= inf{\/gi g(x) = f(x), Vz € [a,b] a.e.}.
[a,b] a

If \/ f < oo, then f is said to be of bounded variation on [a,b].
[a,b]

Some well-known properties of variation are summarized in the following
proposition. Their proofs are referred to, e.g., [109].

Proposition 2.3.1 (i) If f is a monotonic function on [a,b], then

b

\ f=1f(a) - fb)-

a

(ii) If f1, f2, -, fn are functions of bounded variation on [a,b], then so is

their sum, and
b

b b
Vit o+ <V ha++\fa

a

(iii) Let f be a function of bounded variation on [a,b] and let a = ag < a1 <
- < an=">. Then, f is of bounded variation on [a;—1,a;] fori=1,---,n and

ai an b
Vit+Vir=\Vr

(iv) If g : [s,t] — [a,b] is monotonically increasing or decreasing on [s,t]
and f is of bounded variation on [a,b], then the composition function fog is of
bounded variation on [s,t], and

t

b
\ fog<\/f

S

(v) If f is of bounded variation on [a,b] and g is continuously differentiable
on [a,b], then the product function fg is of bounded variation on [a,b], and

\/fg (sup lg(x )\/J“r/ |f(2)g' (x)|dz.

z€la,b
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In the special case that f(x) =1, we actually have the equality

b b
\ o= / ¢/ ()] dz. (2.4)

Remark 2.3.1 The equality (2.4) is still true for absolutely continuous func-
tions on [a,b]. Although a function g of bounded variation has a Lebesgue
integrable derivative function, (2.4) may not hold in general (see [109]).

A less well-known but useful property for a function of bounded variation is
the so-called Yorke’s inequality, which will be needed in Section 5.2 for proving
the existence of fixed density functions of Frobenius-Perron operators associated
with piecewise second order continuously differentiable and stretching mappings
of an interval.

Proposition 2.3.2 (Yorke’s inequality) Let f be a function defined on
[0,1] and let it be of bounded variation on [a,b] C [0,1]. Then, the product
Junction fx[ap of f and the characteristic function X(qp) is of bounded varia-
tion on [0, 1] and satisfies

1 b b
2
Vixn <2V 1+ 52 [ 1@l (25)
0 a @
Proof Choose ¢ € [a, b] such that

b
£ < = [ 5@l

Then,
1 b
\ Fxen <V £+ @) + 17 0)
0 a
b
<V F+1f(@) = f(@)l +f(e) = )] +2If (c)]

b 9 b
<2V £+ [ If)dn .

Let BV = BV (a,b) be the set of all the functions in L!(a,b) with bounded
variation. Then, BV is clearly a vector subspace of L'. The set of all f € BV

b
with / f(z)dx = 0 is a vector subspace of BV and is denoted by BV, =
BVp(a, b).
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For each f € BV, we define the BV -norm of f as

Iflsv =1f1+\ f (2.6)

[a,b]

Then, the space BV equipped with the BV-norm || - ||gyv is a Banach space
(see [109] for a proof; see also Corollary 2.4.1 in the next section). A significant
property of BV functions is the following classic result due to Helly [109].

Theorem 2.3.1 (Helly’s lemma) If a sequence {f,} of functions defined
on [a,b] is uniformly bounded in both integral and variation, that is, there is a
constant K such that

b
||fn|| <K7 \/fngKv Vn=1,2,---,

a

then there is a subsequence {fn,} of {fn} such that

lim £, — £ =0,
b
where f satisfies that ||f|| < K and \/ f < K.

2.4 Functions of Bounded Variation in Several Variables

The modern definition of variation for functions of several variables is based
on the concept of distributions or generalized functions in the theory of weakly
differentiable functions [126], and has found applications in such fields as mini-
mal surfaces [63] and the calculus of variation [105]. We employ this notion for
the existence of absolutely continuous invariant measures for multi-dimensional
transformations and the convergence analysis for their computation.

Let 2 C RN be a bounded open region and let k be a nonnegative inte-
ger. As standard notations in functions theory, C*(2) is the space of all the
functions which have continuous partial derivatives up to order k in {2, and
Ck(£2) consists of those in C*(§2) with a compact support. C*(£2) consists of
all f € C*(f2) whose partial derivatives up to order k are bounded and uni-
formly continuous. C*(2;RY), CE(2;RY), and C*(2;RY) denote the corre-
sponding spaces of vector-valued functions, respectively. Elements in Ck(Q) (or
Ck(12;RN)) are called C*-functions (or C*-mappings, or C*-transformations).
Let || - |l2 = \/(-,-) denote the usual Euclidean vector 2-norm on RY induced
by the Euclidean inner product, and let || - || = || - || be the vector 1-norm on
RY. The space and norm notations for different function spaces, such as the
Sobolev spaces WFP(£2) and WOP(£2) = LP({2), are used in a standard way
as in [63] or [126]. In particular, | - ||k, is the Sobolev norm on W*P({2) and
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|l llo.1 = || - ]| The norm on C}(£2;RY), which will be used for the definition of
variation below, is defined as ||g|lcc = ||gll0,00 = max{||g(x)||2: V & € 2} for
g € CA(92;RN).

Definition 2.4.1 ([63]) Let f € L'(2). The number (may be oc),

V(S msup{/ Fdivgdm: geCHORY), [g@)la <1, Vae n}
(]

N

is called the variation of f in §2. Here, div g = 3 0g;/0x; is the divergence
i=1

of g.

Remark 2.4.1 The gradient of f € L'(f2) in the sense of distribution (or
generalized functions) will be denoted by Df [63], and so we can write V(f; §2)

as [ ||Df]|. The latter notation for the variation of f comes from the fact that

(]
if f € C1(R2), then
/ IDf|| = / lgrad flldm,
0 (]

where grad f = (0f/0x1,0f/0xa,--- ,0f/0zn)T is the gradient of f in the
classic sense, which is deduced from integration by parts,

N o
fdivgdm:—/ gi dm
/!2 o ; Ox;
for g € C3(£2;RY). More generally, if f € W11(2), then

/ﬂ IDf| = /Q lgrad fldm,

where grad f = (f1, fo, -+, f~)T and each f; is the weak derivative of f in the
sense of Sobolev (see [126]).

Remark 2.4.2 When N = 1, the new definition of variation and the classic
one coincide [63]. That is,

\/ f=V(f;(a,b)).
[a,b]

Definition 2.4.2 A function f € L*(2) is said to have bounded variation
in 2 if V(f;2) < co. We define BV = BV (2) as the space of all functions
in LY(£2) with bounded variation. BVy = BVy(82) is defined as the set of all

feBV(Q) with/ fdm = 0.
2
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Remark 2.4.3 The notation Df actually represents a vector-valued Radon

measure w = (wi,ws, - ,wn) for f € BV(£2), and in fact, / IDf|| is the
0

total variation of w on {2. More generally, / [IDf]| is the total variation of w
A
on A for any measurable set A C 2 (see Remark 1.5 of [63] or [105]). Also,
the notation / (Df,g) means the integral of the vector-valued function g =
A

(91,92, -+ ,gn) T, where g; € L'(w;) for each i, over A C 2 with respect to w,

i.e.,
L<Df7g>EAg~dw=§;Agidwi.

Finally, we have that
V(; 9)sup{/9<Df,g> g€ CHORY), lg@)> <1, Ve rz}

sup{/Q<Df,g> g e CHORY), lg(@)2 <1, Ve rz}

We present some important properties of variation in the remaining part of
the section.

Theorem 2.4.1 Let {f,} be a sequence of functions in BV (£2) which con-
verges in L(§2) to a function f. Then,

V(f;2) < lirri)inf V(fn; £2). (2.7)

Proof Let g € C}(£2;RY) be a vector-valued function such that ||g(z)||2 < 1
for all = € 2. Then,

/ fdivgdm = lim frn div g dm < liminf V(f,; 2).
.Q n—oo

n—oo 0
Now (2.7) follows upon taking the supremum over all such g. O

Corollary 2.4.1 BV({2) is a Banach space under the BV-norm

Ifllev = LFI + V(f; 2).

Proof The norm properties follow easily from the definitions of the L'-norm
and the variation of f, and so it remains to prove the completeness of the norm.
Suppose that {f,} is a Cauchy sequence in BV ({2). Then, it is obviously a
Cauchy sequence in L!(§2), and hence, by the completeness of L!(§2), there is a
function f € L'(£2) such that Jim_ f,, = fin L' (). Since the number sequence
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{V(fn; 2)} is uniformly bounded, by Theorem 2.4.1, f € BV ({2). Given any
positive integer k, since lim (f, — fx) = f — fx under the L!-norm, Theorem

2.4.1 again implies that
V(f = fr; 2) <liminf V(f, — fr; 2).

From lim V(f, — fx;2) = 0, we have klim V(f = fr; 2) = 0. Therefore,

n,k
lim f, = fin BV (). O
Remark 2.4.4 Tt follows from Remark 2.4.1 that the Sobolev space W1(2)
is a closed subspace of BV () and | f|l11 = ||f|lsv for any f € WH1(2); see
also Remark 2.4.5 below.

The proof of the following theorem is referred to [63]. Let C*°({2) denote
the space of the functions which have all orders continuous partial derivatives
in £2.

Theorem 2.4.2 Let f € BV({2). Then, there exists a sequence {fn,} in
C>*(§2) such that

lm ||fn— fI =0 and lim V(fn;02) =V (f;2).

Remark 2.4.5 As a contrast to Theorem 2.4.2, for any f € W11(£2), there
is a sequence {f,} in C*°(2) that satisfies

lim ||f, — f]|=0 and lim V(f,— f;2) =0,
which implies that lim ||f, — f|l1,1 =0.

Now, we introduce the concept of the trace of a function in BV ({2). In this
book we assume that the bounded open region {2 and any subregion (%) C {2
involved are admissible (see [126] for its definition), for instance, a domain with
a piecewise Lipschitz continuous boundary, so that for any f € BV(2) the
following trace function trg f is well-defined on the boundary of {2 and the
subsequent two results are valid (see [63] or [126] for their proofs).

Definition 2.4.3 The trace function or just the trace of a function f € BV (12)
is defined as

1
trof(x) = lim —/ fdm
r—0 m(B(ac, T) n Q) B(z,r)NQ2
for @ € 90 a.e. with respect to the (N — 1)-dimensional Hausdorff measure H

for the boundary 012 of 2, where B(x,r) is the N-dimensional ball centered at
x with radius r.
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Theorem 2.4.3 Let )y C 2. If f € BV(R2), then for g € C(2;RY),

/Qﬂfdivgdm: —/QU(Df,g)_F/BQOtrQOﬂg’n) A,

where n is the unit outward normal vector to Of)y.

Theorem 2.4.4 There exists a constant k({2) such that

/82|trgf| dH < k()| fllBv, ¥V f € BV(02).
¢

At the end of this section, we introduce a classical definition of variation
due to Tonnelli [63] for functions defined on an N-dimensional rectangle {2 =

H [ai, bi].

Definition 2.4.4 Denote by P; the coordinate projection of RN onto RN—!
given by P;(x1,x2, - ,xn) = (X1, ,Tim1,Zit1, - ,ZN). Then, the Tonnelli
variation of a function f : 2 — R is defined as

fﬂfmax/ fdmy_1,
\/( 1<i<N P(_Q a\/b1] 1

where \/ [ is the variation of the single-variable function
[ai,bs]

fPi(a;l,w27~~~,xN)(‘ri) = f(‘rla' Lyt axN)

on [a;, b;] and my_1 denotes the Lebesgue measure on RN 1. If \/(f; 2) < oo,
then we say that f is of bounded variation in the sense of Tonnelli.

From Theorem 5.3.5 in Ziemer [126] and its proof, we have
Proposition 2.4.1 For the two definitions V(f; 2) and \/(f; 2) of the vari-
N

ation of a function f defined on an N-dimensional rectangle 2 = ] [as, bil,
i=1

V(£ 2) <V <N\ 2).

2.5 Compactness and Quasi-compactness

The concept of compactness is a key one in studying the convergence problem
of a sequence of the iterates related to Frobenius-Perron operators in the sequel.
In the first part of this section, we shall study the strong compactness and the
weak compactness for L! spaces, while the concept of quasi-compactness for a
bounded linear operator on a Banach space which is a subspace of an L' space
will be studied in the second part of the section.



32 Chapter 2 Foundations of Measure Theory

2.5.1 Strong and Weak Compactness
Let (X,Y,0) be a measure space and let F be a subset of L'(X).

Definition 2.5.1 The set F is said to be (strongly) precompact if for every
sequence {fn} in F, there is a subsequence {fn,} of {fn} such that

Jim [[f, — f =0
for some f € LY. If in addition F is closed in L', then F is said to be compact.

The Euclidean space RY can be viewed as L!(X), where X = {1,2,---, N}
with the counting measure. It is well-known that a subset A of RY is precompact
if and only if A is bounded. Thus, any closed and bounded subset of RY is
compact.

Definition 2.5.2 The set F is said to be weakly precompact if every sequence
{fn} in F contains a subsequence {f,,} which converges weakly to some f €
LY(X), i.e.,

B (fug) = (F.g), Vg€ L¥(X).

If in addition F is closed in the weak topology of L*(X), then F is said to be
weakly compact.

Remark 2.5.1 Since strong convergence implies weak convergence, it is ob-
vious that if F is precompact, then it is also weakly precompact. Any subset
of a strongly or weakly precompact set is itself strongly or weakly precompact.

The proof of the following criteria for the compactness can be seen in,
e.g., [57).

Proposition 2.5.1 Let g € L'. Then, the set
F={fel': |f(x)| <|gx)|, VreXae}

is weakly compact. In particular, if p(X) < oo, then any bounded subset of
L*>(X) is weakly precompact in L*(X).

Proposition 2.5.2 Suppose that u(X) < oo and p > 1. Then any bounded
subset of LP(X) is weakly precompact in L'(X).

A very useful technique in the compactness argument for L' spaces is the
following generalization of the classic Helly’s lemma.

Theorem 2.5.1 Let 2 be a bounded region in RN such that its boundary 012
is Lipschitz continuous. Then, bounded closed subsets of BV (2) are compact
in LY(0).
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Proof Suppose that {f,} is a sequence in BV (§2) such that ||f,|lpy < M
uniformly, where M is a constant. For each n, by Theorem 2.4.2, we can choose
gn € C°(£2) such that

1
/|gnffn|dm<— and |lgnllBy <M +2, n=1,2,---.
0 n

By the Rellich theorem [1], the sequence {g,} is precompact in L!(§2), so it
contains a subsequence which converges in L!(§2) to a function f. By Theorem
2.4.1, f e BV(2) and || f||pv < M, and f is the limit of a subsequence extracted
from the original sequence {f,}. O

We end this subsection by stating a characterization for the weak compact-
ness of subsets of L'(X) with u(X) < oo. Its proof is referred to [57] (Theorem
Iv.8.9).

Theorem 2.5.2 Let (X,%, ) be a finite measure space. Then, F C LY(X) is
weakly precompact if and only if
(i) F is bounded in L*(X), and

(ii) the integrals fdu are uniformly countably additive in the sense that

A
for any € > 0, there is 6 > 0 such that

/Afdm‘ <€

for all A C X with p(A) <6 and oll f € F.

2.5.2 Quasi-Compactness

Let T : V — V be a bounded linear operator on a Banach space (V, |- |v).

Definition 2.5.3 T is said to be compact if it maps bounded sets to precompact
sets.

The following is a classic result (see, e.g., [57]).

Proposition 2.5.3 Suppose that for any sequence {fn} in V such that {f,}
converges weakly to some f € V, the sequence {T f,} converges strongly to f.
Then, T : V — V is compact.

Compact operators constitute a class of important bounded linear opera-
tors. However, the Frobenius-Perron operator, which will be defined formally
in Chapter 4, is not compact on L' in general. The concept of quasi-compactness
plays a more important role in the analysis of Frobenius-Perron operators on
different function subspaces of L!.
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Definition 2.5.4 ([79]) T is said to be quasi-compact if there exists a positive
integer r and a compact operator K such that

IT" - K|y < 1. (2.8)

In the book, we often let (V.| - |lv) = (BV(£2),| - ||lpv), where £ is a
bounded region of RY, and we shall study quasi-compact Frobenius-Perron
operators restricted to the dense subspace BV (£2) of L'(£2). From Corollary
2.4.1 we know that BV (2) is itself a Banach space under the variation norm
Il - llBv, and Theorems 2.4.1 and 2.5.1 imply that closed bounded subsets of
(BV(2),]| - |lsv) are compact in L'(£2).

There are a number of equivalent definitions for quasi-compact linear oper-
ators. One of them can be stated as the following theorem (see [14, 57]).

Theorem 2.5.3 T :V — V is quasi-compact if and only if there are bounded
linear operators {Qx : A € A} and R on V' such that

T" =Y N'®\+R", Vn=1,2,-,
AEA

PPy =0 if AN#£N,

P =@y, VAEA,

O\R=R%Py =0, V€A,

&V =D()\), V€A,

r(R) <1,

where A is the set of the eigenvalues of T with modulus 1, D(A\) = {f € V :
Tf = Af} is the eigenspace of T associated with eigenvalue X\, and r(R) =
Jim ||R"||%//n is the spectral radius of R.

The following classical Ionescu-Tulcea and Marinescu theorem [14] gives a
very useful sufficient condition for the quasi-compactness of a bounded linear
operator on a dense subspace of L.

Theorem 2.5.4 (Ionescu-Tulcea and Marinescu theorem) Let {2 be a
bounded region of RN, and let (V,|| - ||v) be a Banach space such that V is a
dense vector subspace of L*(£2). Let T : V. — V be a bounded linear operator
with respect to both the norm || - ||v and the norm || - ||. Assume that

(i) if faeV forn=1,2,---, fe L}2), lim ||fo—f|=0, and ||fullv <
M for all n, then f € V and || f||v < M, where M is a constant;
(i) sup T FI/Ifl = f €V, f 7 0} < 003

(iii) there exist k > 1, 0 < a < 1, and § < oo such that

1T flv < allfllv +BIfll, ¥ FeV; (2.9)
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(iv) if Vo is a bounded subset of (V, ||-||v/), then T*Vj is precompact in L*(12).
Then, A has only a finite number of elements, D(X) is finite dimensional for
each € A, and T : (V,|| - |lv) = (V,|| - |lv) is quasi-compact.

Exercises

2.1 Let f(x) = sinz. Show that f € BV][0,2xn] and calculate V(x) =/ f for
0

x> 0.
2.2 Let

Show that f € BV(0, 2x).
2.3 Let

0

Fl@) =14y, z=0.

{ rsind, 0<az<2m,
Show that f is not of bounded variation on [0, 2.
2.4 Show that if a function f is of bounded variation on [a,b], then it is
bounded on [a, b].
2.5 Show that the product of two functions of bounded variation on [a,b] is
also of bounded variation on [a, b].
2.6 Let f, g be functions of bounded variation on [a, b] such that g(z) > ¢ > 0
for « € [a,b]. Show that the quotient function f/g is also of bounded variation
on [a,b].
2.7 Show that Lipschitz continuous functions on [a, b] are of bounded variation
on [a,b].
2.8 Let (X,X, u) be a finite measure space and let 1 < p; < p2 < co. Show
that every strongly precompact subset of LP2 is also strongly precompact in
LP1. Is the same true for weak precompactness?
2.9 Consider the following four families of functions:

(i) fa(z) =ae™, a>1;

(ii) fo(z) =ae™** 0<a< 1

(iii) fu(x) = e Tsinax, a > 1;

(iv) fo(z) =€ *sinazr,0 < a < 1.
Which of these families is weakly and/or strongly precompact in L(0, 00)?
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Abstract We give a short introduction to ergodic theory and its applications to
topological dynamical systems. First we study the general properties of measure pre-
serving transformations. Then we introduce the concepts of ergodicity, mixing, and
exactness that describe different levels of chaotic behavior of the deterministic dynam-
ics. The classic Birkhoff pointwise ergodic theorem and von Neumann mean ergodic
theorem are stated, and some characteristics of ergodicity, mixing and exactness in
terms of function sequences convergence are also presented.

Keywords Measure preserving transformation, ergodicity, mixing, exactness, er-
godic theorems, topological dynamical systems, Frobenius-Perron operators on mea-
sures, unique ergodicity.

There are two fundamental questions in ergodic theory and its applications.
One is the investigation of useful properties of measure preserving transforma-
tions on measure spaces, ergodic invariants, and the spectral analysis of related
linear operators. The other is about the existence of important invariant mea-
sures for various classes of measurable transformations, and their spectral prop-
erties and statistical consequences. We study the first question in this chapter.
We shall introduce some classic ergodic theorems, and apply these convergence
theorems to characterizing ergodicity, mixing, and exactness of the given dy-
namical systems. These properties represent different levels of the degree of
chaotic behaviors of deterministic systems.

In the first three sections, we study the general properties of measure pre-
serving transformations on measure spaces, while in Section 3.4 we focus on the
ergodic theory of continuous transformations defined on compact metric spaces.
The concept of Frobenius-Perron operators will be introduced in the next chap-
ter to study the existence of absolutely continuous invariant finite measures,
that is an answer to the second question above.

3.1 Measure Preserving Transformations

Let (X,X, 1) be a measure space. As usual, it is assumed to be o-finite.

Definition 3.1.1 A transformation S : X — X is called measurable if S71(A)
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€Y for each A€ X.

Definition 3.1.2 A measurable transformation S : X — X is said to be
measure preserving or to preserve u, or alternatively, the measure p is said
to be S-invariant or invariant under S, if

W(S7LH(A)) = u(A), YAex. (3.1)

Remark 3.1.1 It is practically difficult to check (3.1) for every measurable
set in the above definition. In practice, if (3.1) is valid for all measurable sets
in a subclass m which is closed under the intersection operation of its members
and which generates 3, i.e., 3 is the smallest g-algebra that contains m, then
w is invariant under S [8]. The subclass m with the above property is called a
TT-system.

Another sufficient and necessary condition for the S-invariance of u is given
by the following result, which is also a consequence of the dual relation of
Frobenius-Perron operators and Koopman operators under the additional as-
sumption of nonsingularity for S in the next chapter.

Proposition 3.1.1 Let S : X — X be a measurable transformation of a finite
measure space (X, %, p). Then, the measure p is S-invariant if and only if

[ st@dnt) = [ g(S@)duta), ¥ge L. (3.2)
X X

Proof If (3.2) is satisfied, then by letting ¢ = x4 for any A € ¥ and noting
that x4 0S5 = xg-1(4), we have

N(A)Z/ XAdMZ/ XAOSdMZ/ Xs-1(aydu = p(S7H(A)),
X X X

so S preserves [.
Conversely, if p is invariant under S, then / xady = / x4 o Sdu for all
X X

A € ¥. Thus, (3.2) holds for all simple functions, and so a limit process shows
that (3.2) is true for all g € L°°. O

In the following, we give several examples of measure preserving transfor-
mations.

Example 3.1.1 The identity transformation I : X — X of any measure space
(X, X, u) defined by I(z) = z, V x € X is measure preserving,.

Example 3.1.2 The tent function T : [0, 1] — [0, 1] defined by (1.2) is measure
preserving with respect to the Lebesgue measure m on the interval [0, 1].
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Example 3.1.3 Let k be a positive integer greater than or equal to 2. Then,
the k-adic transformation

S(z) = kx (mod 1), V € [0,1]

is m-invariant.

Proof We first note that the family of all closed intervals [a,b] C [0,1] is
a m-system which generates the Borel g-algebra of [0,1]. The inverse image
S~1([a, b]) of [a,b] is the disjoint union of k subintervals of length (b — a)/k, so
m(S71([a,b])) = m([a,b]). Thus, m is S-invariant from Remark 3.1.1. O

The same argument applies to the next several examples.

Example 3.1.4 The translation mapping
S(x) =z +a (mod 1), Yz e]|0,1],

where a is a real number, preserves the Lebesbue measure m on [0, 1].

Example 3.1.5 Let 0D be the unit circle of the complex plane C. Given
a € 0D, then the rotation mapping R : 0D — 0D defined by

R(z)=az, V2z€dD

preserves the Harr measure on 9D.

Proof Note that the Harr measure is exactly the same as the normalized
Lebesgue measure on the circle, and the invariance follows from the facts that
the family of all closed arcs of JD is a m-system and is a generator for the Borel
o-algebra of JD and that the rotation mapping preserves the length of any
arc. |

Remark 3.1.2 By the same token, any translation mapping S(z) = ax on a
compact group G preserves the Harr measure on G, where a is a fixed element of
G. More generally, any continuous isomorphism of G is Harr measure invariant.

Our last example concerns the logistic model that we encountered in Chap-
ter 1.

Example 3.1.6 The quadratic mapping
S(x)=4z(1—=z), Yz €[0,1]

preserves the absolutely continuous probability measure p of the interval [0, 1]
given by

dx, VA€ B.

1
wld) = /A i/ z(l — x)
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Proof. We use Proposition 3.1.1 since verification of (3.1) is tedious even for
A = [a,b]. A direct computation shows that

1 1 1 2 (%,
| s@ante) = | e L | atsin o)

and

/0 9(S (x))dp() = / g(4x(1 - 1) ————da

ny/x(l — x)

x - .3
_2 /2 g(sin2(20))d0:l/ g(sin? t)dt:2 /2 g(sin? t)dt,

T Jo T Jo T Jo

so the result follows. O

3.2 Ergodicity, Mixing and Exactness

Chaotic discrete dynamical systems are closely related to the concept of
transitivity of orbits, which is related to the property of indecomposability of the
transformation. In this section, we shall introduce the concepts of ergodicity,
mixing, and exactness that give different levels of the chaotic behavior.

3.2.1 Ergodicity

If for a measure preserving transformation S : (X, X, u) — (X, X, u), there is
a nontrivial set A € ¥ different from X such that S~1(A) = A, then S™!(A¢) =
A¢, and so the dynamics of S on X can be decomposed into two parts: S|4 :
A — A and S|gc : A° — A°. If this cannot happen, then we have the property
of ergodicity. A set A is said to be S-invariant or an invariant set of S if it
satisfies
S71(A) = A.

Definition 3.2.1 Let (X,X, ) be a measure space. A measurable transfor-
mation S : X — X is said to be ergodic if every invariant set A € ¥ of S is
such that either p(A) = 0 or p(A°) = 0. In other words, S is ergodic if and
only if its invariant sets or their complements are equal to the empty set almost
everywhere. Such sets are called trivial subsets of X .

Determining whether a given transformation is ergodic or not is difficult
in general from the definition. However, the following theorem may be of use
sometimes. First, we need the definition of nonsingular transformations.

Definition 3.2.2 A measurable transformation S from a measure space (X, 3,
) into itself is said to be nonsingular if u(A) = 0 implies u(S~1(A)) = 0.
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Theorem 3.2.1 Let (X, X, u) be a measure space and let S : X — X be a
nonsingular transformation. Then, S is ergodic if and only if, for every bounded
measurable function f: X — R,

f(S(x)) = f(z), Ve e X u-ae. (3.3)
implies that f(x) is constant almost everywhere.

Proof Suppose that S is ergodic. If (3.3) is satisfied by a nonconstant bounded
function f, then there is some real number a such that the sets A = S~((—o0, a])
and B = S7!((a,00)) have positive measures. Since

S7THA)={z: S(z) € A} = {z: f(S(2)) < a}
={z: f(z)<a}=A

and a similar equality holds for B, we have a decomposition of X into nontrivial
invariant sets A and B of S, which contradicts the assumption that S is ergodic.

Conversely, assume that S is not ergodic. By Definition 3.2.1, there is a
nontrivial invariant set A € ¥ of S. Then, the function x4 is nonconstant.
Moreover, since S™1(A) = A,

xA(S(7)) = xs-1(a)(x) = xa(x), Vre X pae,
and so (3.3) is satisfied by the nonconstant function x 4. O
Any function f satisfying (3.3) is called an invariant function.

Example 3.2.1 The rotation mapping of Example 3.1.5 is not ergodic if a =
e’ where 0/2m is rational. For example, if # = m/3, then the union of the
arcs with end points e/F=D7/6 and ¢*7/6 for k = 1,2,---,6 is a nontrivial
invariant set of the rotation. When 6/2mw is irrational, the rotation mapping
becomes ergodic, which can be proved by using Theorem 4.3.3 (i) which will be
presented in Section 4.3 (see Example 4.4.1 in [82]).

Theorem 3.2.2 below provides another equivalent condition of ergodicity
in terms of the limit of a sequence of Cesdro averages for measure preserving
transformations.

Theorem 3.2.2 Let (X,X, ) be a probability measure space and let S : X —
X be measure preserving. Then, S is ergodic if and only if for all A,B € X3,

n—1
Jim 3 p(S7HA) N B) = p(A)(B). (3.4

i=0
Proof For the sufficiency part, suppose that S is not ergodic with respect to
. Then, there are A, B € ¥ that are nontrivial disjoint invariant sets of S.
Since S™"(A) N B = & for each n, the left-hand side of (3.4) is zero, while the
right-hand side p(A)u(B) > 0. The necessity of (3.4) for ergodicity is an easy
consequence of the Birkhoff pointwise ergodic theorem in the next section. O
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3.2.2 Mixing and Exactness

The characterization (3.4) of ergodicity motivates the following definitions
of mixing and weakly mixing, which give stronger notions of irregularity for the
deterministic dynamics.

Definition 3.2.3 Let (X, X, u) be a probability measure space and let S : X —
X be a measure preserving transformation. S is said to be mixing if for all
A/ Bex,

lim u(S7"(A) N B) = p(A)u(B). (3.5)

n—oo

Definition 3.2.4 Let (X, X, u) be a probability measure space and let S : X —

X be a measure preserving transformation. S is said to be weakly mixing if for
all A,B € 3,

n—1

Jim =37 [(57(4) N B) ~ w(A)u(B)| = 0.

=0

By using the simple fact that

n—1
lim a, = [ implies lim — Y a; = L 3.6
Jim_a implies  lim — ga (3.6)

for any sequence {a,} of numbers, we see that if S is mixing, then it is weakly
mixing which obviously implies ergodicity of S by Theorem 3.2.2. Mixing can
be interpreted as that the fraction of the points starting in B that ended up in
A after n iterations as n increases without bound is just given by the product
of the measures of A and B and is independent of where they are in X.

Example 3.2.2 The dyadic transformation S(x) = 2z (mod 1) preserves the

Lebesgue measure m. Let A = [0,a]. Then, we see easily that S™"(A) consists

of the 2™ subintervals
{L’H_a}, i=0,1,---,2" — 1.
271 27L

It follows that m(S~"(A) N B) — m(A)m(B) as n — oco. More generally, the
k-adic transformation is mixing.

For the dyadic transformation, since S™(x) = 2"z (mod 1), we deduce that
S™([0,a]) = [0, 1] eventually for any a > 0. This implies that m(S™(A)) — 1 for
any nontrivial measurable set A C [0, 1] as n — oo. This property of “exactness”
is made precise by the following definition due to Rochlin [112].
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Definition 3.2.5 Let (X, X, 1) be a probability measure space and let S : X —
X be a measure preserving transformation such that S C X, where SY¥ =
{S(A): AeX}. S is said to be exact if for all A € X such that u(A) > 0,

lim p(S™(A)) =1. (3.7)
n—oo
It can be shown that exactness implies mixing; see Theorem 4.3.3 in the
next chapter. Thus, the four notions of exactness, mixing, weakly mixing,
and ergodicity give a hierarchy of chaotic behaviors. The following theorem
characterizes exactness in terms of a specially defined sub-o-algebra.

Theorem 3.2.3 Let (X, X, ) be a probability measure space and let S : X —
X be a measure preserving transformation such that S C X. Then, S is evact
if and only if the sub-o-algebra

2T = ﬁ S7"%

n=0
consists of only the sets of pu-measure 0 or 1.

Proof Suppose that there is A € X7 with 0 < u(A) < 1. Then, A = S™"A4,,
where A,, € ¥ for each n. We have u(A) = p(A,) since S preserves y. The
inclusion S™(A) = S™(S™"A,) C A, implies that p(S™(A)) < u(A) < 1 for all
n. Hence, S is not exact.

Now, assume that 27T consists of the sets of y-measure 0 or 1. Suppose that
there is A € ¥ such that p(A) > 0 and (3.7) is not true. Then, without loss of
generality, we may assume that p(S™(A)) < r for some r < 1 and all n. Since
the set sequence {S~"(S™(A))} is monotonically increasing with respect to the
inclusion relation, the set B = |J S™"(S"(4)) € ¥T. Since B D A, we have

n=0

w(B) = p(A) >0, so u(B) =1 by the assumption. On the other hand,

p(B) = lim p(S™"(S™(A4))) = lim p(S"(A)) <r <1,

n—oo n—oo
hence we are led to a contradiction. O

Remark 3.2.1 Invertible transformations cannot be exact. In fact, if S is an
invertible measure preserving transformation on a probability measure space,
then for A € ¥ with pu(4) <1,

pu(S(A)) = u(S™H(S(A)) = u(A).

This implies by induction that p(S™(A)) = pu(A) for any n, which violates (3.7).

Remark 3.2.2 Exactness means that the images of any nontrivial set A € &
will spread and completely fill the space X eventually. Mixing means that
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the images of any set B € X under the iteration of S become independent
of any fixed set A € ¥ asymptotically. Weak mixing means that B becomes
independent of A if we neglect a finite number of times. Ergodicity means that
B becomes independent of A on the average.

Remark 3.2.3 It is sufficient to check the convergence properties on a -
system generating ¥ in Theorem 3.2.2, Definitions 3.2.3—3.2.5 for ergodicity,
mixing, weak mixing, and exactness.

3.3 Ergodic Theorems

Invariant measures describe the asymptotic statistical distribution of individ-
ual orbits of the iterates under the measure preserving transformation for almost
all initial points with respect to the measure. Let S : (X,3, u) — (X, X, u) be
a measure preserving transformation. A typical question about the statistical
properties of the dynamics is on the frequency of the iterates S™(x) of x that
fall into a given set A € X.

The nth iterate S™(x) belongs to A if and only if x4 (S™(z)) = 1. Therefore,
the number of the elements among the first n iterates

{x,S(x),S2(x), e aSnil(x)}

n—1 .
that visits the set A is exactly the same as > xa(S*(x)), and so the relative
i=0
' n—1 )
frequency of such elements entering A is equal to the fraction n™1 >~ x4 (S*(z)).
i=0
The asymptotic behavior of these frequencies is indicated by the following
Birkhoff pointwise ergodic theorem published in 1931.

Theorem 3.3.1 (Birkhoff’s pointwise ergodic theorem) Let (X,%, pu)
be a measure space and let S : (X, X, u) — (X, X, p) be a measure preserving
transformation. Then, for each f € L(u), there ewists a function fe LY ()
such that f(S(x)) = f(x), = € X p-ae. and

lim ! Zf(Sl(a:)) = f(z), Vo e X pae.

i=0
Furthermore, if u(X) < oo, then/ fdu :/ fdu.
X X

While we do not intend to prove this classic result, we point out that the last
conclusion of the above theorem follows from Theorem 2.2.1 and Proposition
3.1.1.

By Theorem 3.2.1, if S is ergodic, then f oS = f implies that f is constant
almost everywhere. Thus, immediately we have
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Corollary 3.3.1 If S is ergodic, then f is a constant function, and if in ad-
dition u(X) < oo, then
~ 1 /
=——— /[ fdpu.
(X) Jx

Consequently, if w(X) =1 and S is ergodic, then

n—1
lim — i = (A X p-a.e. .
Jim ;XA(S (z)) = p(A), Vz € X pae, (3.8)

which means that the orbit of p almost every point of X enters the set A with
an asymptotic relative frequency p(A).

Remark 3.3.1 (3.8) gives immediately the necessity of (3.4) for the ergodicity
of a measure preserving transformation on a finite measure space.

Using functional analysis for unitary operators, von Neumann proved the
following mean ergodic theorem for p = 2 in 1931, the proof of which is referred
o [79].

Theorem 3.3.2 (von Neumann’s mean ergodic theorem) Let (X, %, u)
be a finite measure space, let S : (X, %, u) — (X, X, u) be a measure preserving
transformation, and let 1 < p < oo. Then, for each f € LP(u), there erists a
function f € LP(u) such that f(S(x)) = f(z), V= € X p-a.c., and

lnfl )
E;fos -

The following ergodic theorem expresses the concepts of ergodicity, weak
mixing, mixing, and exactness in functional form. This is useful for checking
whether concrete transformations have the mixing properties. It will also be
used in the proof of Theorem 3.4.9.

=0.

p

lim

n—oo

Theorem 3.3.3 Let (X, X, u) be a probability measure space and let S : (X, X,
n) — (X, X, 1) be a measure preserving transformation.

(i) The following are equivalent:

(1) S is ergodic.

(2) For all f, g € L2(s),

lim — / foShgd /fd /gd.
n%onz = | fdu | gd

(3) For all f € L*(p),

nh_)n;OEZ/ foS)fdu= </deu>2-

=0
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(ii) The following are equivalent:
(1) S is weakly mizing.
(2) For all f, g € L*(n),

[ toshadn— [ fau | gdu‘ 0. (3.9)

(3) For all f € L*(p),

n—1

. 1
Jim =

=0

n—1

. 1
Jim 2>

(4) For all f € L?(u),

=0.

[ (rossau- ( / fdu>2

n—1

Jim Y Vx(fosi)fdu</xfdu>2r&

=0

(iii) The following are equivalent:
(1) S is mizing.
(2) For all f, g € L*().

Jim [ (7o5Mgdu= [ san [ gdn. (3.10)
(3) For all f € L*(p),
2
lim [ (foS™)fdu= (/ fdu> . (3.11)

(iv) Under the additional assumption that S C X, S is exact if for all
fe L),

2
lim (f oS" — / fdu) dp = 0. (3.12)
Proof (i), (ii), (iii) can be proved using similar methods. We just prove (iii)
to illustrate the ideas before proving (iv). Readers can finish the proof of (i)
and (ii) with a slight modification.

The proof of (iii):

(2) = (1). This follows by putting f = x4, ¢ = xp in (3.10) for A, B€ X
and Definition 3.2.3 for a mixing transformation.

(1) = (3). Definition 3.2.3 means that (3.10) is valid for f = x4, g = xB
with A, B € X. Using linear combinations of characteristic functions, we see
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that (3.10) is true for all simple functions f and g. In particular, (3.11) is
satisfied by all simple functions h.

Now, suppose that f € L?(u), and let ¢ > 0 be given. Choose a simple
function h such that || f — h||2 < €, and choose a positive integer n(e) such that

n > n(e) implies
2
/ (hoS™)hdy — (/ hdu)
X X

< €.

Then, for n > n(e),

s ()

‘/ FoS™) fdu— /X(hoS”)fdu’

+| [ mosmpau— [ (hOS")hdu‘
| o smman - ( [ hdu)2
[y
| ()
| L1 =messaul +] [ o5 - mian] 4

oo - s - ]

<Nf = hllzll fllz + 11f = Rll2llpll2 + €
a2l f = Al + [ Fll2llP = 12
<ellflle + ([ fllz2 + €) + e+ (1 fll2 + €)e + €l fl2,

where the third inequality is from the Cauchy-Schwarz inequality. Therefore,
(3.11) holds for all f € L?(p).

(3) = (2). Let f € L?(u) and let W denote the smallest closed vector
subspace of L?(u) that contains f and all the constant functions and satisfies
the condition that go S € W for all g € W. The set

= 2 : lim oS" =
4 {gEL(u) 1 X(f )gdp /deu/xgdu}

n—oo
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is a closed vector subspace of L2(u) that contains f and all the constant func-
tions. It is clear that ¢ € V implies go S € V. So V O W. On the other

hand, if g € W+, the orthogonal complement of W in L?(p), then / gdp =0
X

and / (f 0 S™)gdu = 0 for all n > 0. Therefore, W+ C V, which implies that
X
V= L*(w).

The proof of (iv):
Suppose that (3.12) is true. Let A € ¥ be such that p(A) > 0 and define
fa(z) = xa(z)/pu(A) for ¢ € X. Then, lim ||fg4 0S™ — 1|2 = 0. Since p is

S-invariant, by Proposition 3.1.1, / Xsn(ay o S"du = / Xsn(a)ydp, so
X X

n(S™(A)) Z/X Xsn(aydp

:/X fa(xsnayoS™)dp — /X(fA — 1)xgn(a) 0 S™dp

=/ fadp — / (fa—1)dpu
S=n(Sm(A)) S=n(S"(A))

:1—/ (fA—l)oS”du=1—/ (faoS™ = 1)du
Sn(A) sm(4)
21*/ [faoS" =1dp>21—|facS" —1fz —1

X

as n — oo. Thus, S is exact. a

Remark 3.3.2 A subset A of a Banach space B is said to be a fundamental
set of B if all linear combinations of elements of A are demse in B. In the
above theorem, it is enough to require the convergence conditions for f and ¢
belonging to fundamental sets of L?(u).

3.4 Topological Dynamical Systems

In the previous sections, we have studied the measure-theoretic properties
of measure preserving transformations of general measure spaces. The subject
of topological dynamical systems studies the asymptotic properties of contin-
uous transformations of topological spaces. In this section, we present some
basic concepts of topological dynamics and several general results concerning
invariant measures for continuous transformations on compact metric spaces.

Let (X, d(-,-)) be a compact metric space and let C'(X) be the Banach space
of all continuous functions defined on X with the maz-norm || f||c = max |f(2)]

for f € C(X). When X = [a,b], we write Cla,b] instead of C([a,b]). Given a
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continuous transformation S : X — X, we denote by U = Ug : C(X) — C(X)
the composition operator defined by U f(x) = f(S(z)). In the next chapter,
when we study Frobenius-Perron operators, this operator U will be called the
Koopman operator which is defined on L>°(X) with a given measure p on X.
The composition operator U is clearly linear and multiplicative, i.e., U(f - g) =
(Uf)(Ug). It can also be used in the statement of the ergodic theorems in the
previous section.

Example 3.4.1 Let Y = {0,1,---,k — 1} with the discrete topology. Let
o0
X = J] Y with the product topology which is equivalent to the topology

n=—oo

induced by the metric on X given by

o0

|$n - yn|
d(z,y) = Z ol

where v = {x,}22 _ o, ¥y = {Un}o>_o € X. Then, the two-sided shift S : X —
X, defined by S(z) = y with y, = x,41 for all n, is a homeomorphism of X,
that is, S is one-to-one and onto, and both S : X — X and S~!': X — X are

o0

continuous. If we let X = [ Y with the product topology, then the one-sided
n=0

shift S({xo,z1,x2,---}) = {x1,22,23, -} is a continuous transformation on

X. The inverse image under S of any point consists of k points.

Example 3.4.2 Suppose that S : X — X is the two-sided shift as above. Let
A= (aij)f’j_-:lo be a (0, 1) matrix of order k x k, i.e., a;; € {0,1} for all 4,5 =
0,1,--- ,k —1. Denote X4 = {{zn};2_ € X : Gz,2,,, =1, Vn}. In other
words, X 4 consists of all the bi-sequences {x,}22 __ whose neighboring pairs
are “allowed” by the matrix A. Then, X 4 is a closed subset of X and S(X 4) =
XA, s0 that S : X4 — X4 is a homeomorphism of X 4, which is called the
sub-shift of finite type (or two-sided topological Markov chain) determined by the
matrix A. In particular, if a;; = 1, then X4 = X, and if A = I, the identity
matrix, then X o consists of the k points {0}, {1}, - ,{k —1}>,. One
can define one-sided topological Markov chains similarly. Sub-shifts of finite type
are important models in some diffeomorphisms with significant applications in

statistical physics [13].
In the following, we first study the topological properties of continuous trans-

formations, and then we explore the ergodic properties of such transformations.

Definition 3.4.1 A homeomorphism S : X — X of a compact metric space
X is said to be minimal if for any x € X, the bi-sequence {S™ ()} _ ., which
is also called the orbit of x, is dense in X.

Theorem 3.4.1 Let S : X — X be a homeomorphism of a compact metric
space X. Then, the following are equivalent:
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(i) S is minimal.

(ii) If F is a closed subset of X such that S(F) = F, then F = @ or FF = X.

(iii) U S™G)=X for any nonempty open subset G of X.
Proof (i) = (ii). Suppose that S is minimal and let F' be a nonempty closed
subset of X such that S(F) = F. Let « € F. Since the orbit of x is contained
in F and is dense in X, it is clear that F' = X.

(ii) = (iii). If G is a nonempty open subset of X, then the set F =

( U S"(G)> is closed and S(F) = F'. Since F' # X, we have F' = @&.

(iii) = (i). Given z € X. Let G be any nonempty open subset of X. By
(iii), x € S™(G) for some integer n. So, S~"(z) € G, and thus the orbit of z is
dense in X. O

Theorem 3.4.1 (ii) means that a minimal transformation of a compact metric
space is “indecomposable” like an ergodic transformation of a measure space.
The following theorem shows that it has no invariant nonconstant continuous
function, similar to Theorem 3.2.1 for ergodic transformations.

Theorem 3.4.2 Suppose that S : X — X is a minimal homeomorphism of a
compact metric space X. If Usf = f for some f € C(X), then f is a constant
function.

Proof The condition foS = f implies that foS™ = f for all integers n. Since
S'is minimal, we know that f is constant on the dense orbit of any x € X. The
fact that f is continuous ensures that it must be a constant function. O

Now we introduce topological transitivity, a concept which is a bit weaker
than minimality.

Definition 3.4.2 A continuous transformation S : X — X on a compact
metric space X is called one-sided topologically transitive if there exists some
x € X such that the orbit {S™(x)}°2,, is dense in X. A homeomorphism
S : X — X is said to be topologically transitive if there is some x € X such
that the orbit {S™(x)}52 is dense in X.

n=—oo

Theorem 3.4.3 Let S : X — X be a homeomorphism of a compact metric
space X. Then, the following are equivalent:

(i) S is topologically transitive.

(ii) If F' is a closed subset of X such that S(F') = F, then either ' = X or
F' is nowhere dense.

(iii) If G1 and G2 are nonempty open subsets of X, then there exists some
integer n such that S™(G1) NGy # @.

(iv) The set of all points x € X whose orbit {S™(x)}2 _
a dense intersection of a countable collection of open sets.

is dense in X is



50 Chapter 3 Rudiments of Ergodic Theory

Proof (i) = (ii). Suppose that {S™(xo)}22 _ . is dense in X and let F' C X
be closed with S(F') = F. If F has no interior, then there is a nonempty open
set G C F. Thus, there is an integer n with S"(x¢) € G. It follows from G C F
that the orbit of zg is contained in F'. Since the orbit of xg is dense in X, we
must have F' = X.

(ii) = (iii). Suppose that G7 and G2 are nonempty open subsets of X.

o0
Then, |J S™(G1) is open and S-invariant, so it is dense by condition (ii).

n=—oo

Thus, |J S™(Gy)N G2 # &, which implies that S™(G1) N G2 # & for some

integer n.
(iii) = (iv). Let G1,Ga, -+ ,Gp, - be a countable base for X. Then,

N U S%G,) is the set of all points z € X whose orbit is dense in X. Since

n=1i=—o00
U S%G,) is dense for each n by condition (iii), we have (iv).

(iv) = (i). This is obvious. O

Similarly, we can prove the following theorem for one-sided topological tran-
sitivity.

Theorem 3.4.4 Let S : X — X be a continuous transformation of a compact
metric space X with S(X) = X. Then, the following are equivalent:

(i) S is one-sided topologically transitive.

(ii) If F is a closed subset of X such that S(F) C F, then either F = X or
F' is nowhere dense.

(iil) If G1 and Ga2 are nonempty open subsets of X, then there exists an
integer n = 1 such that S~ (G1) N G2 # &.

(iv) The set of all points x € X whose orbit {S™(x)}22, is dense in X is a
dense intersection of a countable collection of open sets.

The following theorem indicates that ergodicity implies topological transi-
tivity in some sense.

Theorem 3.4.5 Let S : X — X be a homeomorphism of a compact metric
space X and let p be a probability measure on the Borel o-algebra of X such that
w(G) > 0 for every nonempty open subset G of X. If S is an ergodic measure
preserving transformation with respect to u, then the orbit {S™(x)}S2 _ . of x
is dense in X for x € X p-a.e. Consequently, S is topologically transitive.

Proof Asin the proof of Theorem 3.4.3, let G1,Gs,--- , Gy, - -+ be a countable
base for X. Then, (| |J S%G,) is the set of all points z € X whose orbit is

n=1i=—o0
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S .
dense in X. For each n the openset |J S*(G,)is S-invariant, so by ergodicity
1=—00

it has the measure 0 or 1. But, since this set contains G,, and since u(G,) > 0

by assumption, we have p ( U Si(Gn)> =1 for every n. Therefore,

1=—00

m (ﬂ U S’(Gn)> =1 O
n=11i=—oco

We turn to the study of invariant measures for continuous transformations
on compact metric spaces. Let B(X) be the o-algebra of Borel subsets of a
compact metric space X generated by the family of all the open subsets of X
(also by the family of all the closed subsets of X). We denote by M (X) the col-
lection of all probability measures defined on the measurable space (X, B(X)).
Any p € M(X) is called a Borel probability measure on X. The following
Riesz’s representation theorem [57] basically gives an isomorphic relation be-
tween M (X) and the collection of all normalized positive linear functionals on
C(X).

Theorem 3.4.6 (Riesz’s representation theorem) Let X be a compact
metric space and let w be a continuous linear functional on C(X) such that
w(f) 20 for f 20 and w(1) = 1. Then, there exists a unique p € M(X) such

that w(f) :/ fdu for all f € C(X).
X

A direct corollary of Theorem 3.4.6 is
Corollary 3.4.1 If u and v are two Borel probability measures on X such that

/ fdp :/ fdv for all f € C(X), then p=v.
X X

From Theorem 3.4.6, M (X) can be identified with a convex subset of the
unit closed ball in the dual space C'(X)* of all continuous linear functionals on
C(X). The induced topology of M(X) is called the weak*-topology of M(X)
inherited from C(X)*, which is the smallest topology of M (X) that makes each

of the functionals f(u) = / fdu, ¥V p e M(X) continuous for all f € C(X).
X

Thus, a sequence {u,} of measures in M (X) converges to a measure p €
M (X)) under the weak*-topology if and only if

for each f € C(X). Moreover, this topology is induced by the metric

o > ‘f fndﬂ_f fndl/’
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where {f,}22, is a dense subset of C(X) [123].

By functional analysis [57], the unit ball of C(X)* is compact in the weak*-
topology. Therefore, we have the following important result which plays a key
role in the proof of the existence theorem of invariant measures in this section.

Theorem 3.4.7 If X is a compact metric space, then M(X) is compact under
the weak*-topology.

We shall show that for any continuous transformation S of a compact metric
space X, there exists an S-invariant probability measure. For this purpose, we
define an operator P = Pg: M(X) — M(X) by Pu=puoS™1 ie,

(Pu)(A) = u(S™1(4)), ¥ A €B(X), ¥ e M(X).

The correspondence from g to P is called the Frobenius-Perron operator on
measures (in contrast with Frobenius-Perron operators on functions defined in
the next chapter), which is well-defined since S is continuous implies that S
is measurable with respect to B(X). Furthermore, it is easy to show that
P:M(X)— M(X) is continuous in the weak*-topology.

Lemma 3.4.1 For any f € C(X),
/ FA(Psp) :/ foSdu. (3.13)
X X

Proof By the definition of Ps we have / xad(Psp) = / x4 o Sdu for any
X X

A € B(X). Thus, (3.13) is valid for simple functions. By Lebesgue’s monotone
convergence theorem, (3.13) holds when f is a nonnegative measurable function
via choosing a monotonically increasing sequence of simple functions converging
to f. It follows that (3.13) is true for any f € C(X). O

Corollary 3.4.2 p € M(X) is S-invariant if and only zf/ fdu = / foSdu
X b'e
for all f € C(X).

We are ready to prove the following existence theorem due to Krylov and
Bogolioubov .

Theorem 3.4.8 (Krylov-Bogolioubov theorem) IfS:X — X is a con-
tinuous transformation of a compact metric space X, then there is an S-invariant
measure p € M(X).

Proof Let P: M(X) — M(X) be the corresponding Frobenius-Perron oper-
ator on measures. Choose p € M(X) and define a sequence {u,,} of measures

in M(X) by
n—1
1 .
n = — P'u.
pn = > P

=0
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By the compactness of M(X) in the weak*-topology, there is a subsequence
{ttn, } of {ptn} such that lim p,, = p* € M(X). For any f € C(X),
Jj—00

‘/XfoSdu*—/deu*

= lim / J o Sdpn, 7/ fdpin,
J—o0

:1 _ i+1 1 d
]Ego /Z foS OS) 1

=0

= lim —/ (foS"jf)du‘

j—00
< i Wl _
s n;
By Corollary 3.4.2, u* is S-invariant. O

Let 4 € M(X) be an invariant measure of S : X — X. We say that p is
ergodic, weakly mizing, or mizing if the measure preserving transformation .S of
the measure space (X, B(X), 1) has the corresponding property, respectively.

Theorem 3.3.3 says that yu is ergodic if and only if V f, g € L?(u),

n—1
lim = Siygd d d
nl_)rgonZ/ 0 §")gdu = /fu/gm

and that p is weakly mixing or mixing if and only if (3.9) or (3.10) is valid,
respectively. The following Theorem 3.4.9 characterizes such properties in the
context of topological dynamics. For its proof, a modification of Theorem 3.3.3
is needed here.

Lemma 3.4.2 Let S : X — X be a continuous transformation of a compact
metric space X and let p € M(X) be an invariant measure of S. Then,
(i) p is ergodic if and only if for all f € C(X) and g € L*(p),

n—1
lim — SHgd d d
nggonZ/ 0 §*)gdy = /fu/gu
(ii) p is weakly mixzing if and only if there exists a set J of positive integers

of density zero, i.e.,

lim cardinality(J N {0,1,--- ,n —1})

n— 00 n

such that for all f € C(X) and g € L*(),

i [ (o5~ [ sau [ g

JSn—oo X

207
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(iii) p is mizing if and only if for all f € C(X) and g € L*(p),

lim (foS”)ngZ/deu/ngu-

n—oo X

Proof (i) Suppose that the convergence condition holds. Let F, G € L?(p).
Then, G € L'(u), so

lim — / foSHGdu = /fdu/ Gdu, V f e C(X).
n—>oonz X X ( )

Now, approximate F in L?(u) by continuous functions to get

lim = (F o 5)Gd Fd d
n“&nZ/ oSGu/ u/Gm

which, by means of Theorem 3.3.3 (i), implies that p is ergodic.
Conversely, suppose that yu is ergodic. Let f € C(X). Then f € L?(u). So,
if h € L?(u), we have

1 _ 1
Lgrolonz/ foSHhdu = /fdu/hdu

If g € L*(p), then by approximating g with h € L?(u) under the L'-norm, we

obtain
| — Sl d d d
nggonZ/ 0 §")gdu = /fu/gu

The proofs of (ii) and (iii) are similar by using Theorem 3.3.3 (ii) and (iii),
respectively. And in the proof of (ii) we also need the following proposition
about sequences of real numbers whose proof is referred to [123] (Theorem
1.20). O

Proposition 3.4.1 If {a,} is a bounded sequence of real numbers, then the
following are equz’valent
(i) hm n~! Z la;| = 0.

= 0
(i) lim n~* Z la;|? =
n—eo i=0
(iii) There exists a subset J of positive integers of density zero such that

lim a, =0.
JSn—oo



3.4 Topological Dynamical Systems 55

Theorem 3.4.9 Let S : X — X be a continuous transformation of a com-
pact metric space X, let P be the corresponding Frobenius-Perron operator on
measures, and let € M(X) be an S-invariant measure. Then,

(i) p is ergodic if and only if for any v € M(X) and v < u,

1 n—1
lim = Y = . .
7LLIgonZPV i (3.14)
i=0
(ii) p is weakly mizing if and only if there exists a set J of positive integers
of density zero such that
lim Plv=yp
JS3n—oo

for any v € M(X) and v < p.
(iii) p is mizing if and only if for any v € M(X) and v < p, we have

lim P"v = p.

n—oo

Proof (i) Suppose that p is ergodic. Let v € M(X) and v < pu. Then,
g =dv/dp € LY () and is a density function. If f € C(X), then Lemma 3.4.2
(i) implies that

n—1 n—1
1 . 1 )
fd —g P'v :—E /foS’dz/
/X <n i=0 ) ni=0 /X

n—1

Z%Z;/X(fosi)gduﬁ/xfdu/xgdu

:/ fdu/ ldl/:/ fdp.
X X X
Therefore, (3.14) is true.

Conversely, suppose that the convergence condition (3.14) holds. Let g €
L'(p) and g > 0. Define v € M(X) by

_ Jagdu
Jx gdp’

Then, for f € C(X), (3.14) implies that

. 1 n—1 .
Jm 3 [ osade= [ sau [ gan (3.15)

Let g € L*(u). Then, g = gt — g~ and g%, g~ > 0. Applying the above to g*
and ¢g~, we see that (3.15) is satisfied by all f € C(X) and g € L'(u1). Hence,
w is ergodic thanks to Lemma 3.4.2 (i).

v(A)

vV Ae B(X).
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The proofs of (ii) and (iii) are similar and use the corresponding parts of
Lemma 3.4.2. |

The following theorem strengthens Birkhoff’s pointwise ergodic theorem in
the case of topological dynamical systems.

Theorem 3.4.10 Let S : X — X be a continuous transformation of a compact
metric space X and let p € M(X) be S-invriant and ergodic. Then, there exists
Y € B(X) with u(Y) =1 such that

n—1
nlirgo%;f(Si(x)) :/deﬂ, VzeVY, VfeOX). (3.16)

Proof Let {fi}32, be a countable dense subset of C'(X). By Birkhoff’s point-
wise ergodic theorem, for each k there exists X € B(X) such that p(Xy) =1
and

n—1
1 _
Jim =S :fk(S’(:z:)):/kadp, Ve X

=0
Denote Y = () Xg. Then, p(Y) =1 and
k=1

n—1
1 .
lim m g fr(S*(x)) :/ fedp, Yz e, VE>1.

Thus, (3.16) follows from approximating a given f € C(X) by members of
{fitizs- =

Theorem 3.4.10 implies another characterization of ergodicity.

Theorem 3.4.11 Let S : X — X be a continuous transformation of a compact
metric space X and let p € M(X) be S-invariant. Then, p is ergodic if and

only if

n—1

1
lim — Ogi(g) = A4 X p-a.e.
Jim, 0 20 = b Vo € X prae

Proof The necessity part is from Theorem 3.4.10 immediately. For the suffi-
ciency part, suppose that there is Y € B(X) with pu(Y) = 1 such that

n—1

1
li — Ogi(z) = 1, VX €Y.
Jim 2 0w = ¥

Then, for all z € Y, f € C(X), and g € L' (i), we have

T 25 (s agte) = [ fau gl
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Lebesgue’s dominated convergence theorem now yields

S [ st @nataduta) = [ fau [ gd

i=0
which implies that p is ergodic. O

To end this section, we study the situation when there is only one invariant
measure for the given S.

Definition 3.4.3 A continuous transformation S : X — X of a compact
metric space X is called uniquely ergodic if there is only one S-invariant Borel
probability measure.

Unique ergodicity is closely related to minimality as the following result
shows.

Theorem 3.4.12 Let S : X — X be a homeomorphism of a compact met-
ric space X. Suppose that S is uniquely ergodic with the invariant probability
measure . Then, S is minimal if and only if u(G) > 0 for all nonempty open
subsets G of X.

Proof Suppose that S is minimal. If G is nonempty and open, then X =
N S™(G) by Theorem 3.4.1 (iii). So p(G) > 0.

Conversely, suppose that p(G) > 0 for all nonempty open sets G. If S is
not minimal, then by Theorem 3.4.1 (ii), there is a nonempty closed set F' such
that S(F) = F and F # X. By Theorem 3.4.8, the homeomorphism S : F — F
has an invariant Borel probability measure pr. Then, the measure v on X
defined by v(A) = urp(F N A) for all Borel subsets A of X is S-invariant. Since
F¢ is nonempty and open, u(F€) > 0 by the assumption. Thus, v # p since
v(F°) = 0. This contradicts the unique ergodicity of S. a

If S is uniquely ergodic, then the conclusion of Theorem 3.4.10 can be
strengthened.

Theorem 3.4.13 Let S : X — X be a continuous transformation of a compact
metric space X. Then, the following are equivalent:
(i) S is uniquely ergodic.

n—1

(i) For each f € C(X), the sequence {nl > f(SZ(:v))} converges umni-
i=0
formly to a constant for all x € X.
n—1
(iii) For each f € C(X), the sequence {n‘l > f(Sl(at))} converges point-

i=0
wisely to a constant for all x € X.
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(iv) There exists an invariant probability measure p such that for all f €
C(X) and all z € X,

. 1 n—1 . B
Jm () = /. san

Proof (i) = (ii). Let u be the unique invariant Borel probability measure of
S. If (ii) is false, then there exists a function g € C(X) and a number € > 0
such that for any positive integer ng there is n > ng and x,, € X with

n—1
1 .
- Zg(sl(a?n)) - / gdp| = e (3.17)
iz X
In other words, / gdpt, — / gdu‘ > ¢, where
X X

n—1

1 1 .
Hn = E ;551@3") = E ZPS(SITL'

=0

Since the sequence {u,} is precompact in the weak*-topology, it has a sub-
sequence {un,} that converges to some v € M(X). Moreover, the proof of
Theorem 3.4.8 implies that v is an invariant probability measure. Taking limit

/ gdv — / gdp
b'e b'e
unique ergodicity of S.

(i) = (iii). It is obvious.
(iii) = (iv). The given condition defines a linear functional

n; — oo in (3.17) gives > €, so v # p. This contradicts the

w(f) = m 37 p(st@), v e o)

i=0
This functional is continuous since for all n,

1 n—1

SN Hs@)

=0

<1 oo

It is clear that w(1) = 1 and w(f) > 0 if f > 0. Thus, by the Riesz
representation theorem there exists a Borel probability measure p such that

w(f) = /X fdp, ¥V f € C(X). Since w(f oS) = w(f) by a direct computation,

/ foSdu= / fdu for all f € C(X), which implies that p is S-invariant by
X X
Corollary 3.4.2.
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(iv) = (i). Suppose that v is an S-invariant Borel probability measure.

Since
n—1

”1520%;]“(51(35)) =f, VreX,

where f = / fdu. Integrating the above equality with respect to v and using
X

Lebesgue’s dominated convergence theorem give

/dey:/xfdu:f:/xfdu.

Hence, v = p by Corollary 3.4.1. Therefore, S is uniquely ergodic. O

Exercises

3.1 Show that

(i) ST (A)NS~YB)=S"1(ANB).

(i) STH(A)U S HB) = S(AuUB).

(iii) S(S~1(A4)) € A and S~1(S(4)) D A.
Give examples with strict inclusions. Prove: if S is one-to-one, then the first
inclusion is reduced to equality, and if S is onto, then equality holds in the
second inclusion.
3.2 Show by examples that S~1(S(A)) # A in general for a measurable trans-
formation S.
3.3 Let (X,X, ) be a measure space, let S : X — X be a measurable trans-
formation, and let A € ¥. Prove that:

(i) If either AN (S7Y(A))¢ or S71(A) N A¢ has measure 0, then A is S-
invariant.

(i) If u(X) < oo and p(A) < u(S71(A)) for all A € 3, then p is invariant
with respect to S. Is the assumption p(X) < oo essential?

(iii) A is S-invariant if and only if x4 0 S = xa.

(iv) If S is nonsingular and if either pu(A) = 0 or u(A°) = 0, then A is
S-invariant.
3.4 Let S:[0,1] — [0,1] be the Gauss map defined by

0, ifa=0,
S(x) =
(@) {l}, ifx #£0,
T

where {t} is the fractional part of ¢t. Show that the probability measure

defined by
1 1
A)=— d
ui4) ln2/Al+x “
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is S-invariant.

3.5 Let S(z) = 2z, V ¢ € R. Show that S is not measure preserving with
respect to the Lebesgue measure on R. If we let S(z,y) = (2z,y/2), then S is
measure preserving with respect to the Lebesgue measure on R2.

3.6 Let S:[0,1]> — [0,1]? be the baker transformation defined by

1 1

20, = Z
< x72y)3 xe |:O72>3

2 1 1 + L € L 1
‘,I" 72y 2 ) x 27 .

Show that S preserves the Lebesgue measure m on [0, 1]2.

3.7 Let S : X — X be a measurable transformation on a measure space
(X, %, ). Show that the set function defined by v(A4) = u(S~1(A)), VA€ X
defines a measure on X.

3.8 Let S : X — X be a measurable transformation on a measure space
(X,X, 1). Show that if pu is S™-invariant for some positive integer n, then the

n—1 )

measure 7 = n"1 > po S7%is S-invariant.
i=0

3.9 Let S:X — X and A C X. Define

5 s =) (Us )

S(x,y) =

Prove that

(i) B={r € X : 2z € S "(A) for infinitely many n}.

(ii) S~Y(B) = B.

(iii) If S is measure preserving, and if A is measurable and S-invariant, then
w(B) = p(A).
3.10 Let S : [0,1] — [0,1] be the translation mapping defined in Example
3.1.4. Show that S is ergodic with respect to the Lebesgue measure m if and
only if a is irrational.
3.11 Let S be an ergodic transformation on a measure space (X, >, u). Let
Ap € ¥ and define A,, = S7"(Ag) for n = 1,2,---. Denote B, = AS. Show

o0
that the set () B, is S-invariant.

n=0

3.12 Show that the tent function T" of Example 3.1.2 is ergodic with respect to
the Lebesgue measure m on [0, 1]. Moreover, let S : [0,1]2 — [0,1]? be defined
by S(z,y) = (T'(z),T(y)). Show that S is ergodic.

3.13 Consider the measure space (X, X, 1), where X is the set of all integers,
Y is the family of all subsets of X, and g is the counting measure. Let S(z) =
x+k, © € X, where k is an integer. For what values of k is the transformation
S ergodic?
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3.14 Show that the baker transformation of Exercise 3.6 is ergodic.

3.15 Let (X,X%,u) be a probability measure space and let S : X — X be
measure preserving. Suppose that ¥ is an algebra (i.e., X is closed under finite
union of its elements) that generates ¥. Show that if nh—>Ir<>lo uw(S~™™(A)NB) =

w(A)u(B) for all A, B € ¥y, then the same is true for all A, B € ¥.

3.16 Show that S(z) = 2z (mod 1) is mixing on [0, 1].

3.17 Let S: X — X be a measurable transformation on a measurable space
(X,¥). Suppose that p and v are two S-invariant probability measures such
that S is ergodic with respect to both g and v. Show that there exist sets
A, B € ¥ such that AN B =@ and p(A) =v(B) = 1.

3.18 Let S: X — X be a measurable transformation on a measurable space
(X,3). Suppose that p is the unique measure on X with respect to which S is
measure preserving. Prove that S is ergodic with respect to .

3.19 Let S be a measure preserving transformation on a probability measure
space (X, %, u). For any A € ¥ and z € X, define

n—1
Xale) = Jim 3 (')

if the limit exists. Show that S is ergodic if and only if x% (z) = p(A) for almost
every x € X.

3.20 Let S be an ergodic measure preserving transformation on a probability
measure space (X, %, ). Show that the set

B= ﬂ (S71(A))"

is an invariant set under S.
3.21 Discuss Birkhoff’s pointwise ergodic theorem applied to a finite space

X ={a1,az2, - ,ax} with counting measure p.

3.22 LetY ={0,1,--- ,k—1} and let y be a measure on Y such that p({i}) =
k—1 0

pi,i =0,1,--- k—1, and > p;, = 1. Define X = T[] Y installed with the
=0 n=-—oo

product measure [i. Show that the two-sided (po, -+, pr—1)-shift S : X — X,
defined by S ({xn}j’f:_m) = {yn}o2 _ with y, = zp41 for all integers n,
preserves fi.

3.23 Let Y be as in the previous problem, and let X = [] Y with the product

n=0
measure fi. Let the one-sided (po,- - ,pr—1)-shift S : X — X be defined by
S({zo,x1,--}) = {x1, 22, -+ }. Show that fji is S-invariant.
3.24 Prove that the two-sided shift S in Problem 3.23 is ergodic with respect
to fi.
3.25 Show that the Frobenius-Perron operator on measures P : M(X) —
M (X) is continuous under the weak*-topology.
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Abstract In this chapter we first introduce Markov operators and study their gen-
eral properties. Then we define Frobenius-Perron operators, a special class of Markov
operators that will be mainly studied in the book. We also present a decomposition
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From the Birkhoff pointwise ergodic theorem in the previous chapter, we
know that absolutely continuous invariant probability measures determine the
statistical properties of the underlying deterministic system for almost all initial
points. Now a natural question arises: given a measurable transformation on
a measure space, can we determine one or all absolutely continuous probability
measures preserved by the given transformation so that we can apply ergodic
theorems to the statistical study of the deterministic dynamical system? Trying
to answer this question leads to the introduction of the concept of Frobenius-
Perron operators. Exploring the existence of fixed density functions of this
linear operator and developing efficient numerical methods for computing them
are the two main topics of this book.

Since Frobenius-Perron operators constitute a special class of Markov oper-
ators, we first study general properties of Markov operators in Section 4.1.
Section 4.2 is exclusively devoted to the definition and basic properties of
Frobenius-Perron operators. The dual operator of the Frobenius-Perron op-
erator, the Koopman operator named after Koopman was first presented it in
1931 [78], is introduced in Section 4.3, and with this operator notion we refor-
mulate Birkhoff’s pointwise ergodic theorem and von Neumann’s mean ergodic
theorem. We use Frobenius-Perron operators and Koopman operators to further
study ergodicity, mixing, and exactness of chaotic transformations in Section
4.4. A decomposition theorem for general Frobenius-Perron operators and its
application to the spectral analysis is presented in the final section.
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4.1 Markov Operators

Let (X, 3, 1) be a measure space which is o-finite by assumption. As before,
if not indicating explicitly, we always assume that all the function spaces are
real. Since density functions will be used frequently in the sequel, we need a
notation for all of them. Denote

D=D(X,S,p) ={f € L'(X,S,p): 20, |fll=1}.
Any function f € D will be called a density. If a probability measure p¢ is
defined by pf(A) = / fdu, ¥V A € 3 for some f € D, then we say that f is the
density of puy with res?:)ect to p.

Definition 4.1.1 A linear operator P : L*(u) — L'(u) is called a Markov
operator if PD C D.

Thus, P is a Markov operator if and only if P satisfies the condition that
Pf>0and ||Pf| = ||f| for all f>0, f € L.

Remark 4.1.1 Since f and Pf are L' functions, f > 0 and Pf > 0 are
understood to hold almost everywhere with respect to p. In the following,
equalities and inequalities among LP functions are in the above sense without
adding the phrase “almost everywhere” when it is clear.

Since a Markov operator is a positive operator, that is, it maps nonnegative
functions to nonnegative functions, so it is monotone in the sense that

Pf(z) > Pg(x), Yee X if f(x)>g(x), YVozeX.

Some more properties of P defined on the real L' space are contained in the
following proposition.

Proposition 4.1.1 Let P: L' — L' be a Markov operator. Then, for every
felh

i) (PHT <P

(i) (Pf)~ < Pf7;

(iii) |Pf| < PIf;

(iv) [[PfIF < [I£1-

Proof (i) and (ii) are obtained from

(Pf)"(@)=(Pf" = Pf7)"(z) = max{0,(Pf" — Pf7)(x)}
<max{0, Pf(z)} = Pf*(x);

(Pf)"(x)=Pf" = Pf7)" (z) = max{0, —(Pf* — Pf~)(x)}
—max{0, Pf~(x) — Pf*(x)} < max{0, Pf~(2)}
=Pf (x).
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(iii) follows from (i) and (ii), namely,

[Pfl=(P)"+(Pf)- <PfT+Pf~
=P(f*+f7)=Plfl.

Finally, using (iii), we have
|Pf| = / Pfldu < / PIfldp = / Fld = [71l
X X X

which is (iv). O

Property (iv) above means that P is a (weak) contraction and it is still true
when P is defined on a complex L' space (Exercise 4.31). In Section 4.4, we

will give conditions under which P is actually an isometry (i.e., |Pf|| = ||/l
for all f € L') on L! for Frobenius-Perron operators. For a given f € L!, to
obtain an equivalent condition for the actual equality ||Pf]| = || f|l, we need the

concept of the support of a function.

Definition 4.1.2 Let f be a measurable function with domain X. The sup-
port of f is defined to be

supp f = {z € X : f(z) # 0},

which holds in the sense of modulo zero, that is, A = B modulo zero means that
the measure of the symmetric difference AAB = (AN B€)U (BN A°) is zero.

Proposition 4.1.2 Let f € L' and let P : L' — L' be a Markov operator.
Then, |Pf]| = ||f] if and only if Pf* and Pf~ have disjoint supports.

Proof Using the fact that for two nonnegative real numbers a and b, |a—b| <
a + b if and only if both @ > 0 and b > 0, and the obvious inequality

|Pf"(z) = Pf~(2)| < PfF(z) + Pf(x), Vo €X,

we have that
[ st =priau= [ Predus [ pran
X X X

if and only if there is no set A € X of positive measure such that Pf*(z) > 0 and
Pf~(x) > 0 for z € A, in other words, Pf* and Pf~ have disjoint supports.
Since f = f* — f~ and |f| = fT + f~, the left-hand side integral is simply
|P£I, and ‘the right-hand side is [P + [P~ = /] + 1F-1l = |1, so
the proposition is proved. O

The above proposition has the following useful consequence.
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Proposition 4.1.3 Let f € L' and let P : L' — L' be a Markov operator.
Then, Pf = f if and only if Pf* = f* and Pf~ = f~.

Proof We only need to prove the necessity part of the proposition. Suppose
that Pf = f. Then,

fr=(Pf* <Pf* and - = (Pf)” < Pf .

Hence,
/ (PF* - f)dp+ / (Pf~ - f)dn
X X
- / (Pf* + Pf)du— / (FF 4+ )
X X
- / PIfldu - / Fldu = IPIFIl — A1 <0
X X

Since both the integrands Pf* — f* and Pf~ — f~ are nonnegative, it follows
that Pf* = f* and Pf~ = f~. |

Definition 4.1.3 Let (X, %, ) be a measure space and let P be a Markov
operator on L'(X). Any fixed density function f of P, that is, f € D and
Pf = f, is called a stationary density of P.

The concept of stationary densities of Markov operators is extremely im-
portant in ergodic theory, stochastic analysis, partial differential equations, and
many applied fields [7, 14, 82]. We give four examples of Markov operators to
end this section. More examples will be given in the exercise set at the end of
this chapter.

Example 4.1.1 (solutions of evolution equations) A continuous dynamical
system is often described by a differential equation defined on a region or man-
ifold. The solution of an evolution equation can sometimes be expressed in
terms of a semigroup of Markov operators { P, }1>¢ depending on the continuous
time ¢, that is, P, is a Markov operator for each fixed ¢t and P, P; = P,y for all
t,s > 0. A simple example is the heat equation

ou o?0%u

ot 2 0x%’

with the initial value condition

t>0,zeR

u(0,2) = f(z), = €R,

for which the solution u(t,x) can be written as

u(t,z) = Pof(x / K(t,z,9)f(u)dy, Pof(x) = f(2).
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1 ( @yf)
——exp|———].
V2mo?t 202t
Example 4.1.2 (dynamical geometry) We consider a dynamical system prob-
lem in Euclidean geometry. Given an inscribed N-sided polygon on the unit
circle 0D of the complex plane C with vertices z1, z2, -+ ,zy € dD. This cyclic
polygon is determined by the corresponding N-dimensional vector (01, 2, - - ,0n)
of the central angles subtended by each side. If by some rule we choose a point
on each side of the polygon and join the center of the circle to each chosen point
and extend them to meet the circle at the points wq,ws, -+ ,wy, then we ob-
tain a new cyclic polygon, determined by its N central angles (¢1, g2, -+ , PN ).
Repeating this process we have a sequence of cyclic N-sided polygons. What
interests us is the asymptotic behavior of the sequence. Since the sum of the
N central angles of a polygon is always the same constant 2w, the rule to get
the polygon (¢1,da, -+ ,dn) from the polygon (61,02, - ,0y) is given by a
Markov operator on RY for linear processes. For example, the rule given by the
following process

Frobenius-Perron Operators

where the stochastic kernel is

K(t,z,y) =

11— A1 Ao 0 0
o1 04
0 1—X2 A3 0
02 02
0 0 1—Any_1 An
oN On
N 0 0 1-)y |

where \;’s are real numbers between 0 and 1, corresponds to a column stochastic
matriz which represents a Markov operator on RY. In this case, we could
expect a regular eventual behavior for the dynamics. In particular, if N = 3
and Ay = Ay = A3 = 1/2, we have the following process: given any scalene
triangle Ty, which is always cyclic since any triangle can be inscribed by a
circle, and construct the inscribed circle. The points of tangency form the
second triangle T7. Then, construct the inscribed circle for 773. The points
of tangency on the three sides of 7} form the third triangle 75. Continuing
this process, one gets a sequence {7, } of triangles. Although such triangles will
shrink to a point eventually, the shape of T;, will approach that of an equilateral
triangle. However, the sequence of pedal triangles, which is obtained from the
process of constructing the three altitudes of the three sides of the current
triangle, is chaotic [85]. We note that the corresponding operator is no longer
a Markov operator, but a nonlinear operator that can be represented by four
3 X 3 matrices with all the column sums 1 (such matrices are said to be column
quasi-stochastic). See [34, 65] for more details about the dynamic geometry of
polygons.
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Example 4.1.3 (fractal geometry) In the measure theory of fractal geometry,
the Gibbs measure [4, 13] is perhaps the most important measure. Let

X:ﬁ{o,l,---,k—l}

n=0

be the one-sided symbolic space with the product topology of the discrete topol-
ogy of {0,1,---,k — 1}, as given in Example 3.4.1. Let a function ¢ € C(X)
satisfy some conditions. Then, the existence of a Gibbs measure on the com-
pact space X is closely related to the maximum eigenvalue problem of the Ruelle
operator Ly : C(X) — C(X) defined by

Lef(z)= > exp(p(x))f(y), ¥ feCX),
yeS—1({z})

where S : X — X is the one-sided shift , that is,

S({wo,x1, 22, -+ }) = {1, 22,23, }.

Clearly, Ly is a positive operator.

Let L; be the dual operator of Lg, which is defined on the space of all
Borel measures on X. The famous Ruelle theorem [113] asserts that there is a
constant ¢ > 0, a positive function f* € C(X), and an S-invariant probability
measure p such that

Lof* = Cf*. Lip =, /X Frdp=1.

Denote P = (7' L, and extend its domain from C(X) to L!(v) by a continuous
extension. Then, for all f € L'(p),

| ptau=ct [ Lopau=ct [ raim

¢t [ fan= [ san

Hence, P : L'(u) — L'(u) is a Markov operator and f* is a stationary density
of P.

Example 4.1.4 (wavelets construction) The so-called scaling equation in the
theory of wavelets is the function equation of the form:

$(@) =) and(2z —n), Y €R,
nezl

where ¢ is a scaling function called the father wavelet for the multi-resolution
analysis in the wavelets theory, the index set Z is either {1,2,--- , k},{1,2,3, - -},
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or {0,1,2,---}, and all a,,’s are real numbers such that >  a, = 2. If we define
nezl
a linear operator P by

Pf(z) = Zanf(2x—n), VzeR,

nezl

then the solution ¢ of the above scaling equation is just a fixed point of P. If
an = 0 for all n € Z, then from

/_O; Pf(x)dz=>_an /_O; f(2z —n)dzx

nezl

:% S /Z Fz)de = /0:0 f(x)da,

nezl

the operator P : L'(R) — L'(R) is a Markov operator.

In the next section, we shall introduce a subclass of Markov operators, the
class of Frobenius-Perron operators which are induced by measurable transfor-
mations of measure spaces and which constitute the main topic of this book.
For more extensive studies of Markov operators, see monographs [58, 82].

4.2 Frobenius-Perron Operators

Let (X,X, 1) be a measure space. For a given measurable transformation
S : X — X, the corresponding Frobenius-Perron operator to be defined below
gives the evolution of probability density functions governed by the deterministic
dynamical system. First we recall the definition of nonsingular transformations.

Definition 4.2.1 A measurable transformation S : X — X on a measure
space (X, 3, p) is nonsingular if u(S—(A))=0 for all A€X such that u(A)=0.

Note that every measure preserving transformation is necessarily nonsingular
with respect to the invariant measure. For a nonsingular transformation S :
(X,X,n) — (X,X,u), the problem that we are concerned with is the one of
finding an invariant finite measure which is absolutely continuous with respect
to u. To motivate the definition of the Frobenius-Perron operator, we use the
idea of the Frobenius-Perron operator on measures introduced in Section 3.4
that maps a measure v to the measure v o S~! which is defined as

(vo S~ (A) = v(S~L(A)), YV Ae 3.

It is clear that every fixed point of this operator is an invariant measure of
S. Since we are more interested in absolutely continuous invariant measures
which are important measures in many applications, we restrict the domain of
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the operator to the set of all probability measures on X which are absolutely
continuous with respect to p. By the Radon-Nikodym theorem, such a set is
equivalent to D, the set of all densities of L*(X, %, x). This observation leads
to the following definition of Frobenius-Perron operators on functions.

Let (X,%, ) be a measure space and let S : X — X be a nonsingular
transformation. For a given function f € L', define a real measure

15 (A) =/ fdu, VAEX.
§-1(4)

Since S is nonsingular, p(A) = 0 implies puf(A) = 0. Thus, Theorem 2.2.5
implies that there exists a unique function f € L', denoted as Pf, such that

pd) = [ fan, vAes.
A
Definition 4.2.2 The operator P : L'(u) — L*(u1) defined by
/ Pfdy = / fdu, YAEX, V fe L'(u) (4.1)
A S—1(A)

is called the Frobenius-Perron operator associated with S.

Sometimes we write Pg for P to emphasize the dependence of the operator P
on the transformation S. It is straightforward to show that P has the following
properties:

(i) P is linear, that is, for all a,b € R and fi, fo € L*,

P(af1 + bfg) =aPf; +bPfo;
(ii) P is a positive operator, that is, Pf > 0 if f > 0;

(iii) (Pf,1) = (f,1), that is, /XPfdu = /deu; and

(iv) Ps,08, = Ps, Ps, for nonsingular transformations S; and Sy from X
into itself. In particular, Pgn = (Pg)".

The properties (i)—(iii) above show that Frobenius-Perron operators are also
Markov operators. The importance of introducing the concept of Frobenius-
Perron operators is evidenced from the following theorem.

Theorem 4.2.1 Let P be the Frobenius-Perron operator associated with a non-
singular transformation S : X — X and let f € L' be nonnegative. The finite
measure iy defined by

pt) = [ g vaes

is invariant under S if and only if f is a fized point of P.
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Proof Assume that py is S-invariant, that is,
pp(A) = pg(S7HA)), YAeI.

Then, by the definition of p,

/fdp:/ fdu, VAeX.
A 5-1(A)

So, from the definition (4.1) of P, we have

/fdu /APfdu, VAe.

Hence, Pf = f by Proposition 2.1.1 (v). The converse is also true from the
above. a

Remark 4.2.1 Note from the above theorem that the original measure p is
invariant under S if and only if P1 = 1, where 1 is the constant 1 function.

The following proposition provides a relationship between the supports of f
and Pf.

Proposition 4.2.1 Let A€ ¥ and f > 0. Then, f(x) =0 for all x € ST*(A)
if and only if Pf(x) =0 for all x € A, and in particular,

S~ ! (supp Pf) D supp f.

Proof By the definition (4.1) of the Frobenius-Perron operator P,

/XAPfdu=/ Xs-1(a)fdp.
X X

Suppose that f € L'(X) is nonnegative. Then, Pf = 0 on A implies that f = 0
on S71(A) and vice versa. Since

/ fu = / Pfdp = / fdu,
supp f supp Pf S—1(supp Pf)

we have S~!(supp Pf) D supp f. O

We give examples of Frobenius-Perron operators associated with several
kinds of transformations. First we consider one dimensional mappings. Suppose
that X = [a,b] and p is the Lebesgue measure m. From Definition 4.2.2 of the
Frobenius-Perron operator, for all = € [a, b]

/ Pfdm = / fdm.
a S—1([a,x])
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Then, taking derivatives to both sides above with respect to z and using the
fundamental theorem of calculus give an explicit expression of Frobenius-Perron
operators associated with interval mappings:

Pf(z) = % /Sl([a,a:}) fdm, z € [a,b] a.e. (4.2)

Thus, the Frobenius-Perron operator can be viewed as the composition of a kind
of integral operator and a differential operator. Although integral operators are
usually compact, differential operators are not bounded in general. This pro-
vides an indication that Frobenius-Perron operators are generally not compact
on its natural domain.

If S: [a,b] — [a,b] is differentiable and monotonic, then it is easy to see
from (4.2) that

P(a) = (57 (@) | 57 (@)

Example 4.2.1 (the logistic model) Let S : [0,1] — [0, 1] be the logistic model
S(z) = 4x(1 — z). Then,

S0, 2]) = {0% —~ %m} U B + %m 1} ,

thus the Frobenius-Perron operator P has the expression

= s 3o (339

In 1947, Ulam and von Neumann [121] showed that the unique stationary den-
sity of P is given by
1
ffz) = —.
(=) i/ z(l — x)

Hence, the absolutely continuous probability measure

1
«(A) = / —dx
- (4) A my/x(1 —x)
is invariant under the quadratic mapping S(z) = 4z(1 — x).

N
Now, let X be an N-dimensional rectangle [] [ai,b;]. Then, taking partial
i=1
derivatives to both sides of the equality

Tl TN
/ / Pf(Sl,SQ,"',SN)dtl"'dtN
al anN

:/ f(slaSQa"'asN)dtl.”dtN
S—1([ay,z1]x X [an,zN])
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with respect to x1,x2 -+, xn successively, we obtain

aN

f(x17x27 ;xN) axlax]\, /,5'1([a1,1'1]><w><[aN,1'N])

fdm. (4.3)

Example 4.2.2 (the baker transformation) Let X = [0,1]°. Define S :
[0,1]* — [0,1]% by

1 1
<2x,§y>, O<x<§,0<y<1,

S(z,y) =
2x711+1 l<1’<1 0<y«l1
72y 9 3 2\ X 1, JYx L
Since S1([0, z] x [0,y]) = [0, 2/2] x [0, 2y] for 0 < y < 1/2, using (4.3), we have
02 [ 2y 1 1
P = — d t)dt = —x,2 < —.
Fon) = o [ a5 [ atsiae =1 (o) 05y <
For1/2<y <1,
= —(lo X 11,1 _
571001 < 0.0 = ([0. 50| x0.1) U (|55 + o] x 0.2 -1).

hence, (4.3) gives that

92 g 1 3+3 2y-1
Pf(ac,y):ax—ay{/0 ds/0 f(s,t)dt+/0 ds/0 f(s,t)dt}

1 1 1
=f(=+Z2,2y—-1), =<y<1.
f(2+2x,y >,2 y

In summary, we have

1 1
Zx.92 < -,
f<2w, y>, 0 y<3
Pf(z,y) = . )
—r 2y —1 —<y<1
f<2+2w7y ) 5 SV

Since P1 = 1, the Lebesgue measure m is invariant under the baker transfor-
mation.

Example 4.2.3 (Hénon’s map) Let 3 > 0. The mapping S : [0,1]? — [0,1]?
defined by
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is called a Hénon’s map. In Exercise 4.28, the reader is asked to find the
expression of the Frobenius-Perron operator associated with a Hénon’s map.

Example 4.2.4 (the Anosov diffeomorphism)  The mapping
S(z,y) =(x+y,xz+2y) (mod1)
is called an Anosov diffeomorphism. It is invertible and
S Ha,y) = 2z —y,y —x) (mod 1).
So,
Pf(z,y) = f(2z —y (mod 1),y — z (mod 1)),
thus the Anosov diffeomorphism preserves the Lebesgue measure.

Example 4.2.5 This example is from the book “Chaos in Electronics” [122].
The periodic switching nature of the switched-mode DC-to-DC converter (back
converter) lead Hamill et al. in 1988 and 1989 to study a three-segment piecewise
linear mapping S : R — R, called the zigzag map, given by
. 1
r+b—c, if e<1——,
a

= . 1
5(z) (I—ab)z+ab—c, if 1—-<z<]l,
a
T —c, if 1<ux,
where a, b, ¢ are positive constants. The iteration z,+1 = S(x,), V n of the
zigzag map relates the output currents of two consecutive switching cycles. We
assume that these parameters are chosen such that

1
b>2c, a<—, ab=k,
c

where k£ > 3 is an integer. The corresponding Frobenius-Perron operator P has
the expression

1 k—x—c
Pf(z)= - 1f ( - )X[1c,1+(k2)c](33)

+ flx+ C)X[1fc,1+(k73)01(37)'

It can be shown (see [122] for more details) that the stationary density f* of P

is given by
k—1 ;
" 2(k — i)
fila) = ; O~ DR N2 +-a (2)- O

The remaining three examples are related to Examples 4.1.1, 4.1.3, and 4.1.4
in the previous section, respectively.
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Example 4.2.6 (solutions of evolution equations) For each integeri=1,2,---,
N, let the functionF(z1, x2, - - - ,on)have continuous partial derivativesOF;/0zx;
on its domain RY,j = 1,2,---, N. For the partial differential equation (called
the continuity equation)

ou NauFi
Z( )

=0, t>0, = (21,22, - ,on)T € RY,

its solution u(t, ), which satisfies the initial value condition u(0,z) = f(x), is
given by the semigroup of Frobenius-Perron operators

u(t,z) = P f(x),

where P; is defined by

/Ptfdm:/ fdm, VAeB
A 574

associated with the semigroup of transformations {S¢}i>0 which are defined
by Si(x") = x(t), where x(t) is the solution of the corresponding system of
ordinary differential equations

dl‘i
= I ;1 =1,2, ’ N
i ()
with the initial value conditions x;(0) = z? for i = 1,2,--- , N. See Section 7.6

of [82] for a proof of this fact.
As a special case of the above system of ordinary differential equations,
consider the following Hamiltonian system

da, _oH dp, o1l
dt  op,” dt  9q;’

i:172,...,N’

where the Hamiltonian H(p, q) is the energy of the system, and g and p are re-
ferred to as the generalized positions and the generalized momenta, respectively.
In this case, the continuity equation takes the form

ou
a + [U,H] *Oa

where the Poisson bracket

[u,H]EN:(a“ OH  ou 8H>'

£~ \0q;0p;  0p; dq;
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For Hamiltonian systems, the change with time of an arbitrary function g of
the variables 41,92, " s4dN,P1,P2," " PN is given by

N
dg _ 99 OH 99 OH\ _
dt 2 (3% op; Op;0q;) lg- H).

i=1
In particular, if we take g to be a function of the energy H, then
dg dgdH dg
dt ~ dH d¢t = dH

Thus, any function of the energy H is a constant of the motion. We shall come
back to Hamiltonian systems in Section 9.3.

[H,H] = 0.

Example 4.2.7 (fractal geometry) Many fractals are generated by the so-
called “iterated functions system” (IFS), i.e., S = {S1,52,--,5,} is a finite
family of r contraction mappings with r corresponding probabilities {p1, p2,-- - ,
pr} on a compact metric space (X, d(-,-)). Such an IFS gives a random dynam-
ical system: in the orbit

Lo, L1, T2, 3 Tny ",

ZTnt1 = Sa, (@) for some 1 < a; < r is determined with probability p,, for

each n. The asymptotic statistical properties of such orbits can be described

with an invariant probability measure u* of the “Markov operator on measures”
T

M = > piM;, where for each i the Frobenius-Perron operator on measures
i=1

Mip = po S;l maps a Borel measure p to a Borel measure p o S;l. Using

Banach’s contraction fixed point theorem to the so-called Hutchinson metric [6]

introduced for the IFS, one can prove the existence and the uniqueness of an

invariant probability measure p* whose support, supp p*, satisfies the equality

T
supp 1* = |_J Si(supp p*),
i=1
where the support of a probability measure p is the minimal set A C X with
w(A) = p(X). In other words, the support is exactly the invariant set or
the attractor of the IFS. The invariant set of an IFS is often a fractal set.
For example, the well known Sierpiriski gasket in the theory of fractals is the
invariant set of the IFS consisting of three simple affine contraction mappings.
In many cases, the invariant measure of an IFS is absolutely continuous, and so
T

its density function is a fixed point of the Markov operator P = Y p; Ps,, where
i=1

Pg, is the Frobenius-Perron operator associated with S; for ¢t =1,2,--- |r.

Example 4.2.8 (wavelets construction) If we let

Sn(a?):m;n, pn:%l, Vnel
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in Example 4.1.4, then {5, }re7 is a sequence of nonsingular transformations on
R with a sequence of probability distributions {p, }nez. The Frobenius-Perron
operator Pg, : L*(R) — L'(R) associated with S,, has the expression

Ps, f(x) =2f(2z—n), Yz eR.

Therefore, the Markov operator defined in Example 4.1.4 has the representation

of
P=> p.Ps,.
nel

A sequence {S,} of nonsingular transformations with the corresponding se-
quence {p,} of probability distributions defines random transformations or cou-
pled maps, in which the mapping .S,, in the iteration process is chosen with the
probability p, (see Example 4.2.7 above). The coupled maps are often studied
in statistical physics (see, e.g., [96]). For the current example from the wavelets
theory, an absolutely continuous invariant measure of the random transforma-
tion is obtained as a stationary density of the Markov operator defined above.
See [119] for more discussions.

For a general invertible transformation S, based on the following change
of wvariables formula, the corresponding Frobenius-Perron operator P has an
explicit expression.

Lemma 4.2.1 Let (X,%, 1) be a finite measure space and let S : X — X
be a nonsingular transformation. Suppose that f is a nonnegative measurable
function or f € LY (u). Then, for every A € %,

_ foSdp= [ fd(poST) = [ fhdu,
Jo o=, /.

where h = d(uoS~1)/du is the Radon-Nikodym derivative of uoS=1 with respect
to u, that is,

(poS™)(A) = / hdp, VA€ X,
A
Proof First let f = xp with B € 3. Then, f oS = xg-1(p), and
/ XxB o Sdu= / Xs-1(A)Xs-1(B)dp
5-1(A)

=u(STH(A) N STH(B)) = u(STH (AN B)).

The second integral in the lemma may be written as

/ xpd(o S = / xaxsd(po 871 = u(S~ (AN B)),
A X
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while the last integral of the lemma becomes

/XBhdu:/ hdp = p(S~1 (AN B)).
A ANB

Thus, the lemma is true for all simple functions, and a limit process gives the
required result. O

Proposition 4.2.2 Let (X, %, ) be a finite measure space, let S : X — X be
an invertible nonsingular transformation such that S~' is also nonsingular, and
let P be the corresponding Frobenius-Perron operator. Then, for every f € L',

where h = d(puo S™1)/dpu.

Proof Let A € . Then, from the definition of P,

| Praue = [ fa)aua).

S=1(A)

Changing the variable z to y = S(z) to the right-hand side integral, we have

/ f(@)dp() = / (5L W)h(y)du(y).
5-1(A) A

Thus,
/A P () dp(x) = /A F(57 (@) h(z)dp(z).

Since A € ¥ is arbitrary, it follows that

4.3 Koopman Operators

In this section, we introduce the Koopman operator which is the dual oper-
ator of the Frobenius-Perron operator.

Definition 4.3.1 Let (X,X, 1) be a measure space and let S : X — X be a
nonsingular transformation. The linear operator U : L>=°(X) — L*°(X) defined

by
Uf(z) =Usf(z) = f(S(x), VzeX, VfeL™X)

is called the Koopman operator with respect to S.
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Because of the nonsingularity assumption of S, the Koopman operator is well-
defined since fi(z) = fa(x), ¢ € X p-a.e. implies that f1(S(z)) = f2(S(x)), = €
X p-a.e. Some basic properties of U are listed below:

(i) U is a positive operator;

(ii) U is a (weak) contraction on L, that is, ||U f]lec < ||f]|co for all f € L

(iii) Us,os, = Usg,Us, . In particular, Ugn = (Us)n

Proposition 4.3.1 The Koopman operator U is the dual of the Frobenius-
Perron operator P, that is,

(Pf.g) = (f,Ug), Y felL' geL™
Proof Given f € L'. First, let ¢ = x4 with A € . Then,

9= [ Pratu= [ Pran= [ san
:/ f(XAoS)du:/ fUxadp= (f,Ug).
X X

Thus, (Pf,g) = (f,Ug) for all simple functions g € L. Now let g € L.
Then, g = lim g, for a sequence {g,} of simple functions in L*°. Therefore,

(Pf,g) = lim (Pf,g,) = lim (f,Ugn) = (f,Ug). o

Using the notion of Koopman operators, we can restate Birkhoff’s point-
wise ergodic theorem and von Neumann’s mean ergodic theorem, the two most
important classic ergodic theorems, as follows, in which the domain of the Koop-
man operator associated with a measure preserving transformation can be the
space LP(X, %, ) for 1 < p < oco. It can be shown (see Exercise 4.29) that
when S is measure preserving, Ug : LP — L? is well-defined and is actually an
isometry, that is, |Usf|l, = || f|l, for all f € LP.

Remark 4.3.1 The claim that Ug : L>(u) — L°°(p) is isometric if S pre-
serves p is a consequence of Remark 4.4.2 in Section 4.4.

Theorem 4.3.1 (Birkhoff’s pointwise ergodic theorem) Let S: (X, X,
u) — (X, X, u) be measure preserving and let U be the corresponding Koopman
operator. Then, U : L' — L' is well-defined and is isometric. For any f € L',
we have

n—1
lim =Y U'f(z) = f(z), VaeX pae.
ningon; f(x)=f(z), Ve € X p-ae.,

where f € L' satisfies that Uf = f. Moreover, if u(X) < oo, then/ fdu =
X

/ fdu. Furthermore, if S is ergodic, then f is a constant function.
X
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Theorem 4.3.2 (von Neumann’s mean ergodic theorem) Let S : (X, X,
u) — (X, X, 1) be measure preserving on a probability measure space (X, %, ),
let U be the corresponding Koopman operator, and let p € [1,00). Then, U :
L% — L can be extended as an isometry from LP into itself. Moreover, if
f € LP, then there is f € LP such that Uf = f and

1 n—1 _
L5 0y

i=0

lim =0.

n—oo

p

Similarly, one can restate the ergodic theorems for the topological dynamical
systems of Section 3.4 in terms of the notation of Koopman operators. In this
case, naturally, Ug : C(X) — C(X) is well-defined.

4.4 Ergodicity and Frobenius-Perron Operators

We can employ Frobenius-Perron operators to study different versions of
chaos via density evolutions of the dynamical system. We first prove a theorem
about the equivalence of ergodicity of a transformation and uniqueness of a sta-
tionary density of the corresponding Frobenius-Perron operator, which will also
be used to characterize ergodic transformations via Frobenius-Perron operators.

Theorem 4.4.1 Let (X,%, u) be a measure space, let S : X — X be a non-
singular transformation, and let P be the Frobenius-Perron operator associated
with S. If S is ergodic with respect to w, then P has at most one stationary
density. Conwversely, if P has a unique stationary density f* and f* is strictly
positive on X, then S is ergodic with respect to both p and the invariant measure
py= whose density with respect to p is f*.

Proof If P has two different stationary densities f; and fs, then for g = f1— fo
we have Pg =g, gt # 0, and g~ # 0. Proposition 4.1.3 ensures that

Pgt =¢" and Pg~ =g . (4.4)

Denote A = supp g* and B = supp g~. Then, u(A) > 0 and p(B) > 0. From
Proposition 4.2.1 and (4.4), we have

Ac S YA) and B c S7Y(B),

from which
AcSHA) csS?A)c---cS™AC---

and
BcSYB)cS?*B)c---cS™B)C---
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by induction. Since AN B = &, we see that S™"(A) N S™"(B) = @ for all
n=0,1,2,---. Now, define two sets

A= G S"(A) and B = G S~(B).
n=0 n=0

Then, AN B = @ and both of them have positive measures. Since

STTA)=Js '@ =JsM)=4

and the same equality is true for B in place of A4, we have found two nontrivial
S-invariant sets, so S is not ergodic.

Conversely, suppose that f* > 0 p-a.e. is the unique stationary density
of P. If S is not ergodic with respect to jt = 14+, then there is a nontrivial
S-invariant set A € X. So B = A€ is also a nontrivial S-invariant set. Since

ff=xaf*+xsf",
xaf*+xpf*=f"=Pf"=P(xaf")+Pxsf") (4.5)

Since f* is positive everywhere, supp xaf* = A and supp xpf* = B, Hence,
Propositions 4.2.1 and (4.5) imply that

xaf*=P(xaf”) and xpf* = P(xsf")

Since x4 f* and xpf* are nonzero, dividing them by their respective L!-norm
gives two distinct stationary densities of P, which is a contradiction to the
assumption. O

Frobenius-Perron operators and Koopman operators may be used to re-
formulate the concepts of ergodicity, mixing, and exactness in the following
theorem.

Theorem 4.4.2 Let (X, %, 1) be a probability measure space, let S : X —
X be a measure preserving transformation, and let P be the Frobenius-Perron
operator associated with S. Then,

(i) S is ergodic if and only if

n—1

Jim = ST(PiLg) = (£, 1)(1g), VS E L, g e L™, (1.6)

1=0

(ii) S is mizing if and only if
lim (P"f.g) = {£.1)(Lg). ¥ f e L', ge L, (4.7)
(iii) Assume further that S¥ C X. Then S is exact if and only if
Tim [P~ (£1)] =0, V f € L. (4.8)
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Proof Before we prove the theorem we note that P1 = 1 since S preserves pu.
(i) If S is ergodic, then, the constant function f* = 1 is the unique stationary
density of P from Theorem 4.4.1. We show that the strong limit

n—1
lim — Pf=1V D 4.9
Jim_ ; f=1,V/fe (4.9)

n—1 .

holds in L!. Let A, = n~' Y P’ First assume that f € D is such that
i=0

f(z) < ¢, Vo € X for some constant ¢ > 0. Then, P"f < P"c = ¢ for all

n—1
n, so Apf = n=1 3> Pif < c. Thus, the sequence {4, f} is precompact by

1=0
Proposition 2.5.1, and it follows from Theorem 5.1.1 in the next chapter that
{A,f} converges to a stationary density of P. Since 1 is the unique stationary
density, lim A, f = 1. This proves (4.9) for bounded densities.
n—oo

If f € D is not uniformly bounded on X, we define a function f.(z) =
min{ f(x),c} on X for each ¢ > 0. Then,

lim f.(z) = f(z), Vo e X.

CcC— 00
Since f. < f for all ¢, by Lebesgue’s dominated convergence theorem, lim || f.—
CcC— 00

FIl= 0 snd Jim £ = [17]- Wite

_ L
el

where h. = f — || f|[ 7' f. — 0 strongly as ¢ — co. In other words, given € > 0,
there is ¢ > 0 such that ||h.|| < ¢/2. It follows that

f fe+ he, (4.10)

€
| Anhel] < el < 5. (4.11)

On the other hand, for the fixed ¢, the function f./| f.|| € D is bounded by the
number ¢/|| f.||, so by what we have proved above, there is an integer ng > 0

such that for all n > ng,
1)1 <
A, (— — 1| < =. (4.12)
‘ I fell 2

Combining inequalities (4.11) and (4.12) with the decomposition (4.10), we
obtain

||Anf71|| <€ Vn = ng.

Since € > 0 is arbitrary, (4.9) is valid, which implies (4.6) immediately. This
proves the necessity part of (i).



82 Chapter 4  Frobenius-Perron Operators

Conversely, if (4.6) holds, then the sequence {A,,f} converges to 1 weakly for
any f € D, so (4.9) is valid by Theorem 5.1.1. Applying (4.9) to any stationary
density f of P gives f = 1. Thus, 1 is the unique stationary density of P. By
Theorem 4.4.1, S is ergodic.

(ii) Assume that S is mixing. Then, the definition of mixing means that for
all A€ ¥ and B € 3,

lim XA(XBOS’”)duz/ XAdu/ xBdu,
X X X

n—oo

which, via using the notion of the Koopman operator, is
nh~>nolo<XA’ UnXB> = <XA3 1><17 XB> (413)

Since the Koopman operator is the dual of the Frobenius-Perron operator, (4.13)
can be written as

lim (P"xa,xB) = (x4, 1)(1, xB)-

n—oo
Thus, (4.7) is true for f = x4 and ¢ = xp, and so it is true for all simple
functions f = ZazXA and g = ZngB Since every function f € L' is the

strong limit of a sequence of sunple functions and each function g € L is the
uniform limit of simple functions, and since ||P™|| < 1 for all n, the convergence
(4.7) is satisfied for all f € L' and g € L> by a limit argument.

Conversely, if (4.7) is satisfied, then by letting f = x4 and g = x5 with
A, B € 3, we get the mixing condition (3.5).

(iii) We only prove the sufficiency part. A proof to the necessity of (4.8) for
an exact transformation can be seen from [91].

Suppose that (4.8) is true. Assume p(A) > 0 for some A € ¥. Let fa(z) =
xa(z)/u(A) for z € X. Then f4 € D, so (4.8) ensures that hm |1P™fa—1| =

0. We have

u@%ﬂzﬁxmww

[ Pradas [ (Prfas D
n(A) Sm(A)

> / P fadp — [P fa — 1|
n(A)

=/ fadu— [P fa—1]
S—n(Sn(A))

=1—||P"fa—1]| = 1 asn — oo,

where the last two equalities are from the definition of the Frobenius-Perron
operator and the fact that A C S™"(S™(A)) and supp fa = A. Thus, S is
exact. This completes the proof of the theorem. O
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Remark 4.4.1 As in Remark 3.3.2; the convergence equalities (4.6), (4.7),
and (4.8) of Theorem 4.4.2 can be satisfied by f in a fundamental set of L' and
g in a fundamental set of L> only.

Using the dual relation of the Koopman operator and the Frobenius-Perron
operator, part (i) and part (ii) of the above theorem can also be expressed by

Corollary 4.4.1 Let (X, X, u) be a probability measure space, let S : X — X
be a measure preserving transformation, and let U be the Koopman operator
corresponding to S. Then,

(i) S is ergodic if and only if

n—1

: 1 7 _ 1 0,
Jim = (£, U'g) = (£, 1)(Lg), ¥V feL', g€ L;

1=0

(ii) S is mizing if and only if
lim (f,U"g) = (f,1)(1,9), V fe L', ge L™.

Exactly the same idea of the proof to the necessary condition (4.9) of er-
godicity in Theorem 4.4.2 (i) can establish the more general result for Markov
operators as follows.

Theorem 4.4.3 Let (X,X, ) be a measure space and let P : L' — L' be
a Markov operator with a unique stationary density f*. If f*(x) > 0 for all
z € X, then

n—1

1 .
lim — Y P'f=f* VfeD.
2 PA=S Ve

Remark 4.4.2 Theorem 4.4.2 basically says that

(i) S is ergodic if and only if the sequence {P" f} is Cesdro convergent to 1
for all f € D;

(ii) S is mixing if and only if the sequence {P" f} is weakly convergent to 1
for all f € D;

(iii) S is exact if and only if the sequence {P"™f} is strongly convergent to 1
for all f € D.

This motivates the extension of the notions of ergodicity, mixing, and exact-
ness for transformations to general Markov operators in the following definition.

Definition 4.4.1 Let (X, X, i) be a probability measure space and let P : L' —
L' be a Markov operator with stationary density 1. Then, we say:

(i) P is ergodic if the sequence {P"f} is Cesdro convergent to 1 for all
feD;
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(ii) P is mixing if the sequence {P™f} is weakly convergent to 1 for all
feD;

(iii) P is exact if the sequence {P™f} is strongly convergent to 1 for all
feD.

4.5 Decomposition Theorem and Spectral Analysis

We are going to present some general results on the structure of Frobenius-
Perron operators P : LY(X, %, ) — LY(X, %, u). It will be shown [35] that a
Frobenius-Perron operator is partially isometric on its domain L'(X), that is,
it is isometric on a vector subspace of L!(X). More specifically, it is isometric
on the subspace L'(S~!Y¥) which is a topological complement of its null space
in L1(X).

Let (X,%, ) be a measure space and let S : X — X be a nonsingular
transformation such that the measure space (X, S~!3, 1) is also o-finite. The
nonsingularity assumption about S just says that the measure v = po S~1 is
absolutely continuous with respect to the measure u. By the Radon-Nikodym
theorem, there is a nonnegative ¥-measurable function h such that

V(A) :/ hdu, YA€,
A
Given any f € L'(X, %, u), the set function
usB) = [ fau vBes
B

defines a finite measure on the measurable space (X, S~!%), which is absolutely
continuous with respect to y. The Radon-Nikodym theorem ensures that there
is a function f € LY(X, 8713, u) € LY(X, X, u) such that

[ Fan= (8= | au

for all B € S~'¥. This f is unique by Proposition 2.1.1 (v), and is denoted as
Ef. The operator E : L*(X, ¥, u) — LY(X, ¥, i), which is obviously linear, is
well-defined.

Definition 4.5.1 The operator E : L' (X, 3, ) — LY(X, %, i) defined above
is referred to as the conditional expectation associated with the sub-o-algebra
STy,

If f >0, then Ef > 0 and ||[Ef|| = ||f||. Hence, FE is a Markov operator,
and so ||Ef| < ||f]| for all f € L. Moreover, Ef = f if and only if f € L! is
S~1¥-measurable. Thus, F is a positive projection operator from L'(X, 3, u1)
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onto LY(X,S™1¥, u) with operator norm 1. We thus have the direct sum de-
composition L*(X,%, u) = R(E) & N(E), where R(E) is the range of E and
N(E) is the null space of E. More properties of E are referred to [14, 123].

Lemma 4.5.1 f € LYX,S7 ', u) if and only if f = go S for some g €
LY (X,%,v). Moreover, if f = goS, then || f|l, = llgll.. In other words, the
correspondence f — g is an isometric isomorphism between L'(X,S™I¥, )
and LY(X, %, v).

Proof First we show that each f € L'(X,S™!'%, u) can be written as g o S
with g € L*(X, X, v). This is true since if f = xg-1(a), then g = x4, and the
general case follows from a limit process.

Suppose that f = go S. Then it is easy to see that f is S~'X-measurable if
and only if g is X-measurable. || f|,, = ||g||. since

/Ifldu=/ Iglosdu=/ lgldv. O
X X X

Theorem 4.5.1 (Ding-Hornor’s decomposition theorem) Let (X, %, u)
be a measure space, let S : X — X be a nonsingular transformation such that
the measure space (X,S™1%, n) is o-finite, and let P : L'(u) — L'(u) be the
Frobenius-Perron operator associated with S. Then,

LM(X, B, 1) = N(P) & L'(X, S, p) (4.14)
and P is isometric on L'(X,S™'%, u), i.e., P is a partial isometry.

Proof Let f € L'(X, %, ). Then, by the definition of Ef,

J P =Enan= [ oy f / oy Fan=

for all A € ¥. Hence, P(f — Ef) = 0 by Proposition 2.1.1 (v). Thus, N(F) C
N(P).

Now we show that |[Pf]| = | f]| for all f € R(E) = L*(X,S7'X, u). Let
f e LYX,S7'¥, u). From Lemma 4.5.1, there is ¢ € L'(X,X,v) such that
f=goS and ||f||, = |lg]l,. Hence, by Lemma 4.5.1,

/Pfdu:/P(goS)du:/ goSdu
A A 5-1(A)

:/gdz/:/ghdu
A A

for every A € X. It follows from Proposition 2.1.1 (v) that

Pf = gh. (4.15)
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Therefore, [|Pf[|,. = [lghll, = llgll, = [[fll,- Thus, [[Pf]| = [[f]| for all f €
LY(X,S71%, p). Since LY (X, X, u) = N(E)& LY (X, S7'3, 1), we have N(P) =
N(E) and the decomposition (4.14). O

Corollary 4.5.1 P: L'(u) — L'(u) is isometric if and only if S7'¥ = 3.
Corollary 4.5.2 R(P) is a closed vector subspace of L*(X, ¥, ).

Remark 4.5.1 (4.15) gives an explicit definition of the Frobenius-Perron op-
erator in terms of the sub-o-algebra S™13; see [35] for more details.

Remark 4.5.2 A general decomposition theorem for Koopman operators has
been obtained in [30], which basically says that the Koopman operator U is
isometric on the subspace L (supp h) which is a topological complement of
N(U), and U is isometric on L*°(X) if and only if the two measures pu and
oS! are equivalent.

Using the above results and Banach’s closed range theorem [57], we can get
more relations between P and U.

Theorem 4.5.2 Let (X, %, 1) be a measure space, let S : X — X be a nonsin-
gular transformation such that the measure space (X,S™1X, 1) is o-finite, and
let P: L' - L' and U : L™ — L*™ be the Frobenius-Perron operator and the
Koopman operator associated with S, respectively. Then,

(i) P is one-to-one if and only if U is onto.

(ii) U is one-to-one if and only if P is onto.

Proof Since U is the dual of P, the fact R(P) is closed implies that R(U)
is closed. Thus, the theorem follows from a standard argument in functional
analysis. m]

Corollary 4.5.3 Under the same conditions of the above theorem,
(i) P is an isometry if and only if U is onto.
(ii) U is an isometry if and only if P is onto.

Finally, we give an application of the decomposition theorem to the spectral
analysis of Frobenius-Perron operators [33, 35]. Let P be a Frobenius-Perron
operator associated with S. We extend the definition (4.1) of P to the complex
L' space in the natural way. Then, it is still true that || P|| = 1 (see Exercise
4.31). The spectrum o(P) of P is defined to be the set of all the complex
numbers A such that the linear operator P — AI does not have a bounded inverse
defined on L'(u), where I is the identity operator. The complement of o(P)
in the complex plane C is called the resolvent set of P and is denoted by p(P).
Since ||P|| = 1, the spectrum o(P) is a compact subset of the closed unit disk
D= {XeC:|\ <1} and is a disjoint union of the point spectrum o,(P), the
continuous spectrum o.(P), and the residual spectrum o,.(P). The boundary of
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o(P) is denoted by do(P). A number A € C is said to be in the approzimate
point spectrum o,(P) if there exists a sequence {f,} in L' such that || f,|| = 1
for all n and ||(P — AP)f,|| — 0 as n — oo. Obviously, ,(P) C o(P). The
following lemma is a standard result concerning o, (P) (see [17]).

Lemma 4.5.2 04(P) D 0,(P)Uoc.(P)Udo(P).

Denote 0D = {\ € C : |\| = 1} to be the unit circle. The following general
result is a basis of our spectral analysis.

Lemma 4.5.3 Let B be a Banach space and let T' : B — B be an isometry.
Then, 0 € o(T) implies that o(T) =D and 0 € p(T) implies that o(T) C ID.

Proof Let A be such that || < 1. From
[Tz — Al = || Txl| = [Alllz] = (1 = [AD]]],

we see that T — A is bounded from below, and thus A ¢ o,(T). Hence, for
|A| < 1,\ &€ 00(T) by Lemma 4.5.2. In particular, 0 € do (7).

Consider first the case 0 € o(T'). If there exists |A| < 1 such that A & o(T),
then it is easy to see that there exists A € do(T) such that |A| < 1, which is a
contradiction to the fact that A & 9o (T') for |\| < 1. Therefore,

A <1=\eo(T).

Since o(T) is a closed subset of D, we have that o(T") = D.

Consider now the case 0 € p(T). If there exists |\| < 1 such that A € o(T),
then there exists a A € do(T") with |A| < 1, which also contradicts the fact that
A & 90(T) for |A| < 1. Therefore,

AN <1l=A&o(T).
In this case, o(T) C ID. O

Combining the above lemma, Corollary 4.5.1, and Remark 4.5.2, we imme-
diately have

Theorem 4.5.3 If S7'Y¥ =X or po S™! = yu, then 0 € o(P) implies that
o(P) =D and 0 € p(P) implies that o(P) C OD.

Proof If S'¥ = ¥, then P is an isometry. If po S™! = y, then U is an
isometry. Now the theorem follows from Lemma 4.5.3. O
Remark 4.5.3 S1'Y = ¥ if and only if S is one-to-one, and po S~ = y if
and only if S is onto. See [33] and [35] for more details.

Corollary 4.5.4 IfS : X — X is a measure preserving transformation, then
0 € o(P) implies that o(P) =D and 0 € p(P) implies that o(P) C OD.
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Proof u(S71(A)) = u(A) for all A € X imply that po S™! = pu. O

Corollary 4.5.5 If P has a stationary density f such that supp f = X, then
0 € o(P) implies that o(P) =D and 0 € p(P) implies that o(P) C ID.

Proof Define [i(A) :/ fdpfor all A€ X. Then, the measure /i is invariant
A

under S. Let A € ¥ be such that u(A) > 0. Since supp f= X, ji(A) > 0. So
i(S™1(A))=i(A) >0, which implies that u(S71(A))>0. Hence, poS~'1=p. O

Remark 4.5.4 See [53] for some extensions of Theorem 4.5.3.

Exercises

4.1 The boundary value problem
—u" +u=f(z), 0<z <1, W0)=u(1)=0

has a unique solution u = u(z) defined on [0,1] for every f € L'(0,1). Show
that the correspondence from f to u is a Markov operator on L*(0,1).

4.2 Consider the finite set X = {1,2,--- , k} with the counting measure. Prove
that any Markov operator P : L'(X) — L!(X) can be written as

k
(Pf)j :sz]fza ]:1327 7k5

i=1
where (p;;) is a k % k stochastic matriz, i.e.,

k

j=1

This discrete Markov operator is called a Markov chain and will be used in the
finite approximation of Frobenius-Perron operators in the later chapters.
4.3 Let (X, %, u) be a measure space and let K(z,y) be a nonnegative mea-

surable function on X x X such that / K(z,y)du(y) = 1 for each z € X.
X
Show that the linear operator P : L'(X) — L'(X) defined by

Piy) = /X K (2, 9) (2)dp(x)

is a Markov operator. This is called a Markov operator with a stochastic kernel.
4.4 Let P: LYX,%,u) — LY(X,X, ) be a Markov operator and let P* :
L>*(X) — L°°(X) be its dual operator. Define the transition function P(x, A) =
P*xa(z) for all z € X and A € ¥. Show that this function satisfies
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() 0< Pz, A) < 15

(ii) P(-,A) is ¥-measurable for each fixed A € ¥;

(iii) P(x,-) is a measure for each z € X, and it is absolutely continuous with
respect to p.
4.5 Let (X,X%,u) be a measure space and suppose that P(z, A), satisfying
(i)—(iii) of the previous problem, is given. Using the Radon-Nikodym theorem
to show that there is a unique Markov operator P : L'(X) — L'(X) that
induces the given transition function P(-, ).
4.6 Let (X,X, u) be a measure space, let S : X — X be nonsingular, and let
P : LY(X) — L'(X) be the corresponding Frobenius-Perron operator. Show
that the associated transition function P(x,A) = xg-1(4)(z) and Ug(z) =

Prg(z) = /X 9(y)P(z,dy) = g(S(z)).

4.7 Let (X,X,u) be a measure space and let Xy be a sub-o-algebra of 3.
Show that the conditional expectation E(- |Xo) with respect to ¥ is a Markov
operator on L'(X).

4.8 Show that any convex combination of Markov operators on L!'(X) is a
Markov operator.

4.9 Let P: LY (X) — L'(X) be a Markov operator. Let B € ¥ with u(B) > 0
be such that P*xygc = 0 on B. Show that supp f C B implies that supp
Pf C B. As a consequence, P : L'(B) — L*(B) is a Markov operator.

4.10 Find the Frobenius-Perron operator corresponding to the following map-

(i) S:10,1] = [0,1], S(z) = 4‘T2(1 - x2);

(if) S: [0,1] — [0,1], S(x) = sinnz;

(iii) S : [0,1] — [0,1], S(x) = atan(bx + ¢);

(iv) S :10,1] = [0,1], S(z) = ra(l —x), 0 < r < 4;

(v) S:[0,1) — [0,1], S(z) = kz(mod 1), k > 2 is an integer;

4.11 Prove property (iv) of Frobenius-Perron operators in Section 4.2.

4.12 Let (X, Y) be a measurable space with two equivalent o-finite measures
pand v, let S: X — X be a nonsingular transformation, and let P, : L*(u) —
L'(p) and P, : L'(v) — L'(v) be the Frobenius-Perron operator with respect
to 1 and v, respectively. Show that for any f € L'(u),

By(h-f)
Puf = =200,
where h € L'(v) is the Radon-Nikodym derivative of u with respect to v.
4.13 Let E(-|S7'X) be the conditional expectation with respect to the sub-
o-algebra S~!'¥. Show that the Frobenius-Perron operator Py satisfies the
equality
(Psf)oS=E(f]S7'D).
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4.14 A mapping S : [0,1] — [0,1] is called a generalized tent function if
S(r) =51 —x) for 0 < z <1 and if S is strictly increasing on [0,1/2]. Show
that there is a unique generalized tent function for which the standard Lebesgue
measure is invariant.

4.15 Show that for any absolutely continuous measure p such that du/dm > 0
on [0, 1] a.e., there exists a unique generalized tent function S that preserves .
4.16 A Markov operator P : LY(X) — L'(X) is called deterministic if its dual
operator P* has the following property: for every A € X, there is B € ¥ such
that P*x 4 = xp. Show that the Frobenius-Perron operator is deterministic.
4.17 Describe a general form of the matrix (p;;) in Exercise 4.2 which corre-
sponds to a deterministic Markov operator.

4.18 If P, and P» are both deterministic Markov operators, are the operators
PPy and aP; 4+ (1 — a)Pe, 0 < a < 1 also deterministic?

4.19 Show that P : L'(0,1) — L'(0,1) defined by

1 1. /x 1 z 1
Pia) = @)+ 57 (D) 431 (2 " 2)
is not a deterministic Markov operator.
4.20 Let P: L' — L' be a Markov operator. Prove that for any two non-
negative functions f, ¢ € L' the condition supp f C supp g implies that supp
Pf C supp Pg.
4.21 Show that the mapping S : [0, 1] — [0, 1] defined by

f’ 0<z<a,
a

S(x) = 11—z
1o’ a<r<1

preserves the Lebesgue measure on [0, 1].
4.22 Show that the function f(x) = 4/[n(1 + 2?)] is a stationary density for
S :]0,1] — [0, 1] given by

2
—xa ngg\/i_la
1— 22
S(z) = L2
. V2-1<z<1.
2z

4.23 Show that the function f(x) = 2z/(1 + z)? is a stationary density for
S :]0,1] — [0, 1] given by

22 g<a<t
9 ITY 5
S(x) = 1—=x 3
1—=x 1< <1
2¢ 3\36\
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4.24 Show that the function f(x) = pzP~! with p > 1 is a stationary density
for S : [0,1] — [0, 1] given by

1 1\ 7

2vrx, O<x<<§> ,
S(z) = .

1 1 1\~

2¥ (1 — aP)», <§) <z <1

4.25 Show that the function f(x) = 12(z — 1/2)? is a stationary density for
S :]0,1] — [0, 1] given by
1
3\ 3 . 1
5

S(x) = (é —9

4.26 Show that the function f(x) = (1 — x)/2 is a stationary density for the
cusp map S : [—1,1] — [—1,1] given by

1
r— =

2

S(z)=1-2|z|2.

4.27 Show that the Frobenius-Perron operator P : L' — L! is continuous
under the weak topology on L.

4.28 Find the expression of the Frobenius-Perron operator associated with the
Hénon map in Example 4.2.3.

4.29 Let S : (X,X,u) — (X,X,u) be a measure preserving transformation
and let U : L™ — L be the corresponding Koopman operator. Show that
U: LP — L? is well-defined and is an isometry, where 1 < p < co.

4.30 Show that the converse of Corollary 4.1.1 is not true by providing a
counter example.

4.31 Let L'(X) be a complex L!-space and let P : L'(X) — LY(X) be a
Markov operator. Show that || P|| = 1.
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Abstract The existence problem of a stationary density to a Frobenius-Perron op-
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constrictiveness. A powerful spectral decomposition theorem for constrictive Markov
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We turn to the theoretical problem on the existence of absolutely continu-
ous invariant finite measures for some classes of nonsingular transformations.
We first give an abstract approach to the general existence problem of sta-
tionary densities of Markov operators in Section 5.1 which gives three general
existence results for stationary densities of Markov operators and an important
spectral decomposition theorem concerning the asymptotic periodicity of the
iteration sequence {P" f} for the class of constrictive Markov operators. Then,
the existence results for several concrete classes of one or higher dimensional
nonsingular transformations are presented in the subsequent sections. The pre-
sentation of the existence results in this chapter is by no means complete, but
we shall show how to employ the variation technique to prove several important
existence theorems, including the now classic Lasota-Yorke’s theorem. For a
more complete coverage and discussion of various approaches to the existence
problem, see Chapters 5 and 6 of the monograph [82] by Lasota and Mackey
and the textbook [14] by Boyarsky and Géra.

5.1 General Existence Results

Let (X, 3, 1) be a measure space. As shown in Chapter 4, the problem of
the existence of an absolutely continuous invariant probability measure with
respect to a given nonsingular transformation S : X — X is equivalent to that
of a density solution to the fixed point equation Pf = f for the Frobenius-
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Perron operator P associated with S. But, finding a stationary density of P is
in general difficult except for some simple or special cases.

Since P : L' — L' is continuous in both the strong topology and the weak
topology, if the sequence {P™f} of the iterates converges to some function f*
strongly or weakly, then f* must be a fixed point of P. However, because the
L'-space is not reflexive, the theory of Hilbert space is not applicable. On the
other hand, since || P|| = 1, we simply cannot use some standard techniques in
functional analysis, such as Banach’s contraction fixed point theorem, to prove
the convergence of {P"f}. As a matter of fact, the sequence {P"f} does not
converge in most situations of interest. Instead, we must seek appropriate com-
pactness arguments and special techniques for L! spaces to prove the existence
of a stationary density. One successful approach is based on the ergodic theory
of linear operators with uniformly bounded powers (e.g., see the last chapter
of [57]). In this section, we present two general results for the existence of
stationary densities of more general Markov operators along this direction.

We first state and prove a special version of the classic Kakutani-Yosida
abstract ergodic theorem [57] that is adapted to the case of Markov operators.
This fundamental result is an important tool for determining the convergence
of a sequence of the iterates of Markov operators. Suppose that P : L' — L' is
a Markov operator. The following proposition about the sequence of the Cesdro
averages

n—1
Anf = AuP)f == 3" Py (5.1)

=0

for the iterates of f € L' under repeated iterations of P will be used for the
proof of Theorem 5.1.1.

Lemma 5.1.1 Let f € L'. Then,
lim ||A.f — A,Pf] =0. (5.2)
Proof By the definition (5.1) of A, f, we have
1 n
which together with the fact that ||P™| < 1 uniformly gives that
2
|4nf = APSI < 27— 0

as n — 0o. This completes the proof. O
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Proposition 5.1.1 If, for some f € L', there is a subsequence { Ay, [} of the
sequence { A, f} of the Cesdro averages that converges weakly to some f* € L*,
then Pf* = f*.

Proof Since PA,,f = A, Pf and P is weakly continuous, the sequence
{A,,Pf} converges weakly to Pf*. Since {A,, Pf} has the same limit as
{4, f} by Lemma 5.1.1, we have Pf* = f*. |

Theorem 5.1.1 (Kakutani-Yosida’s abstract ergodic theorem) Let (X,
¥, 1) be a measure space and let P : L' — L' be a Markov operator. If for a
given f € L1, the sequence { A, f} of the Cesdro averages given by (5.1) is weakly
precompact in L', then it converges strongly in L' to some f* € L' which is a
fixed point of P, that is,

Jim 4 = £ =0 (5.3

and Pf* = f*. Furthermore, if f € D, then f* € D, so that f* is a stationary
density of P.

Proof The assumption that the sequence {A,, f} is weakly precompact means
that there exists a subsequence {A,, f} of {4, f} such that {A,, f} converges
weakly to some f* € L' as k — oo. By Proposition 5.1.1, we have Pf* = f*.
If f is a density, then f* is a density since P preserves the positivity and the
L'-norm of f.

In order to show (5.3), we first prove that f — f* € R(P — I), the closure of
the range R(P — I) of the operator P — I. If this were not the case, then, by
the Hahn-Banach theorem [57], there must exist a function ¢g* € L* such that

(f=f"9g") #0 (5.4)

and

(h,g*) =0, VheR(P—1I).

It follows that _
(P-1)Pf,g*y=0, j=0,1,---,

which implies that
<Pj+1f *>:<ij *) i=0.1.---
7g ’g ) j ) ) )

and so we obtain '
<P]fag*> = <fag*>a j:172a

As a consequence, for any n,

(Anf,g") = ({f,9%)
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Since the sequence {A,, f} converges weakly to f*, we have
<f - f*ag*> = 07

which contradicts (5.4).
Thus, for any € > 0, there exists g, h € L! such that

f—f["=Pg—g+h,

where ||h|| < /2. Thus, ||A,h|| < €/2 for all n. The equality Pf* = f* implies
Anf* = f*, so

Anf:An(ngg)+Anh+f*a

from which we obtain
140f = 11 < 1 4u(Pg — )l + | Anh].

However, (5.2) implies that there exists an integer ng > 1 such that

3
[ An(Pg = g)Il <

> Y n = ng.

Therefore, we have

[Anf = 7 <&, V2= no
This completes the proof. O
Remark 5.1.1 The general Kakutani-Yosida abstract ergodic theorem (The-

orem V5.1 of [57]) says that, if 7" is a bounded linear operator from a Ba-
nach space B into itself such that lim ||7"x|/n = 0 and the sequence of the

n—1

Ceséaro averages A,x = n~1 > T'x is weakly precompact for some z € B, then
i=0

lim ||Apz — z*| = 0 for some fixed point * € B of T. This remark will be

n—oo

used in the proof of Theorem 5.1.2 below.

Several corollaries follow immediately by the criteria for the weak precom-
pactness in Section 2.5.

Corollary 5.1.1 If for some density f € D there is a nonnegative function
g € L' and a positive integer ng such that

Pnfgga vn)”oa
then there exists a stationary density f* for P.

Corollary 5.1.2 If for some density f € D there are two real numbers p > 1
and M > 0 and a positive integer ng such that

|P"fll, <M, ¥n=n,

then there exists a stationary density f* for P.
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Another way to investigate the stationary density problem of Markov oper-
ators is based on the quasi-compactness argument.

Theorem 5.1.2 Let (X,X, 1) be a measure space and let P : L' — L' be a
Markov operator. Suppose that V is a dense vector subspace of L' which is also
invariant under P, and suppose that V is a Banach space under the norm ||-||v .
IfP: (V| -llv) = (V|| - llv) is quasi-compact and the sequence {||P™||v} is
uniformly bounded, then for any density f € V', there exists a stationary density
f* €V of P such that

T | 4,f — [l = 0.

Proof By the definition of quasi-compactness, there is a positive integer r
and a compact operator K : (V,||-||[v) — (V, || - ||v) such that | P" — K||yv < 1.
Denote T'= P" — K. Then, ||T||y < 1 implies that the bounded linear operator
I—T is invertible and its inverse (I—T)~*: (V. ||-|[v) — (V, |- |lv) is a bounded
linear operator with the Neumann series expression

(I-17)"'= iT
n=0

It is easy to see that
Ay =T -T)'KA,+ (I —-T)"'(A, - P"A,) (5.5)

and
_I+P+---4 P!

n

A, —P"A

(I —P™).
Since the sequence {||P"||y} is uniformly bounded,
lim ||A, — P"A,|lv
14+ ||P|ly +---+ | P2
o LEPIY £ Py

n— 00 n

L+ [P"]y) =0,
Thus, for any density f € V', we have
lim (I —T) (A, — P"A,)f =0.

On the other hand, since (I —T)"1K is a compact operator and the sequence
{IlA..f|lv} is uniformly bounded, the set {(I —T) 1K A, f}°°, has a limit point
f*in V, which together with (5.5) means that the set {4, f}52, also has f* as
its limit point. Therefore, the Kakutani-Yosida abstract ergodic theorem (see
Remark 5.1.1) applied to (V.|| - ||v) gives the result. O

Remark 5.1.2 Furthermore, one can show that under the conditions of The-
orem 5.1.2, lim ||A, — E(P)|lv =0, where E(P) is a positive projection from
n—oo
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V' onto the vector subspace of all the fixed points of P in V; see Corollary
VIl.8.4 of [57]. A more extensive analysis of this property of uniform ergodicity
is contained in Section VIL8 of [57].

Corollary 5.1.3 Let (X, X, ) be a measure space and let P : L' — L' be
a Markov operator. Suppose that V is a dense vector subspace of L' and is a
Banach space under the norm || - ||y such that || f|| < ¢||fllv for all f € V and
some constant c. If there exist two positive numbers aw < 1 and 3 and a positive
integer k such that

IP*fllv < allfllv +BIfl, ¥ feV,

then there exists a density f* € V such that Pf* = f*, and the conclusion of
Theorem 5.1.2 is true.

Proof By the Ionescu-Tulcea and Marinescu theorem, P : V — V is quasi-
compact. For any f € V, write n = ik + j with 0 < j < k, then

1P fllv = 1P fllv < 1(PF) Fllv + 1P fllv

1—1
<alllfllv + B If I+ 1P fllv

=0
;i ,
<AV + = IF I+ 127 fllv

Be

< (1 Pi )
(14 725 + s 1P ) 1l

Hence, the sequence {||P"||y} is uniformly bounded, and so the conditions of
Theorem 5.1.2 are satisfied. g

Now we focus on a special class of Markov operators for the investigation of
the asymptotic behavior of the sequence { P" f}, the evolution of a density f € D
under the repeated action of P. This class of Markov operators contains the
Frobenius-Perron operators associated with the classes of the transformations
to be studied in the next three sections. First, we give the definition of such
operators.

Definition 5.1.1 Let (X, %, 1) be a finite measure space. A Markov operator
P: L' — L' is said to be constrictive if there exist two positive numbers 6 and
e < 1 with the property that for each f € D, there is a positive integer ng(f)
such that

/P”fduge, V2= no(f)
A

for all A € ¥ with u(A) < 4.
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Remark 5.1.3 A Markov operator P : L' — L! is constrictive if and only if
there exists a compact set F C L' such that

lim dist (P"f, F) = 0
for any f € D, where dist (¢, F) = min{||g — k|| : h € F} is the distance of
g€ L' to F [14].

A simple sufficient condition for constrictiveness is given by the following
proposition.

Proposition 5.1.2 Let (X, 3, i) be a finite measure space and let P : L' — L'
be a Markov operator. If there are two numbers p > 1 and K > 0 such that
for every f € D, there is a positive integer ni(f) such that P™f € LP for all
n=ni(f) and

limsup [ P" ], < K,

n—oo

then P 1is constrictive.

Proof Given f € D, there is a positive integer ng(f) such that | P™ f|, < K+1
for all n > ng(f). By Proposition 2.5.2, the set

{P"f:feD,n=no(f)}

is weakly precompact. Then, for any chosen e¢ € (0,1), Theorem 2.5.2 implies
that there is 6 > 0 such that

/P”fduge, Vn=2no(f), VAeXwith u(4) <é.
A

So, P is constrictive by Definition 5.1.1. m|

We state without proof an important spectral decomposition theorem for
constrictive Markov operators due to Komornic and Lasota [77].

Theorem 5.1.3 (Komornic-Lasota’s spectral decomposition theorem)
Let (X, 3, 1) be a finite measure space and let P : L' — L' be a constrictive
Markov operator. Then, there are an integer k > 0 and functions g; € D and
h;i € L™ fori=1,2,--- ,k such that the bounded linear operator R defined by

k
Rf = Pf ;(/thld@ gi, VfeL (5.6)

satisfies the following properties:
(i) lim [[P"Rf|| =0 for every f € LY;
n—oo
(ii) supp g; N supp g; = @ for all i # j;
(iii) Pg; = g, for eachi=1,2,---  k, where (j1,j2," - ,jk) i a permutation

of (1,2, k)
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The above theorem provides another existence result for stationary densities
of Markov operators.

Corollary 5.1.4 Let (X,3, 1) be a finite measure space and let P : L' — L1
be a constrictive Markov operator. Then, P has a stationary density.

Proof Let a density f be defined by

1 k
f:EZZZ;Qia

where k and ¢g;, ¢ = 1,2, -,k are as in Theorem 5.1.3. Because of property
(iii) in that theorem, we have

1< 1
i=1 i=1

and thus P has a stationary density. a

Remark 5.1.4 The decomposition equality (5.6) implies the asymptotic peri-
odicity of the sequence {P" f} for a constrictive Markov operator P : L* — L.
See [77, 81, 82] for more details on the asymptotic periodicity of constrictive
Markov operators. Furthermore, the above spectral decomposition theorem can
be used to study ergodicity, mixing, and exactness of constrictive Markov opera-
tors. In particular, applying the spectral decomposition theorem to constrictive
Frobenius-Perron operators gives conditions for ergodic, mixing, or exact trans-
formations, respectively. See Section 5.3 of [82] for more information.

Remark 5.1.5 The spectral decomposition of Theorems 5.1.3 for constrictive
Markov operators is similar to that for quasi-compact Markov operators as
described by Theorem 2.5.3, but the relationship between constrictiveness and
quasi-compactness for Markov operators is still an open question [14].

In the remaining sections of this chapter, we shall study several classes of
concrete transformations satisfying some conditions that guarantee the existence
of absolutely continuous invariant finite measures. We start with Lasota-Yorke’s
classic result on interval mappings in the next section.

5.2 Piecewise Stretching Mappings

In 1973, Lasota and Yorke [83] proved a fundamental existence result for a
class of piecewise C? and stretching mappings of the interval [0, 1], thus they
answered a question posed by Ulam in [120] on the existence of absolutely
continuous invariant probability measures for “simple” interval mappings such
as the line-broken ones. In this section, we state the Lasota-Yorke theorem and
give its proof.
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Theorem 5.2.1 (Lasota-Yorke’s existence theorem) Suppose that a map-
ping S : [0,1] — [0, 1] satisfies the following conditions:

(i) there is a partition 0 = ag < a1 < --- < a, = 1 of the interval [0, 1]
such that for i =1,2,--- ,r, the restriction S|(q,_, 4,y of S to the open interval
(a;i—1,a;) can be extended to the closed interval [a;—1,a;] as a C*-function;

(ii) there is a constant A > 1 such that

inf {|S"(z)| : x € [0,1] \ {a1,a2, - ,ar—1}} = X;
(iii) there is a constant s such that

S, a1 s
Sup{[S’(m)]Q' € 10,1\ {a1,ae,-- -, ,_1}}< .

Then, the corresponding Frobenius-Perron operator P has a stationary density.

Proof Fori=1,2,---,rletS; = S|4, , a1) 9 = St and I; = S((ai—1,a:)),
and denote
(ai—1,9i(x)), x= €1 gi(x) >0,
Al(.’lﬁ) = (gi(:z:),ai), T € L;, g;(fE) < 0,
(ai,l,ai), X %IZ
Then, for z € [0,1],

T

S7((0,2)) = | Ata),

i=1
and so from the explicit formula (4.2) for the Frobenius-Perron operator, we
have

d " d
Pi =g [ J00=30 0 /. o
where
— | fwat=3 —g@f(s@), @ el g <o,

It follows from the above that
Pf(x) = oix)f(gi(@)xr, (@), (5.7)
i=1

where for each i, o;(z) = |gi(z)| = 1/]5(gi(z))] < 1/A for all z € I; and o}
satisfies

' [S"(g9:(=))]?

< soi(z), Vzel,. (5.8)
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Let f € DN BV(0,1). Then, from the expression (5.7), Proposition 2.3.1,
Yorke’s inequality (2.5), and the inequality (5.8),

1 r 1
VPr<d  Vlioi(fogxu]
0 i=1 0
<2Z\/0—7‘ Og2 +Z / ng)d
=1 I;
<22_: (22?(71 )\_/fogi—i_/li |U§|(f°9i)dm>

+Z / fog)dm
Az\/fowzz[H M (£ o gi)dm

=1 I;

Ai\/f+22[s+m(lll }/ fly

=1 a;

:3\/f+ﬂ/ F)dy = a\/ f +5
A 0 0 0

where the constants o = 2/ and § = _Inax 2 (s+ 1/m(I;)).

First, we assume that A > 2. Then, 0 < a < 1. With an induction argument,
we have

1 1 n—1 1
\/P"fga”\/f+/6’2ak§\/f+1ﬁ , Vn,
0 0 k=0 0 @
and hence, for every f € DN BV (0,1)
1 1 1n71 lnfl 1 1 ﬂ
VA =\ =Y Prr<=> \/Prr<\/ 1+ , Vo
0 o "i=o =0 0 0 I-a

By Helly’s lemma, the sequence {A,,f} is precompact, therefore by Theorem
5.1.1,
Jn Auf = 1
in L'(0,1), where f* is a stationary density of P.
Next, we assume only that 2 > A > 1. Then, 1 < a < 2. Choose a positive
integer k such that v = A¥ > 2. Then, for ¢ = S’C we have ér[})fl] |¢' ()] =~ > 2.
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So, from what we have proved, for any f € DN BV(0, 1), there is a constant M

such that
1

\V(Po)"f <M, ¥n.
0

Write n = jk + [ where 0 < < k. Then,

1 1 1
\ Prr=\/ PU(PRY =\ PPy f
0 0 0
1 k

gal\/(Pqﬁ)]f‘i‘ﬁZal

0 i=0
k
<af M —i—ﬁZal, v n.
i=0
So, the same argument implies that P has a stationary density. O

Remark 5.2.1 In fact, every stationary density of P in the above theorem
belongs to BV (0,1) (see [82]).

Remark 5.2.2 The proof of the Lasota-Yorke theorem implies that the cor-
responding Frobenius-Perron operator P is constrictive, so that the sequence
{P™f} is asymptotically periodic.

Remark 5.2.3 The assumptions of the Lasota-Yorke theorem can be relaxed
to that the mapping S is piecewise C! and stretching, and the function 1/]5’|
is of bounded variation (see [14, 124]). It was shown that there exist constants
0 <n<1, C1, and Cy such that for any f € BV(0,1) and all integers n > 1,

1P fllv < Cin™|[fllBv + CallfI],

where the BV-norm || - || pv is defined by (2.6).

Remark 5.2.4 If in addition, S is piecewise onto in Theorem 5.2.1, then it
is easy to see from the proof of the theorem that

1

\V Pr<

0

> =

1
\/ f+slfll, ¥ feBV(0,1),
0

which will be used in Section 7.2.

Remark 5.2.5 The structure of the fixed point space of the Frobenius-Perron
operator P under the conditions of Theorem 5.2.1 has been explored in [90], and
in particular it is shown that if 7 = 2 in the theorem, then P has exactly one
stationary density, which also implies the ergodicity of S by Theorem 4.4.1.
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Remark 5.2.6 See [66] for more general existence results of absolutely con-
tinuous invariant measures on piecewise monotonic mappings of totally ordered
sets.

Remark 5.2.7 The assumption inf |S(x)] > 1 in Theorem

z€[0,1]\{a1, ,ar—1}

5.2.1 is essential for the conclusion of that theorem since it cannot be weak-
ened to |S’(z)] > 1 on (0,1). Even if |[S'(z)] = 1 for only one point in the
interval, the corresponding Frobenius-Perron operator may not have a nontriv-
ial fixed point. This can be demonstrated by the following example from [88].
Let S :[0,1] — [0, 1] be defined by

x 1
1—2a’ xe[(),g},

1
2z — 1 = 1.
x , X € <2, }
Then, S'(z) > 1forallz € (0,1] and S’(0) = 1. A detailed analysis (see Remark
6.2.1 of [82]) shows that for any € > 0,

1
lim/ P2 f(2)|dz = 0

for all f € L*(0,1). Hence, the sequence {P% f} converges to 0 under the L!-
norm in L (e, 1) for each € > 0. Thus, the only solution to the operator equation
Psf = f is the trivial solution f = 0, and so there is no absolutely continuous

S-invariant measure at all. For each f € D, since lim / Pgf(x)de = 1,
n—oo 0

S(x) =

starting with many initial points to iterate the above mapping, eventually we
can see the cluster of more and more iterates near zero. This phenomenon is
called the paradox of the weak repellor which is further discussed at the end of
Section 1.3 of the book [82] by Lasota and Mackey. Note that the given S is
a piecewise convex mapping with 0 as a weak repellor. In the next section, we
will show that for piecewise convex mappings with 0 as a strong repellor at 0,
the mentioned paradox disappears.

5.3 Piecewise Convex Mappings

Remark 5.2.7 at the end of the previous section tells us that the condition
inf |S’(x)] > 1 in the Lasota-Yorke theorem is important for the
z€[0,1]\{a1,,ar—1}
existence of a stationary density of the Frobenius-Perron operator P correspond-
ing to a piecewise monotonic mapping .S, but it is not necessary, as the example
S(z) = 4x(1—z) indicates. Indeed, it has been shown (see, e.g., [5, 104]) that for
the family of mappings S,(z) = pxz(1 — z), there is an uncountable set A of the
parameter values p near 4 such that for each p € A, there is a stationary density
of the corresponding Frobenius-Perron operator, even though S,(1/2) = 0 for
every p.
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In this section, we prove the existence of an absolutely continuous invariant
probability measure for a class of mappings that are piecewise convex with a
strong repellor. The result is also due to Lasota and Yorke [84].

Theorem 5.3.1 (Lasota-Yorke) Suppose that S :[0,1] — [0, 1] satisfies the
conditions:

(i) there is a partition 0 = a9 < a1 < -+ < ar = 1 of [0,1] such that the
restriction S|ja,_, a,) of S to la;—1,a;) is a C?-function for each i =1,2,--- 7,

(ii) S’(x) > 0 and S"(x) = 0 for all x € [0,1), where S'(a;) and S"(a;) are
understood to be the right derivatives for each 1i;

(iii) S(a;) = 0 for each integer i =0,1,--- ,r — 1; and

(iv) A= 5'(0) > 1.
Let P : L'(0,1) — L'(0,1) be the corresponding Frobenius-Perron operator.
Then, there exists a stationary density f* of P. Moreover, f* is a monotonically
decreasing function.

Proof Denote S; = S|(4,_, 4,) and let

(o= STH@), w€0,5(a)),
() { z € [S(a ) 1]

fori=1,2,---,r, where S(a; ) is the left limit of S as x approaches a;. Then,

from which and (4.2) ‘
PI) = Y @),

Since \S; is monotonically increasing, so is g;. And, g, is monotonically decreas-
ing since g/(z) = —S"(x)/S’(z)?> < 0 on [0,1]. Thus, Pf is a monotonically

decreasing nonnegative function if f is nonnegative and monotonically decreas-
ing, and

Pf(z)=>_ gi(x)f(gi(x)) < 6i(0)f(9:(0))
i=1 i=1
=g1(0)£(0) + > gi(0) f(ai-1).
i=2
Now, let f € DN L'(0,1) be monotonically decreasing. Then,

= " pyde > /0 " J@)dt = 2f(), Ve 1)
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which implies that

Hence, for 2 <i < r,
g;(0

ai—1

Let o = 1/A. Then, ¢1(0) =1/5(0) = 1/A = o < 1, so we have

~~

9:(0)f(ai—1) <

where the constant

It follows that
P f(z) <a™f(0) +

where the constant K = M/(1 — ) is independent of the choice of f. Since
IP|| = 1, the set

{heL'0,1): 0< h(z) < f(0)+ K, z€[0,1]}

is weakly compact in L'(0, 1) from Proposition 2.5.1. By Theorem 5.1.1, under
the L' norm,

n—1

1
lim — Y PFf=f*
Jim o 2 P =1

where f* is a stationary density of P. It is obvious that f* is monotonically
decreasing on [0, 1] since f is monotonically decreasing on [0, 1], and f* is the
limit of a sequence of monotonically decreasing functions. |

Remark 5.3.1 The point = = 0 is called a strong repellor since the orbit {xg,
S(z0),S%(x0),- -}, starting from a point zg € [0,a1), will eventually leave
[0,a1). Also see Remark 5.2.7.

Remark 5.3.2 It can be shown [84] that f* is the unique stationary density
of P and that the sequence {P"} of the iterates of P is asymptotically stable in
the sense that

lim P"f = f*

n—oo

for all f € D.
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5.4 Piecewise Expanding Transformations

In this section, we generalize the existence result in Section 5.2 to multi-
dimensional transformations. Such generalizations are based on the modern
notion of variation for functions of several variables, as developed in Section
2.4.

Historically, the first existence result for multi-dimensional transformations
was obtained by Krzyzewski and Szlenk [80] in 1969 by demonstrating the exis-
tence of a unique, absolutely continuous invariant probability measure for a C*
expanding transformation S on a smooth manifold. For more general piecewise
expanding transformations, the first partial result appeared in [73]. There, ex-
panding and piecewise analytic transformations on the unit square partitioned
by smooth curves were considered. A complicated definition of bounded vari-
ation is used and the method cannot be extended beyond dimension 2. Two
generalizations were obtained later on. In [70], Jabloniski proved the existence of
absolutely continuous invariant measures for a special class of transformations
on [0,1]" with a rectangular partition, using the classic Tonnelli definition of
bounded variation (Definition 2.4.4). Géra and Boyarsky [64] seem to be the
first to have used the modern definition of bounded variation (Definition 2.4.1)
to prove an existence result for piecewise C? and expanding transformations on
a bounded region of RY. Their result has been generalized in [2] and [108].

Here, for the sake of avoiding technical difficulties of presentation, we give
a unified approach [52] to the multi-dimensional existence problem, using the
variation notion and the trace theorem for weakly differentiable functions. First,
we prove a preliminary result.

Proposition 5.4.1 Let 2 = 2, U, UT be a bounded open region of RN with
I' =0 NOS%. Then, for any f € BV (12), there hold

/ |Df|| = / e f — tro, fIAH, (5.9)
I I

V(@) = V(s 20) + V(f; ) + / troyf — tr, f| dH.  (5.10)

Proof Let g € C}(£2;RY). Then, from Theorem 2.4.3,

Fdivgdm— — / (Df,g) + / tro, (g, ma)dE,
o)) 21 o

Fdivgdm— — / (Df.g) + / tro, (g, ma)d,
25 25 [oX02%

where m; is the unit outward normal vector to 0,7 = 1,2. From the above
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and using the fact that n; = —ny along I', we have
fdivg dm:—/ (Df.g) —/ (Df.g)
0 21 2

+ / (tron f — tro,f){g. ma ).
I

On the other hand,

/Qfdivgdmz—/gwf,g)
:_/Qlwf,g)—/92<Df,g>—/F<Df,g>~

B /F<Df’ 9) = /F(“fhf — trg, f){g,n1)dH.

Taking supremum over all g € C}(£2; RY) such that ||g(x)|[2 < 1 for all z € £,
we obtain

Hence,

/ IDf| = / trenf — tro, fI A,
I I

which is (5.9). Now, from Remark 2.4.3, we see that

/ IIDfII/Ql IIDf||+/92 i1+ [ 141

- /Q 1Df1+ /Q 1Ds]+ / tro, f — tro, f| .

Hence, we have (5.10). O

Corollary 5.4.1 Let {3 C . If f € BV(2), then

V(Fxan: ) = V(f; %) + / ltegy | .
8020\00

Remark 5.4.1 Corollary 5.4.1 can be viewed as a generalization of the Yorke
inequality (2.5) to multi-variable functions.

Now, we apply the above results to a class of multi-dimensional transfor-
mations. For a differentiable transformation S, we denote by Jg the Jacobian
matriz of S and |Jg| the absolute value of the determinant of Jg. If A = (a;;) is
an N x N matrix, then || Al is defined to be the Euclidean 2-norm of A. Note

that | All2 = \/Amax(AT A). We need the following lemma, which is basically a
generalization of the familiar change of variables formula for smooth functions
to weakly differentiable functions.
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Lemma 5.4.1 Let (21, {2, .Ql, (22 be bounded open sets in RN, 2 C 01, 2 C
2, let S =(S1,52,---,58)T : 21 — (& be a diffeomorphism of class C? with
S() = s, and let f I= BV(Ql) Then, the following are valid:

(1) FOTg = (917927 T agN)T € CI(QQ;RN)v

/ (foS™ )| Jg 1| divgdm
22

B , N o [9(S™Y),
/Qlf{[dlv(,]sl g)]o 8 — Z(gjOS)axi { o oS}}dm, (5.11)

jri=1

(/<D[uws*wu%wag>f/<waqu»mos>
(02 2

1

/sz g;0 [8(27;%05}&0, (5.12)

1 j,k=1

where (S™1)y, is the kth component function of S™*.
(ii) For any H-measurable set w C s,

/|tr92 [(foS™)|Tg-l]| dH

<sup s (@)l [ ftrayf] B, (5.13)
ZE (2o S—1(w)

Proof (i) Since (Jg-1-g)oS = (Jg-108)-(goS),

(div (Jg 1 - g)]o S = izN_:l ai KM oS) (9 OS)} .

8yj

Since, for each pair of i,j =1,2,--- | N,

o (#5575 9]

~Jo(S™); d

-[*% °48mm”5“* o o, °ﬂ’
/f [div(Jg-1-g)] oS — Z ; 8 os} dm
o) 2 axl ayj

1)'05 0 (g; o S)dm
ﬁyj 0x; 9

>

14,5=1
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N
(% o S) dm.
1

:/_(2le: dy;

J

However, for a fixed j by change of variables, we obtain

dg; ) / 1 9g;
oS )dm= oS Jo-1 dm.
/91 ! (3%’ s (/ J 1 s y;

Hence, by summing up, we have

N
agj ) / -1 .
— 08 |dm= oS Jo-1| div g dm
/!21 fz (8.%‘ 2 (f ) |J g1 g

j=1

for g € C1(f%;RY), which gives (5.11).
If g € Cd(£2;RY), then by Theorem 2.4.3 we obtain

/Q (foS™Y) | Jg| divgdm:—/ (D(foS7")|Jg-1|,g)dm,

2

F [div(Jg1-g)oS] dm = —/ (Df, (Jgor - g) o S)dm.
29 21

Thus, by (5.11), we get (5.12) for g € C3(22;RY).

Note that for any g € C1(£2; RY), there exists a sequence{g,, }in Cg (122; RY)
such that ||g,, — glli,.c — 0, which implies that (5.12) is also true for g €
(:7]'(Af22 ;IERj\T)

(ii) Given & > 0, there exists g € C!(§22; RY) such that ||g(z)||2 < 1 for all
x € (%, g(x) =0 for all x € I \ w, and

/ g, [(foS7Y) [ Tsi]| dH

<

/ tro, [(foS71) [T g-1]] (g,n>dH‘ +e.
082

Applying Theorem 2.4.3 to the right-hand side of the above inequality, we have
/ ltrg, [(foS§Y) [Tss ]| dH

<

/Q(foS_l)|Jsfl|divgdm+/ (D(foS_1)|J51|,g>dm’+€.

2

Changing variables gives

/w’trQQ [(foS™)|Tgl]| dH

<|[ v asot-glosy amt [ (DL glo S)am| +<
(o 21
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Therefore, after applying Theorem 2.4.3 again to the right-hand side above, we
obtain

/w‘trgz [((foS™")|Tsl]| dH

<[ e f1Tsl-glo Sl A 4
o

Hence,
/ g, [(fo8Y) [Tss]| dH
< swp Msegle [ e fl A e
llglloo <1 S—1(w)
which implies (5.13). ]

Definition 5.4.1 Let S: 2 — 2 and let {{, (%, -+, 2.} be a partition of 0.
Denote S; = S|q, for each i. We say that S is piecewise C? and A-expanding
if each S; is C? and one-to-one on §2;, can be extended as a C? transformation
on §2;, i.e., C? on an open neighborhood of §2;, and satisfies

Vi=1,2,,r

, T

1
sup HJ -1(x H < T
z€S(82;) o ( ) 2 A

Lemma 5.4.2 If S : 2 — 2 is piecewise C? and \-expanding, then for any
f e BV(Q2),

V(PF0) < SV )+C’||f||+AZ/

002:\S;1(092)
where C' > 0 is a constant independent of f.

Proof By the definition of P,

(£2:)>

PF=3(foS7") s
i=1

from which and Corollary 5.4.1,

D)< v[(ro87) s
S{rluestr

i=1

+ / ‘trs(gi) [(f o S;l) ’J.S’fl
O(S(2:))\09 i

mﬂ}

:S(02)]

H dH}. (5.14)
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From the definition of variation, we have

VI(fo Szl)le;ll;Smi)]

sup{/ (DI(fo ST T g1l 9) : g € Co(S(2:);RY),
S(2:)

lg(@)ll2 <1,z € S(£2 )}

111

By (ii) of Lemma 5.4.1, for g € C3(S(£2;); RY) such that ||g(z)|2 < 1, Vx €

S(42),

ORI A
S(82;)

= [ 010080+ | 1 kf D [a(gz)kosi}dm.

Let ¢ = Ag. Then, the above two equalities give
VI(f o 87T g1 : S(2)

:SUP{ - %/ﬁ(Dfa (Js;ld)) 0 Si)

/ifz 8k[8(gy;) oS}dm:

J,k=1

g€ Co(S(2);RY), [lg(z)]2 < 1, = € S(2 )}

If we let C’ be the L>®-norm of

N -1
(0708050 | 5 05,
s} T Yj
then
A(S; Dk } o
S; dm.
/if Z aa?k { y; ° o i

7,k=1

On the other hand, since |[(Jg-1¢)(x)|2 < ||J &- 1||2 lo(x)|l2 <1

| 1080581080 < V(i)

(5.15)

(5.16)

(5.17)
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Therefore, combining (5.15), (5.16), and (5.17), we obtain
1
v[res) sn|ss@] < sviey o [ iflam. (1)
; o

It follows from (5.14), (5.18), and (ii) of Lemma 5.4.1 that

T

V(Pf; 02 Z( (f; 2 +C’/ |f|dm>

=1

T ZX / tro, f] dH

2,\8;1(0%2)
V(s 2) + I+ AZ/

Here we have used the fact that Z V(f; ) < V(f;$2), based on the equality

>/I>—‘

2:\S; M (0%2)

(5.10). This completes the proof of the lemma. O

Lemma 5.4.3 IfS: 2 — 2 is piecewise C? and \-expanding, then

) 1+I€_Q(S)
V(P 0) s ————

where kp(S) = lrgag_/f((}i), k(£2;) is as defined in Theorem 2.4.4, and C > 0 is

a constant which is independent of the choice of f.

V(£ 2)+Clfll, VY feBV(9),

Proof From Lemma 5.4.2, we have

V(P O)< VI )+C’||f||+AZ /| e, 7] dH

2:\S7'(82)
WD LU [ rasian,
= Jow
Note that Theorem 2.4.4 and Lemma 5.4.1 imply

;/agi [tra: /] ng;”(“Qi) (V(f; )+ /9 |f|dm>

<kQ(S)(V(f;2)+ IfID-
Thus, we get

VP2 < i) + i+ S i)+ i)

A
S
<22y 0) 1 oy,

where C' = C" + ko (S)/ . O
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Theorem 5.4.1 Let S : 2 — 2 C RN be piecewise C? and A-expanding. If
(1+ ke(S))/A < 1, where k(S) is as defined in Lemma 5.4.3, then S admits
an absolutely continuous invariant probability measure.

Proof From Lemma 5.4.3, the assumption implies that the sequence
{||P"1||gv} is uniformly bounded. Hence, the sequence {P™1} is precompact
in L(£2) by Theorem 2.5.1, and it follows from the Kakutani-Yosida abstract
ergodic theorem (Theorem 5.1.1) that P has a stationary density which is the
density of an absolutely continuous invariant probability measure. O

Corollary 5.4.2 Let S : 2 — 2 C RY be piecewise C?. If some iterated
transformation S* is piecewise \-expanding and satisfies (1 + ko (S¥))/A < 1,
then S admits an absolutely continuous invariant probability measure.

Remark 5.4.2 Under the conditions of Theorem 5.4.1, P is quasi-compact on
BV (2) and an application of the Ionescu-Tulcea and Marinescu theorem will
give a spectral decomposition of P. See [64] for more details.

Remark 5.4.3 The difficult part in applying Theorem 5.4.1 is the determi-
nation or an estimation of the geometric quantity £ (S). The existence results
obtained under different assumptions on {2 and S, e.g. [2, 64], can be viewed as
consequences of the general framework after giving an upper bound for kg (.S)
in different cases.

Exercises

5.1 Let (X,X,u) be a finite measure space and let P : L' — L! be a Markov
operator. Show that if there exists a function A € L' and a positive number
v < 1 such that

timsup |(P"f ~ k)| <7, ¥ [ €D,

n—oo

then P is constrictive.
5.2 Let S:[0,1] — [0, 1] be a nonsingular transformation, and let {S,} be a
sequence of nonsingular transformations from [0, 1] into itself that converges to
S uniformly on [0, 1]. Suppose that f,, is a stationary density of Pgs, associated
with S, for each n. If f, — f weakly in L', show that Psf = f.
5.3 A nonsingular transformation S on a measure space (X, X, 1) is said to
be statistically stable if there exists f* € D such that for any f € D we have
”1520 |1P*f — f*|| = 0, where P is the associated Frobenius-Perron operator.

Let k£ > 1 be an integer. Show that S* is statistically stable if and only if S is
statistically stable.
5.4 Let S:[0,1] — [0,1] be a nonsingular transformatlon and let h: [0,1] —
[0,1] be a homeomorphism. Denote T'=hoSoh™! and g = (foh™1)-|(h™!
Prove:

(i) Psf = f if and ouly if Prg = g.

)l
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(ii) f is a stationary density for S if and only if g is a stationary density
for T.
5.5 Let S:[0,1] — [0,1] be defined by

3
S(a) = dox0.(@) + (3 - 22 ) 3. 10(0) + 20— D0,

Show that the corresponding Frobenius-Perron operator P has a stationary den-
1 11 1

sity f* which is constant on each of the subintervals [O, Z) , [Z’ 5) , [5, 1} .

Find the expression of f*.

5.6 Let T :[0,1] — [0,1] be defined by T'= hoSoh~! where h(z) = \/z and

S is as in Exercise 5.5. Find a stationary density g for T'.

5.7 Let S:[0,1] — [0,1] be the logistic model S(z) = 4z(1 — z). Define

1 r dzx 1 1 —1

h(x) 7'5/0 NCTEDRERE sin” (1 — 2x).

Show that h : [0,1] — [0, 1] is a homeomorphism and T' = ho Soh™! is the tent
function (1.2). Using the fact that T preserves the Lebesgue measure m, find
the stationary density of S.

5.8 Let S:[0,1] — [0, 1] be a transformation satisfying property (i) of Theo-
rem 5.2.1, and let Pg be the corresponding Frobenius-Perron operator. If there
exists a positive C[0, 1] function ¢ € L(0,1) such that, for some real A > 1

and s,
I
S@IHS@) S\ ooy
o(x)
and
e o<e
"IN a. N N SN z )
¢(z) dz \ p(x)
then Pg has a stationary density.
Hint: Define

1 xT
o) = o / o()dt, ¥z € [0,1],

1

apply Theorem 5.2.1 to T'=go.So g™ ", and use the result of Exercise 5.4.
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Abstract The computational problem of stationary densities of Frobenius-Perron
operators will be studied. First we introduce the classic Ulam’s piecewise constant
method and its direct extension to multi-dimensional transformations. Then we study
the piecewise linear Markov method proposed by the authors for one-and multi-
dimensional transformations. We present Li’s pioneering work solving Ulam’s con-
jecture for the Lasota-Yorke class of interval mappings, and the convergence proofs of
Ulam’s method for piecewise convex mappings by Miller and for piecewise expanding
transformations by Ding and Zhou.
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consistency, stability, convergence.

Let (X, X, 1) be a measure space, let S : X — X be a nonsingular transfor-
mation, and let P : L' — L! be the Frobenius-Perron operator associated with
S. We know that any stationary density of P is the density of an S-invariant
probability measure which is absolutely continuous with respect to the measure
w. In applications of ergodic theory to physical sciences and engineering, how-
ever, it is often the case that analytic expressions of such stationary densities
are not available, complicated if available, or difficult to obtain, even though
their existence may be guaranteed theoretically. Thus, it is important to be
able to numerically compute a stationary density efficiently to any prescribed
precision.

There are mainly two classes of numerical methods in the literature based
on different approaches to the approximation problem of Frobenius-Perron op-
erators. One kind of method is based on the idea of approximating a given
transformation by the so-called Markov transformations for which the compu-
tation of stationary densities is equivalent to a matrix eigenvector computation
problem. The other kind of method approximates directly the Frobenius-Perron
operator associated with the given transformation by finite dimensional linear
operators and then solves the fixed point problem of the approximating oper-
ators. The first approach was developed by Boyarsky and Gora together with
their collaborators in the 1980’s, and their main results have been included
in the excellent textbook [14]. The second approach, which is more natural
from the viewpoint of numerical analysis, originated with Ulam’s famous book,
“A Collection of Mathematical Problems,” published in 1960 in which he pro-
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posed a piecewise constant numerical scheme to approximate a stationary den-
sity of interval mappings. In this chapter we shall follow the second approach
by introducing some structure-preserving numerical methods for approximating
Frobenius-Perron operators, such as Ulam’s original piecewise constant approx-
imation scheme and its higher order generalizations for the computation of
absolutely continuous invariant probability measures. Such methods of Markov
finite approximations for Frobenius-Perron operators and more general Markov
operators are surveyed by, e.g., [42, 50]. Several other numerical methods, such
as the Galerkin projection method [24, 32, 40, 47, 76], the maximum entropy
method [31, 44], the Monte Carlo method [43, 46, 68], the interpolation method
[45], and the minimal energy method [12], have been proposed in the literature.
Except for the maximum entropy method and the minimal energy method which
will be briefly introduced in the exercises of Chapter 8 on entropy, we do not
study them in this book. The reader is also referred to [93] for a more delicate
numerical analysis of Frobenius-Perron operators and to [37, 71, 93] for some
new developments.

In Section 6.1 we introduce Ulam’s original method for one dimensional map-
pings. We also prove its convergence for the two classes of interval mappings for
which the existence problem of a stationary density has been investigated in Sec-
tions 5.2 and 5.3 respectively, based on Li’s pioneering work [86] on Ulam’s con-
jecture for the Lasota-Yorke class of piecewise C? and stretching mappings and
Miller’s paper [104] for the convergence of Ulam’s method for the class of piece-
wise convex mappings, respectively. Its natural extension to multi-dimensional
transformations will be treated in Section 6.2, in which Ulam’s conjecture will
be proved for the Goéra-Boyarsky class of multi-dimensional transformations
that were studied in Section 5.4, following the presentation of [49]. Sections
6.3 and 6.4 are devoted to the piecewise linear Markov approximation method
for one-dimensional interval mappings and multi-dimensional transformations,
respectively. The convergence rate analysis for all such numerical methods will
be studied in the next chapter.

6.1 Ulam’s Method for One-Dimensional Mappings

In his inspiring monograph [120] “A Collection of Mathematical Problems,”
Stanislaw Ulam proposed a piecewise constant approximation scheme for com-
puting a stationary density of the Frobenius-Perron operator P associated with
one-dimensional mappings. He also conjectured that, if P has a stationary
density, then his method will produce a sequence of piecewise constant density
functions that converges to a stationary density of P as the partition of the
domain interval of the mapping becomes finer and finer. About fifteen years
later, Tien-Yien Li[86] proved Ulam’s conjecture for the class of piecewise C?
and stretching interval mappings, for which the existence of a stationary density
was proved in Section 5.2.
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Let S : [0,1] — [0, 1] be a nonsingular transformation and let P : L*(0,1) —
L'(0,1) be the corresponding Frobenius-Perron operator. Our purpose is to
compute an absolutely continuous invariant probability measure p under S.
From Birkhoff’s pointwise ergodic theorem, if S is ergodic with respect to u,
then for z € [0, 1] p-a.e., the time average

n—1

lim =3 ya(S*(2) 6.1)

equals p(A), where A is any Borel measurable subset of [0, 1]. Although in prin-
ciple computing this average can be easily carried out on a computer by means
of the direct iteration involved in the expression (6.1) and so the probability
measure value u(A) can be obtained numerically to any precision, practically
the computer’s round-off errors can dominate the calculation and may make
the computed result far away from the theoretical expectation, due to the fact
of sensitive dependence on initial conditions for chaotic mappings. Thus, the
primitive computational scheme based on the repeated iteration of S is not a
well-posed numerical method. An interesting and simple example, which shows
the shortage of this primitive numerical approach from the direct iteration of
points, can be seen from [86]. Therefore, instead of computing the time av-

erage via (6.1) directly to find pu(A4) = / f*dm, where f* = Pf* € D, we
A
approximate the stationary density f* of P by approximating P with a finite

dimensional linear operator. Ulam suggested in his book the following scheme
to approximate f* via piecewise constant functions.

For a chosen positive integer n, we divide the interval I = [0,1] into n
subintervals I; = [x;_1,2;] for t = 1,2,---  n. If we denote
1
Li=——x5, Vi=1,2--n,
7 m(IZ)XL

where, as usual, m stands for the Lebesgue measure on [0, 1], then each 1; is a
density function. We assume that h = 1121;2{ (x; — ;1) is such that h — 0 as
n

X
n — o0o. Let A, be the n-dimensional subspace of L'(0,1) which is spanned
by 11,15,--+,1,, i.e., A, is the space of all piecewise constant functions with
respect to the partition of [0, 1]. Now we want to see how the Frobenius-Perron
operator P behaves on A,, from the probabilistic point of view. For this purpose,
we define a linear operator P, = P,(5) : A, — A, by

n
Pnlizzpijlj’ Vi:1727"'an7 (62)
j=1
where, for each pair of 7,5 =1,2,--- ,n,

_m(LinST(I))
T T )
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is the “probability” that a point in the ith subinterval I; is mapped into the
jth subinterval I; under the mapping S. It is noted that the matrix (p;;) is a
stochastic matriz since for each 1,

Sy szl-
j=1

Jj=1

n
Let f = > a;1; € A, ND be a piecewise constant density function. By

i=1
the definition of the Frobenius-Perron operator, the probability distribution
defined by f is, approzimately, transferred into the probability distribution de-

n
termined by the piecewise constant density function ) b;1;, where for each
j=1

= LNsS
b; _Zazpw Z —( ;(L:)( )).

In Ulam’s method, one is to compute a fixed point f, € A, N D of P,
to approximate a stationary density f* of P. It is interesting to note that,
although the Frobenius-Perron operator P may not have a nonzero fixed point
(for example, for S(z) = /2 with « € [0,1] the only fixed point of Pg is
0; for a nontrivial example see Remark 5.2.7 in Section 5.2 or Remark 6.2.1
of [82]), its Ulam’s finite approximation P, always has nontrivial fixed points
for any positive integer n from the Perron-Frobenius theorem on nonnegative
matrices [103] (see also the proof of Proposition 6.1.2 (ii) in the following). Let
fn € D be a piecewise constant fixed point of P, from Ulam’s method for any
n=1,2,---, which is called a stationary density of P, in A,. Ulam stated his
following famous conjecture [120] in 1960.

j:172a"'an7

Ulam’s conjecture: If the Frobenius-Perron operator P : L'(0,1) — L(0,1)
has a stationary density, then there is a subsequence {f,, } of {f.} such that

lim f,, = f%,
k—o0
where f* is a stationary density of P.

Although this conjecture is still open in general, it is true for some classes
of transformations. For example, it has been proved by Li [86] in 1976 for the
class of piecewise C? and stretching mappings and by Miller [101] in 1994 for
the class of piecewise convex mappings with s strong repellor.

We are going to present and prove their convergence results. In order
to study the convergence problem for Ulam’s method as the number of the
subintervals goes to infinity, Li [86] defined a sequence of linear operators
Qn s L'(0,1) — L'(0,1) by
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n 1 n
an:;m(m/hfdm-xh=;/Iifdm~1i (6.3)

associated with a sequence of partitions of [0, 1].

Proposition 6.1.1 @, is both a Markov operator and a Galerkin projection
from L'(0,1) onto A, for each n. Moreover, |Qnfllco < ||flloo for any f €
L*>(0,1).

Proof @, is clearly a positive operator. Let f € L1(0,1). Then

/ 1an(x)dx:§ [ sam- [ Lo
:i/lifdm=/olf(x)dx7

namely, @Q,, preserves the integral of a function. So @, is a Markov operator.
Q. is also a Galerkin projection operator since for each i =1,2,--- ,n,

@uf = fox)= [ Qufdm / gam

:/Iifdm—/llfdmzo

for all f € L*(0,1). The last conclusion is obvious. O

More analytic properties of Ulam’s method are summarized in the following
proposition.

Proposition 6.1.2 Let n be a positive integer. Then

(i) Q.P : L'(0,1) — L'(0,1) is a Markov operator and Q,P = P, on A,,
where P, was defined in (6.2).

(ii) Let A, = {Z a;l;ia; 20, Vi, > a; = 1} . Then Al is a closed, boun-

i=1 i=1

ded, and convex subset of A, and P,(Al) C Al . Hence, there is a stationary
density f, € A, of Py.

(iii) lim Q,f = f under the L*-norm for any f € L*(0,1).

(iv) For any f € BV(0,1),

1

1
Ve <\
0

0

1
(V) [If = @ufll < h\O/f = O(h) for any f € BV(0,1).
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(vi) The subset of monotonically increasing (or decreasing) functions of
LY(0,1) is invariant under Q,.

Proof (i) Since both @,, and P are Markov operators, their composition Q,, P
is obviously a Markov operator. For each i = 1,2,--- ,n, from the definition
(4.1) of P and the definition (6.2) of P,

= 1
QnP 11‘22 [TM/IJ Plidm

j=1

n

XIJ' :Z/ Plidm-lj
j=1"1;

n

= m(I; N S™Y(I;))
= Ldm-1; =) —— = 9777,
2 gy = 2 gy

=1
:Zpijlj = P, 1;.
=1

Therefore P, = Q,P on A,,.

(ii) Clearly A!, C A, is closed, bounded, and convex. Since P,, maps den-
sities into densities and each element of A/ is a density, P,(A!) C A!l. By
Brouwer’s fixed point theorem [56], P, f, = f, for some f,, € Al .

(iii) Tt is enough to assume that f € C[0, 1] since ||Q,|| = 1 and the set of all
continuous functions on [0, 1] is dense in L*(0,1). Let € > 0. From the uniform
continuity of f, if n is large enough,

[fi = f@)] <e

forallz € I, and all t = 1,2,--- ,n, where

~ 1
fo= i /I fdm

is the average value of f on I;. Hence, from the definition (6.3) of @,
Quf = f1=3 [ Ifi- f@lae <Y [ o=
i=1Y%i-1 i=1Y%i-1
(iv) Since Q. f = 3 fixs, by (6.3), we have
i=1

1 n—1 ) .
\ Qnf =D Ifi— firal.
0 i=1

Choose v; and y; in I; such that
Flvi) < fi < flwa)-



6.1 Ulam’s Method for One-Dimensional Mappings 121

Let{fi, }i_, C {fi}", be the subsequence of all the local maxima and local
minima among all these f;, and we define

P if f;, is a local minimum,

4§ Yip, if fi, is a local maximum,

for k=1,2,--- ,s. Then it is easy to see that
1 s—1 1
\ Quf <D 1F () = Fla)l <\ S
0 k=1 0

(v) Since |f(z) — fz\ < v f on each I;,

Ti—1

n

1= Qufl=3 [ |f(x)—fi|dx§2/]‘ \] f dm

=1

n

DICERSIVEED SR

i=1 =1 x;_1

n A A A
(vi) Since Qn.f = > fixu,, it is clear that the ordered numbers f1,--- , f,, are

i=1
monotonically increasing or decreasing depending on whether f is monotonically
increasing or decreasing, respectively. O

Because of Proposition 6.1.2 (i), from now on let P, be defined to be Q,, P
on the whole domain L'(0,1) of P. Then, Proposition 6.1.2 (iii) ensures that
nlin;o P,f = Pf under the L'-norm for all f € L'(0,1), i.e., nlirrolo P, =P
strongly.

We are ready to prove the convergence of Ulam’s method for the class of
piecewise C? and stretching mappings and the class of piecewise convex map-
pings with a strong repellor.

Theorem 6.1.1 (Li’s convergence theorem) Let S :[0,1] — [0,1] satisfy
the conditions of Theorem 5.2.1 with
A= inf 1S (z)| > 2,
z€[0,1\{a1,-+,ar—1}
and let P be the corresponding Frobenius-Perron operator. Then for any se-

quence {f,} of the stationary densities of P, in A,, there is a subsequence
{fn.} such that

T [|fo, — /7 =0,
—00
where f* is a stationary density of P. If in addition f* is the unique stationary
density of P, then
lim ||f, — f*|| =0.
n—oo
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Proof From the proof of Theorem 5.2.1, for any f € DN BV(0,1),

1

1
\VPr<a\/f+5
0

0

where 0 < o < 1 and B > 0 are two constants which are independent of f.
Thus, from Proposition 6.1.2 (iv),

1 1

1 1
\ fo=\ QuPfa <\ Pfa<a\/ fu+8,
0 0

0 0

which implies that
' 8
\/ Ju s l1-«o
0
uniformly for all n. Hence, from Helly’s lemma, there is a subsequence {fy, }

of {f.} that converges to a density f* under the L'-norm. Since ||P,| =1 and
lim P, = P strongly,

n—oo
IPf* = FN<IS = Sl + Wi = P il
1P e = Py fE I+ 1Py f* = Pl
< = Fall + 1w = £+ 1 Pai 7 = P — 0
as k — oo. Thus f* is a stationary density of P. If f* is the unique sta-
tionary density of P, then we must have nhlgo fn = f* since every convergent

subsequence of {f,} converges to the same limit from the above analysis. O
Corollary 6.1.1 Theorem 6.1.1 is still true for A > 1.

Proof Take an integer k& > 0 such that \* > 2 and denote ¢ = S*. For any

integer n, let f,(L¢) be a stationary density of P, (¢) = @, Py, and let

=
" = — Pif(@)
gn =1 In

where f(%) is a stationary density of Py. This g is a stationary density of P
since PFf(®) = P, f(#) = f(®) implies that

1
Pg:%{Pf(¢)+...+Pkf(¢)}:g_ 0O
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Theorem 6.1.2 (Miller’s convergence theorem) Suppose that S : [0,1] —
[0,1] is a piecewise convexr mapping with a strong repellor as in Theorem 5.3.1,
let P be the corresponding Frobenius-Perron operator, and let { P,,} be a sequence
of Ulam’s approximations of P. Then for any n, there is a stationary density of
P, which is a monotonically decreasing function, and for any sequence of the
monotonically decreasing stationary densities f, of Py, in Ay,

T |If = f7 =0,

where f* is the unique stationary density of P, which is also a monotonically
decreasing function.

Proof From the proof of Theorem 5.3.1, Pf is monotonically decreasing for
any monotonically decreasing function f € D and

Pf(x) < af(0) + K,
where o = 1/5(0) € (0,1) and K > 0 is a constant. Let
D, ={f€A,ND: fismonotonically decreasing on [0, 1]}.

Then D, is invariant under P,, by Proposition 6.1.2 (vi). Since D,, is a compact
convex set, by Brouwer’s fixed point theorem, P, has a fixed point f, € D,.
Thus, from the fact that ||Qn|le = 1,

fn(0) = QnPfr(0) < max Pf,(z) < af,(0)+ K.

z€[0,1]

Hence, since 0 < a < 1,

which implies that

K
11—«

0

uniformly for all n, and the result follows from Helly’s lemma. |

Remark 6.1.1 Ulam’s method can also be used to compute absolutely con-
tinuous invariant measures for expanding circle mappings (see [72]).

6.2 Ulam’s Method for N-dimensional Transformations

We may directly extend Ulam’s original piecewise constant approximation
scheme for interval mappings to more general multi-dimensional transforma-
tions. Let 2 C RY be a bounded open region, let S : 2 — 2 be a nonsingular
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transformation, and let P be the corresponding Frobenius-Perron operator. As
usual we let m denote the Lebesgue measure on RY.

Let h > 0 be a positive discretization parameter. We partition the closed
region (2 into [ subregions Pj, = {§2; : i = 1,2,--- 1} such that the diameter,
diam 2; = sup{||z — y||2 : ©,y € 2}, of each (2 is bounded by h. We assume
that the partition is quasi-uniform in the sense that there exists a constant

~v > 0 such that
l
h < 'ymi{l diam By,
i—

where By, is the closed ball inscribed in £2;. In this section, we assume that
2 is an N-dimensional rectangular region, and we simply partition (2 into V-
subrectangles.

Let 1; = xq,/m(82;) for i = 1,2,--- ;1. Then each 1; € L*(£2) is a density
function with supp 1; = . Denote by Aj the [-dimensional subspace of
L'(£2) consisting of all the piecewise constant functions associated with Py,.

Let Qp : L'(2) — L'(£2) be defined by
/ fdm> (6.4)

Qnf = Z(

Define P, = QP : L*(2) — L'(£2), which is clearly a Markov operator. Then,
with the same argument as in the previous section, the operator Py|a, : Ap —
A}, satisfies

l
Poli = pijly, Vi=1,2,-- 1,
=1

where
o m($2; ﬂS‘l(Qj))

Obviously, Proposition 6.1.2 (i) and (ii) are still true, that is,

, Vi, j=1,2,--- L

Proposition 6.2.1 Let Py, be a quasi-uniform partition of 2. Then,
(i) For A} = {ZaZ i >0, Vi, Zaz—l}, we have Py(A}) C A}.

Hence, there is a stationary density fr of Py in Ay,
(i) }llln}] Qnf = f under the L*-norm for any f € L'(12).

Now we establish a similar stability result to Proposition 6.1.2 (iv) with the
multi-dimensional notion of variation. For this purpose, we need the following
general result, in the proof of which we shall use the notation C to represent
possibly different values of constants in different occasions.
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Lemma 6.2.1 Let 2 C RY be an N-dimensional rectangle and let {Py} be
a family of quasi-uniform rectangular partitions of 2. For each Py, let Ry, :
BV (2) — Ay, be a bounded linear operator that satisfies

[|Rpv — v < Ch/ lgrad v|| dm, Y v e Whi(2) (6.5)
o

for some constant C' that is independent of h. Then there exists a constant Cgy
such that
V(Ryf; 2) < CpyV(f;2), ¥V f € BV(2)

uniformly with respect to h.

Proof Let f € BV (). By Theorem 2.4.2, there exists a sequence {f;} in
C>(§2) such that

Jim 14, — £l =0 (6:6)
and
Tim grad fjflo = V(7 ) (6.7
Since Ry, is continuous, (6.6) implies lim ||Ry,f; — Rnf|| = 0. Hence, from
Theorem 2.4.1, T
V(RAf: 0) < liminf V(R f5; 2) (6.8)

For each ¢ =1,2,---,1 denote

in,nm“' NN (‘Ql) = {q

o, q¢€ in,ng,--~,nN}7

where A ‘
Qm,nzr“,nz\l = span{lel : x?\]fv :0< 7;j < nj, 1<j< N}

with € = (21,22, ,zn5)T € RV, Let
Wi = {w S H&(Q)N : 'w|Qi S Qo,l,m,l(ﬂi) X e X le"' ,1,0(.97;), A .qu € Ph},

and define m;, : H}(2)Y — W), by requiring that
/ (w —mpw) -nodH =0, V 2 € P,
o0

where ng, is the unit outward normal vector to the boundary 92 of (2; and
H is the (N — 1)-dimensional Hausdorff measure on 92;. Then, a standard
argument in the theory of finite element methods (see, e.g., [62]) gives that

7w oo < Cllwllee, ¥ w € Ch(2;RY) (6.9)
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for some constant C' which is independent of h. The definition of m;, implies
that

/ diviw —mw)vdm =0, Yo € Ay, (6.10)
7}

From (6.10), we have
(Rpfj,divw) = —(grad f;, myw) + (Rn f; — f;, div mpw).
Thus, from (6.5), (6.9), and the inverse estimate [20]
[div mpw]oe < CRH[mnw] o,
we can find a constant Cpy that is independent of h and f € BV (£2) such that
[{(Rnfj,div w)| < Cpy||grad f;|
which implies that

0.1 [[w]eo,

V(Ry, fj; 2) =sup {/ Ry fj divw dm:w € C3(2;RY), |lw(z)|2 < 1,z € !2}
2

<Cov [ Jlgrad fjldm. (6.11)
2

Combining (6.7), (6.8), and (6.11), we have proved the lemma. O

Proposition 6.2.2 Suppose that 2 C RN is an N-dimensional rectangle.
Then there is a constant Cgy which is independent of h such that

V(Qnf; 2) < CpvV(f;2), ¥V feBV(12).
Furthermore, if 2 = [0,1]V, then Cgy = v/'N.

Proof For the first part of the proposition, by Lemma 6.2.1 it is sufficient to
show that
|Quo — vl < Chllgrad v]o., Vv e W' (2)

for some constant C' independent of h.
From formula (7.45) in [61], there is a constant C' such that for each i =

17 27 e al7
/ ! / d ’ dm < Ch/ |lgrad v|| d
v — ——— vdm| dm < v|| dm
€; m(‘QZ) .Qi ‘Qi

for all v € WhH1(£2). Thus, the definition (6.4) of Q, gives that

!
1
Qv—vzg / 7/ vdm—v
1@n | ~ Jo, m(Qi) 2;

!
< C’hZ/ lgrad v|| dm = Ch||grad v||o.1.
=178

dm

The proof of the last part is referred to [102]. O
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Theorem 6.2.1 (Ding-Zhou’s convergence theorem) Let 2 C RN be an
N-dimensional rectangle and let S : 2 — (2 satisfy the conditions of Theorem
5.4.1. If in addition
Cpv (1l +Kg(S))
<1,
A
where ko (S) and X are given in Theorem 5.4.1 and Cpy is as in Proposition
6.2.2, then for any sequence {fn, } of the stationary densities of {Pn,} in Ap,
from Ulam’s method such that lim h,, =0, there is a subsequence {fhnk} such

n—oo
that
. i
i ([ f,, = =0,

where f* is a stationary density of P. If in addition f* is the unique stationary
density of P, then

i [|fn, — /] =0,

Proof The proof is basically the same as that of Theorem 6.1.1 if we use
the compactness argument for BV (§2). The reader can fill the details of the
proof. O

Remark 6.2.1 The results of this section are still true if {2 is an /N-dimensional
polygonal region.

Remark 6.2.2 The convergence of Ulam’s method for the Jabloriski class of
transformations has been proved (see [10, 15, 16, 49]), and for more general
hyperbolic systems (see [59, 60]).

6.3 The Markov Method for One-Dimensional Mappings

Ulam’s method preserves the Markov property of the Frobenius-Perron op-
erator, that is, the finite approximation P, of P maps densities to densities, and
S0 its matrix representation under any basis of A,, that consists of densities is
a stochastic matrix which must have a nonnegative left eigenvector correspond-
ing to the spectral radius 1 (usually called the mazimal eigenvalue). However,
since the method uses only piecewise constant functions to approximate an inte-
grable function, fast convergence cannot be expected for this piecewise constant
method. In the next chapter we shall show that the convergence rate of Ulam’s
method under the L'-norm is only O(Inn/n) for the one-dimensional mappings,
where n is the number of the subintervals from the partition of [0, 1]. Moreover,
Bose and Murray [11] have constructed one-dimensional mappings (even piece-
wise linear ones) for which Ulam’s method has the L!-norm convergence rate
exactly the same order as Inn/n, that is, a constant multiple of Inn/n. This
means that in general we cannot expect Ulam’s method to have a convergence
rate faster than Inn/n.

In this section and the next one, we shall introduce a higher order numerical
scheme using piecewise linear function approximations. This new approach was
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first proposed in [28] (see also [38]) for computing one-dimensional absolutely
continuous invariant measures, and was then generalized in [48, 54, 55] for
approximating Frobenius-Perron operators associated with multi-dimensional
transformations and more general Markov operators. This method will be called
the Markov method since, like Ulam’s method, it leads to approximations of
Frobenius-Perron operators by finite dimensional Markov operators. In this
section we introduce the Markov method for one-dimensional mappings, and
the method for multi-dimensional transformations will be proposed in Section
6.4.

Let S : [0,1] — [0, 1] be a nonsingular transformation and let P : L*(0,1) —
L'(0,1) be the corresponding Frobenius-Perron operator. Our purpose is to
approximate P through a piecewise linear approximation method. As with
Ulam’s method, divide [0, 1] into n subintervals I; = [x;_1,;], i = 1,2,--- ,n
Here for the sake of simplicity, we assume that such subintervals have the same
length h = 1/n. We shall use the same notation A,, as that for Ulam’s method
to denote the (n + 1)-dimensional subspace of all continuous piecewise linear
functions with respect to the above partition of [0,1]. The canonical basis for
A,, consists of

¢i(m):w<x2xi>, 1=0,1,---,n,

where
1+, ze€][-1,0],
w(z) = (1 - |z))x1y(@) =9 11—z, z€(0,1],
Oa &€ g [_L 1]

is the standard tent function. It is easy to see that the sum of the basis functions

is identically equal to 1 and that if f = Z qi®i, then f(x;) = g; for all i. Also

note that ||go|| = ||onll = h/2 and ||¢,|| =hfori=1,2,---,n—1. Now we
define a linear operator Q,, : L*(0,1) — L*(0,1) by

+ f7.+1

Quf = o+ S I g g (6.12)

=1

where as before,

fi:m(lfi)/],;fdm:n/zifdm

is the average value of f over I;. It is obvious to see that @, is a positive
operator. Actually we can show that @), is a Markov operator for any n.

1 1
Proposition 6.3.1 / Qnf(z)dz :/ f(x)dz for any f € L1(0,1).
0 0
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Proof Let f € L'(0,1). Then, by using the expression (6.12) of Q,, f, we have
1
| @uste)as
0

1 n—1 2 7 1 1
2 fi+ fira , °
—f /0 ¢0(a:)dz+;72 /0 oi(z)dz + f, /O P (x)dx

_ z_:/x Fz)dz = /Olf(a:)da:.

_h
2

n—1
fi+ Z(fi + fir1) + f
i=1

O
As in Proposition 6.1.2 (iii), the operator sequence {@,} in the Markov
method satisfies that for any f € L'(0,1),

lim Q,f = f

under the L'-norm. If f is second order continuously differentiable, we can even
estimate its local convergence rate. For this purpose, we need two lemmas, the
first of which is a standard result in approximation theory.

Lemma 6.3.1 Let f € C?[0,1] and let
Lof(x) =) f(@:)di(x)
i=0
be the piecewise linear Lagrange interpolation of f. Then

1
17~ Lufl =0 ().

Proof The integral form of Taylor’s expansion gives that

- gj [ i = e+ LS00 o

n T; Ti LY

> [
i=1"Y%i-1 T Ti—1
S h? o[ 1

<5 [ reae=o (). 0
i=1 Ti-1

Lemma 6.3.2 Let f € C?[0,1]. Then

dzx

1
a7 - @ufl =0 ().
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Proof Given g € C?[a,b]. Using the rectangle formula in numerical integra-
tion, we see that

< max |f'(2)|(b~ a)?

z€[a,b]

b
‘/g@Mx—m@wfw

for ¢ = a or ¢ = b, and an application of the middle point formula in numerical
integration gives that
/’W' )ldz(b - a)?

/abg(m)dx— g(c)(b—a)

for ¢ = (a + b)/2. Tt follows that

- /h flz)da

+ Z ( 2hf(x;) /wiﬂ flx)dx
1

nf) - | flaar)

}11/01 po(x)dx
. % /01 gzsi(x)dx)
;L/Ol ¢n(x)dx

h2 1
< 2 ! "(z)|dz | = O(h?). O
5 (2. @l [ 1@lar) = o0)
Lemmas 6.3.1 and 6.3.2 give immediately the following proposition, which
indicates that the piecewise linear Markov method has the “local convergence”

of order 2, while Ulam’s method can only enjoy the local convergence of order
1 (Proposition 6.1.2 (v)).

Proposition 6.3.2 Let f € C?[0,1]. Then

If = Qnfll=0 (;) (6.13)

The sequence of the piecewise linear Markov approximations shares the same
stability property as Proposition 6.1.2 (iv) for Ulam’s approximation sequence.

Proposition 6.3.3 For any f € BV(0,1),

1

1
Ve <\
0

0
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n
Proof Let Q.f = > ¢;¢;- Then Q, f(x;) =¢q; for all i =0,1,--- ,n. Hence,
i=0

1 n
\VQuf=>lai— gl
0 =1

n—1
=[5t A = A+ X |5+ Fo) = 5+ 4
+ fn - %(]Enfl + fn)
T P ) .
=5 {f2 - fil+ Z | fir1 = fical + | fn — fn_1|}
i=2
n—1
g% {fz — hl+ Z [|fi+1 — fil+1fi - fif1|} + | fa — fn1|}
n—1 R ) 1721
=> |fin—fil <\ 1
i=1 0
The last inequality above is from Proposition 6.1.2 (iv). O

Proposition 6.3.4 If f € L'(0,1) is monotonically increasing or decreasing,
then Q. f is also monotonically increasing or decreasing, respectively. Moreover

1@nflloo < I flloe if f € L>(0,1).

Proof Suppose that f € L(0, 1) is monotonically increasing. Since Q,, f(z;) =
(fi+fi+1)/2 for 0 <i < n, Qnf(xo) = fl, and Q, f(z,) = fn, the finite number
sequence X R R R
f17 fl‘gfé’.” ’fn—12+fn,fn

is monotonically increasing. Since @, f is a continuous piecewise linear function,
@ f is monotonically increasing. Similarly we can show that @, f is monoton-
ically decreasing if f is monotonically decreasing. The last conclusion of the
proposition is obvious. O

Now we show that lim Q,f = f for any f € BV(0,1) under the variation
norm || - || gy defined by (2.6), a property that is not shared by Ulam’s method
in general. We need two additional lemmas.

Lemma 6.3.3 Let f € C?[0,1] and let {L,} be the sequence of the Lagrange
interpolation operators as defined in Lemma 6.3.1. Then

1

7 _ l
VS = 2af) < 3 ma [0 = 0 ()
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Proof Denote C = m[ax |f"(x)|. For each i =1,2,--- n, consider the func-
x€|0,

tion g(z) = f(x) — Ln(x) on [x;—1,2;]. Since g(z;—1) = g(x;) = 0, Rolle’s
theorem in calculus ensures that there is z € [x;_1, ;] such that ¢'(z) = 0.
Fix ¢ € [z;-1,2;]. Without loss of generality, assume that z < z. Then from

9" (x) = f"(x), we have

g (z)| =

/ g”(t)dt‘ g/ lf"(t)|dt < Ch

VU-£0-3 Vo3 [ o

=1 x;—1

gZ/ C’hdt:Ch/ 1dt = Ch.
i=17Ti-1 0

Lemma 6.3.4 Let f € C?[0,1]. Then

V(@ui = 1af) =0 ()

Thus,

Proof Clearly Qnf — Lnf = i[%’ — f(@i)l¢i, where ¢ = f1, ¢; =

=0

(fi +

. . 1
fix1)/2,i=1,2,--- ,n—1, and g, = f,. From the fact that \/ ¢; < 2 for all i,
0

we have, using Proposition 2.3.1 (ii),

V(@uf = Lnf) <3 las — fla) \/ 2Z|qz ;)
v :

Now the Taylor expansion
fl@) = fla) + f'(zi) (@ — z;) + O(h?)
gives that [go — f(0)| = O(h), |gn — f(1)| = O(h), and
lgi — f(x)] = O(h?), i=1,2,---,n—1.

Hence,
n—1

\(@nf = Lnf) =0(h) + Y O(h?) + O(h) = O(h).
0

i=1

Proposition 6.3.5 Let f € C?[0,1]. Then
1
|f=Quflev =0~
n
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Proof Since ||f — Qnf| = O(h?) from (6.13), the proposition follows from
Lemmas 6.3.3 and 6.3.4 together with

\(f = Quf) S\ (f = Luf) + \/(Quf — Lnf) = O(h). =
0 0 0

Remark 6.3.1 Unless f is a piecewise constant function associated with the
partition of [0, 1], for Ulam’s method,

1 1

\/(f_an) 2 \/f

0 0
in general, where ), is the discretized operator corresponding to Ulam’s method.
Thus, we cannot expect the convergence of Ulam’s method under the BV -norm
(see [11, 41]).

Remark 6.3.2 Propositions 6.3.2 and 6.3.5 are still true under a weaker as-
sumption on f, for example, it is enough to assume that f € W21(0,1).

Let P, = Q,P. Then P, : L'(0,1) — L(0,1) is a Markov operator of finite
dimensional range, and lim P, f = Pf under the L'-norm for any f € L'(0,1).
n—oo
The matrix representation of P, restricted to A, under any basis consisting of
density functions is given by a stochastic matrix, hence P, has a stationary
density f,, € A,. This proves

Proposition 6.3.6 P, : A, — A, has a stationary density f, € A, for
any n.

Proposition 6.3.6 shows that the piecewise linear Markov approximation
method, which was first proposed in [28] in which a stationary density f, € A,
is computed for a given n to approximate a stationary density of the Frobenius-
Perron operator P, is well-posed. Now a natural question is whether this method
converges if the fixed point equation Pf = f has a density solution. The proof
of the following two results is basically the same as that in Section 6.1 for Ulam’s
method, so it is omitted; the reader can see [28, 29, 38].

Theorem 6.3.1 Under the same conditions as in Theorem 6.1.1, if f* is the

unique stationary density of P, then for any sequence of the stationary densities
of P, in Ay,

T of Fn i S Tim If £ =0.

Remark 6.3.3 In the next chapter, a stronger convergence result under the

BV-norm can also be established for the Markov method.

Theorem 6.3.2 Let S be as in Theorem 6.1.2. Then for any n, there is a
stationary density of P, which is monotonically decreasing, and for any sequence
of the monotonically decreasing stationary densities f, of P, in A,,

T I = 7 =0,
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where f* is the unique stationary density of P, which is monotonically decreasing.

6.4 The Markov Method for N-dimensional Transforma-
tions

Now we construct continuous piecewise linear Markov finite approximations
of Frobenius-Perron operators P : L'(§2) — L'(§2) associated with a nonsingu-
lar transformation S : £2 — (2, where 2 C R” is an N-dimensional polygonal
region.

Let h > 0 be a positive discretization parameter and let 7}, be a simplicial
triangulation of 2 with h, = diam e < h for all simplices e of 7;,. We also assume
that 7j, is shape-regular, namely, there exists a constant + > 0, independent of
h, such that

G, <7 V€T
where B, is the ball inscribed in e.

Associated with each 7;, let A, € W11(2) be the corresponding subspace
of L1(2) that consists of all continuous piecewise linear functions defined on 2.
Let {v1,v2, - ,v4} (d = dj depends on h) be the collection of all the vertices
(called the nodes) of Ty, and let {e1,ea,--- ,e;} (I = 1), depends on h) be the
set of all simplices of 7;,. For each node v in 7}, let 7, denote the number of
the simplices of 7;, with v as a vertex. For each simplex e € 7}, let its vertices
be {gy,491, - ,qy}. Denote by ¢; the unique element in A}, such that

¢i(vj) = 5ij7 Zaj = 172a"" ada

where the Kronecker symbol 6;; = 1 for i = j and §;; = 0 otherwise. Then the
set {¢;}&, forms the canonical basis of Aj,. Let V; = supp ¢; be the support
of ¢; for i =1,2,--- /d. Then V; is the union of all the 7; simplices of 7, that
have v; as a vertex. Note that

1
il = mm(W) (6.14)
for each . Moreover,
d
Zq&i(m) =1, Vexe (6.15)
i=1

Furthermore, for each g € Ay,

d
9=">_9(vi)e;.
=1
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With the given triangulation 7}, of £2, we define a linear operator Qj, : L(2) —

LY(92) by
Qnf = Z( / fdm) (6.16)

Note that @y, is exactly the piecewise linear Markov approximation @,, defined
by (6.12) with h = 1/n when n = 1.

Remark 6.4.1 In the literature of finite element methods, the operator @y
in (6.16) is called the Clément operator, though its domain may not be the
L'-space. (See [21]).

Proposition 6.4.1 Q; : L'(2) — LY(2) is a Markov operator. Hence
1@n]l = 1.

Proof It is clear that @y, is a positive operator with the range R(Qp) = Ay,.
Given f € L'(f2) and by (6.14), the following is obtained:

/thdm ( /fdm/ ¢ dm

N+1z/ Jdm = /fdm

where the last equality is valid since each simplex has exactly N + 1 vertices.
Thus, Q) preserves the integral of functions and is a Markov operator. Conse-
quently, [|Qnll = 1. =

Proposition 6.4.2 There exists a constant C which is independent of h such
that

1Qnf = fIl < CRV(f;92), ¥ fe Whi(2). (6.17)

Proof Denote by fl fv fdm/m(V;) the average value of f over V; for each
i=1,2,---,d. Then, by (7.45) of [61],

1—L
fi wN . jam V;)™ T
J 15— i < () o vy [ erad .

where wy = 2aV/2/(NI'(N/2)) is the volume of the unit closed ball in RY.
Since 7}, is shape-regular, diam V; = O(h) and m(V;) = O(h") uniformly with
respect to i. Hence, there is a constant C' which is independent of i such that

f — fildm < Ch | |igrad f|dm.
Vi Vi
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On the other hand, by (6.15),

d
= Zfi@(fﬂ) - Z

d

< Ui = f(@)]g(

i=1

|Qnf(x) —

and it follows that
1 <& 1 <&
_ < - E — b < - § _f

N—|—1 ZCh/ lgrad f||dm = Ch/ |lgrad f||dm. O

We can strengthen Proposition 6.4.2 by proving the consistency result for the
family {Qn} of Markov finite approximations under the W1!l-norm, provided
that the triangulation 7, of 2 is uniform, that is, all the simplicies of 7, are
congruent. For this purpose we are in need of the following lemma.

Lemma 6.4.1 Let e be a simplex in RN with vertices qy,q,--.,qy, and let
U be the N x N matriz with its jth column u; = q; —q;_y for j=1,2,--- | N.
If g(z) = aTx + b on e, where a € RY and b is a real number, then

a= U)o, (6.18)
where v = (vy,va,- - ,on) T with v; = g(q;) — g(q,_,) for each i.
Proof Since g(q;) = a"q; + b for each j,

a’u; =a"(q; —q;_1) = 9(q;) —g(a;_1) =v;, j=1,2,--+,N.

In other words, aTU = vT. Since the simplex e is N-dimensional, U is nonsin-
gular, and so (6.18) is valid. O

Theorem 6.4.1 If the triangulation Ty, is uniform, then, as h — 0,

1Qnf — fllay = O(h), ¥ f € C*(), (6.19)
1Qnf = fllBv = 0(1), ¥V f € WH(£2). (6.20)
Proof Let f € C%(f2). As before let T;, consist of [ simplices {ej,ea, - , e}
such that each e, has the vertices {g&, g%, -+, g% }. For each e let Uy, be the

corresponding matrix and v(k) the corresponding vector as in Lemma 6.4.1.
Then grad Qy,f = (U} )~ *v(k) on e. Note that ||[(UL)|| < Ch~! uniformly
for h > 0 for some constant C. Since Qp, f — f € W(£2), by Lemma 6.4.1,

V(Quf—f.0 Z llgrad (@uf = lidm

—Z I(U%) 'o(k) — grad flldm

k=1 ¢k



6.4 The Markov Method for N-dimensional Transformations 137

<Z 1@~ lv(k) — Uy grad flldm

=17¢k

< Zczrl / lo(k) - Ulgrad fldm=3"+Y", (6.21)
k=1 €k 1 2

where Y is the sum of the integrals over all the simplices ej each of whose
1
vertices is interior to {2 and ) is the remaining sum. Fix &k = 1,2,--- I and

2
let * € e;. Denote Qnf(q¥) = n¥ for i = 0,1,---, N. Then, after a simple
calculation,

ny — g f'(x)(ak — qf)
oy — U;fgrad flx) = g - :
nh — k1 F(@)(dk —ak_y)

where f'(x) = (grad f(z))7 is the Frechét derivative of f at x. Let ex be a
simplex in Y. Using Taylor’s expansion, we get for each i
1

flx) = f(@) + (@) (x — q) + O(h?),

from which it follows that

i = flay) +O(h?)

7

because / f'(@")(x — q¥)dm = 0 due to the fact that V¥ is symmetric about
1%

g¥ because the triangulation 7;, is uniform. Hence the above equality combined
with the Taylor expansion

flai) = f(@) + f'(2)(q; —x) + O(h?)

gives that, for each 1,

nf —nk = f(z) (g — g¥_y) + O(h?),

and so
|ar — Ujgrad f|| = O(h?).

It follows that

Z:cmlz/ lv(k) — UTgrad f]dm
1 1 ek

l
=Ch™' Y " [ O(h?*)dm = O(h).

k=1"¢k
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On the other hand, since the Lebesgue measure of the union of all the simplices
in > is of order O(h) and since the integrand is bounded, Y = O(h). Thus,
2

2
from the decomposition (6.21) we see that (6.19) is true, which implies (6.20)
with the help of Theorem 6.4.2 below and a dense set argument. a.

Remark 6.4.2 Theorem 6.4.1 strengthens Proposition 6.4.2 under a mild
smoothness condition on f. It should be noted that although it satisfies (6.17),
Ulam’s method does not satisfy (6.19), which makes the piecewise linear Markov
finite approximation method more appealing in the numerical analysis of
Frobenius-Perron operators.

We can establish a stability result for the family {V(Qp; 2)}, the proof of

which is based on the following lemma whose proof is referred to [125].

Lemma 6.4.2 Given f,g € Ay, and e € Tj, with vertices qy,q,, - ,qn, we
have

[(erad 1)" grad g dm = = 3" at;(7(a) - £(a,))(sla,) - o(a,))

where (af;) is the (N + 1) x (N + 1) element stiffness matrix.

Let wf; = —af; for 4,5 = 0,1,---,N. Then the above lemma implies the
following one.

Lemma 6.4.3 Let g € Ay and e € T,. Then

Vigie) () D w;(9(a:) — 9(g;))* (6.22)

i<J
Proof Since g is linear on e, it is obvious that
V(g;e) = m(e)grad g.
Putting f = g in Lemma 6.4.2 gives that
m(e)lerad gl* = [ lgrad glFdm = Y wi;(o(a) - o(a;)*
1<J

from which we have

(m(e)llgrad g|l)* = m(e) Y wi;(g(a;) — 9(a;)*.

1<J

Thus (6.22) follows by taking square root of both sides of the above equality. O
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Now let Qnf € Ay be the piecewise linear Markov approximation of f €
L1(02), as defined by (6.16). Then Qf € WH1(02), so

V(Qnf; 2) = Z mlex) > wit(Qnf(ak) — Qnf(gh))? (6.23)

i<j

by Lemma 6.4.3, where ey, ea,--- ,¢; are all the simplices of 7 with vertices
qk,qk, - ,q% of ey for k=1,2,--- 1. Let Qnf(g¥) =¥, let V* be the union
of all the simplices of 7;, with vertex g, and denote wik by wf] Since 7j
is shape-regular, there is a constant C, which is independent of h, such that
m(ex) < ChYN for each k. Therefore, from (6.23),

1
V@)=Y \/m<ek> S ks — nf)?

k=1 i<j

l
N
<Ch*z > wki(nf — k)2
1

k= i<j
l
<ChE Y N7 Jwklul — b, (6.24)
k=1 i<j
O

In the proof of the following theorem, the same symbol C' may represent
different constants in different places.

Theorem 6.4.2 There is a constant Cgy which is independent of h such that
V(Qnf;2) < CpvV(f:2), V feBV(2). (6.25)

Proof It is enough to prove formula (6.25) for f € W1(£2) since the formula
for the general case is from Theorem 2.4.2 by a limit process. As in the proof
of Proposition 6.4.2, with the help of (7.45) in the book [61], we get

nf —nf|
| o »
: k
< m(Vzk) /VI" UV |f(33) -1 |dm(:1:)

-5
! wWN : k K\
) <m<v>) (dmm V) [, TEmad Tl

i

<Ch1—N/ |grad f|dm.
VkU V]k

i
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The above inequality and (6.24) imply that

V(Qnf; 9)
<on—¥ Z S\ fuk / lgrad f[|dm. (6.26)
k=11<j 'k
It has been shown in [125] that
1
ko_ k k
w;; = NV 1)H( ij) cot 07, (6.27)

where ffj is the (N — 2)-dimensional face of the simplex e; opposite to the
edge that connects the vertices gf and g}, H(£;) is the (N — 2)-dimensional
Hausdorff measure of ffj, and 6’“» is the angle between the (N — 1)-dimensional

face opposite to qf and the (N — 1)-dimensional face opposite to ql~C It follows
from (6.26) and (6.27) that

V(Qnf; 12)
\/N(i_lhl_* ZZ (&F) cot 6F; / ||grad flldm.

k=11i<j

Let AF = U V¥, Since the number of the pairs (i, ) with i < j is N(N +
1)/2, and note that 7}, is shape-regular implies that

kil < ORN72,
we have
1
V2 <CY / grad fldm < CpyV(f: )
k=1"A"
for a constant C'gy. This completes the proof. O

With the help of the stability result in Theorem 6.4.2, we are able to prove
the convergence of the piecewise linear Markov method for the Géra-Boyarsky
class of multi-dimensional transformations, as was done before in Section 6.2
for Ulam’s method.

Theorem 6.4.3 Suppose that S : 2 — (2 satisfies the conditions of Theorem
5.4.1. If in addition
Cpv(1+ka(S))
A

<1,
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where ko (S) and X\ are given in Theorem 5.4.1 and the constant Cpy is as in
Theorem 6.4.2, then for any sequence of the stationary densities fn, of Pn, in
Ay, with the condition that lim h, = 0, there is a subsequence {fhnk} such

n—oo

that
I — fl=0
| fn,, = f7l1 =0,

where f* is a stationary density of P. If in addition f* is the unique stationary
density of P, then

lim || fn, = f*[ =0.

n—oo

Exercises

6.1 Let A be an n X n nonnegative matrix. Show that the spectral radius of
A is an eigenvalue of A.

6.2 Let A be a stochastic matrix. Show that its spectral radius is 1. Find a
right eigenvector of A corresponding to eigenvalue 1, and show that A has a
nonnegative left eigenvector associated with eigenvalue 1.

6.3 If an n x n matrix P defines a Markov operator from R™ into itself under
the vector 1-norm of the Euclidean space R™. Show that P is a column stochastic
matriz, that is, P is a nonnegative matrix with each column sums 1.

6.4 Prove Proposition 6.2.1.

6.5 Let ¢;, i = 0,1, --- ,n be the canonical basis of the subspace A,, of all
the continuous piecewise linear functions associated with the equal partition
0=2p<x1 < <ZTp_1 < xy =1 with x; = ih, where h = 1/n, V i. Define
Qn : L'(0,1) — L'(0,1) by

n—1 (iJr%)h

1 2 !
Sol smess [ gamee,
= Ja-pn hiJig

Prove that @, is a Markov operator. Compare this @, with that defined in
Section 6.3.

6.6 Let Q,: L'(0,1) — A, be a bounded linear operator, where A,, is as in
the previous exercise, so that @, can be represented as

Quf =7 [ pam-vo+

n o1
=3 /0 f@)wi(@)de - 6,

where w; € L*°(0,1) for all i. Show that
(i) @n1 =1 if and only if /1 wi(x)de =1fori=0,1,--- ,n.
(ii) @ is nonnegative if an(oi only if w;(x) > 0 a.e. for all 4.
(iil) @, preserves integrals if and only if wo(z) 4+ Qni wi(x) + wp(z) = 2n

i.e.
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(iv) @n is a Markov operator if and only if w;(z) > 0 a.e. for all ¢ and
n—1
wo(x) +2 > wi(z) +wy(x) = 2n ae.
i=1

6.7 Let Q be the Galerkin projection of L'(0,1) onto the subspace of linear
polynomial functions on [0, 1]. That is, for all f € L(0,1),

1 1
| @@ - s@yas =0, [ (@f) - s@pads—o.
0 0

Show that @ is not a Markov operator.
6.8 Let Q,: L'0,1) — A, be defined by

1
anzgm(m/ﬂf(x)dx-éi, v feLN0,1),

where each F; is a closed subinterval of the closure of supp ¢;. Show that if
Q. is a Markov operator, then @, is given by either (6.12) or the expression in
Exercise 6.5.

Hint: You may first show that if @,, is integral preserving and if B is a closed
subinterval of [zk, zr1+1] and 0 < k < n, then

m(B) = m(B N Fy) m(supp ¢r)  m(B N Fry1) m(supp ¢gi1)
m(Fk) 2 m(Fk_H) 2 ’

Then show that if m(F; N F;1q) =0fori=0,1,--- ,n— 1, then @, is as given
in Exercise 6.5, and if F}, = supp¢y for some 0 < k < n, then @Q,, is given by
(6.12).

6.9 Let (X,X, ) be a probability measure space and let ¢y, 9, - 1, be

linearly independent and nonnegative measurable functions on X such that
S 4 = 1. Define T), : L' (X) — LY (X) by

i=1

Tnf:Z;/)(fwidN'¢ia

where wy, wa, -+ ,w, € L>(X). Show that T;, preserves integrals if and only if
> | vidp-wi =1,
i=1JX

6.10 Under the same assumption as Exercise 6.9, let A1, As,--- , A, € X be
such that u(A;) > 0 for each i = 1,2,--- ,n. Let Q, : L}(X) — LY(X) be
defined by
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1
=3 o /A Fdu- .

Assume that p(A; N A;) = 0if 4 # j. Show that Q,, is a Markov operator if
and only if/ idp = p(A;) for each i =1,2,--+ ,n.
X
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Abstract After showing the convergence of the two numerical methods for Frobenius-
Perron operators in the previous chapter, we further investigate the convergence rate
problem for them. Keller’s stochastic stability result for a class of Markov operators
will be studied first, which leads to his first proof of the L'-norm convergence rate
O(ln n/n) for Ulam’s method applied to the Lasota-Yorke class of mappings. Then
we introduce Murrary’s work on an explicit upper bound of the convergence rate for
Ulam’s method. The convergence rate analysis for the piecewise linear Markov method
under the BV -norm will be presented in the last section.

Keywords Convergence rate, stochastic stability, cone of uniformly bounded varia-
tion, difference norm, Lasota-Yorke type inequality, Cauchy integral of linear operator.

If a numerical method is designed to produce a convergent approximation
sequence for the computation of a stationary density of Frobenius-Perron oper-
ators or Markov operators, a natural question, which is of practical importance
in applications, is how fast the convergence will be. In this chapter we give some
convergence rate analysis to Ulam’s piecewise constant method and the piece-
wise linear Markov method for one-dimensional mappings. In the first section
we present Keller’s important result [74] on the stochastic stability of Frobenius-
Perron operators, from which he proved that Ulam’s method has a convergence
rate of order O(Inn/n) under the L'-norm for the Lasota-Yorke class of interval
mappings. In Section 7.2 we introduce Murray’s delicate analysis [107] for ob-
taining an explicit upper bound of the error estimate for Ulam’s method applied
to a special subclass of Lasota-Yorke’s mappings. The last section will focus on
the convergence rate analysis for the Markov method under the BV-norm, the
approach of which was first proposed in [19] and further investigated in [41].

7.1 Error Estimates for Ulam’s Method

Following Li’s pioneering work on proving the convergence of Ulam’s method
for the Lasota-Yorke class of interval mappings, the first serious approach to
the convergence rate analysis was given by Keller [74], based on the concept of
stochastic stability of deterministic dynamical systems that was introduced by
him. He obtained the convergence rate of order O(Inn/n) under the L'-norm
for the Lasota-Yorke class of piecewise monotonic mappings, as an immediate
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consequence of his general theory. In this section we study Keller’s work on the
perturbation analysis for a class of Markov operators and its direct application
to the problem of estimating the errors for the numerical solutions from Ulam’s
method.

To present Keller’s general result, we assume that a Markov operator P :
L1(0,1) — L'(0,1) satisfies the following conditions: P(BV(0,1)) C BV (0,1)

and ||P||pv = Hfrllnax IPfllsv < oo, and there are constants 0 < a < 1, 8 > 0,
Bv=1

and a positive integer k£ such that

IP*fllsv < allfllsv +BIfIl, ¥ f € BV(0,1). (7.1)

The class of Markov operators P satisfying the above conditions will be denoted
by P, and the subclass of P with the given constants o and § will be denoted
as P(a,3). In this section, a sequence {P,} of Markov operators is called P-
bounded if there exist two constants 0 < a < 1 and > 0 such that P, € P(a, )
for all n. For the sake of the spectral analysis of Markov operators, we assume
that the involved function spaces are the complex ones.

It follows from Theorem 2.5.4 (the Ionescu-Tulcea and Marinescu theorem)
that any operator P € P is quasi-compact as a linear operator from the Banach
space (BV(0,1),] - ||py) into itself, so there are only finitely many peripheral
eigenvalues 1 = Ay, Aa,- -+, Ay, i.e., the eigenvalues of modules 1, with each
corresponding eigenspace E; finite dimensional (Theorem 2.5.4; see also The-
orem VI.8.3 of [57]). From the theory of positive operators [114], the set
{1, A2, -+, Ar} is fully cyclic and hence it is contained in a finite subgroup
of the unit circle 9D under the product operation. Furthermore, P has the
following spectral decomposition

P=>"\®+R, (7.2)

i=1

where each @; is a projection onto E; with the properties that || &;|| = 1 and
®;®; = 0 for i # j, and R : L'(0,1) — L'(0,1) is a bounded linear operator
such that sup |R"|| < r+1, R(BV(0,1)) C BV(0,1), R®; = ¢;R = 0 for each

n=0
i, and ||R™||py < Mq™, ¥V n for some constants 0 < ¢ < 1 and M > 0 (see
Theorem 2.5.3).
Let A be a complex number with |A\| = 1. Define the operator

n—1

O, P)f = lim L S(PYS, Y f e 1H0,1),
=0

where ) is the conjugate of \. It can be shown (see Exercise 7.1) that
@(A,P)={¢“ lf)\:Ai,

0, otherwise.
In particular, ¢(1, P) = ;.
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Lemma 7.1.1 If P, Q € P with P = > \;® + R and |R"|| gy < Mq" for
i=1

all positive integers n, then for each complex number X\ satisfying |A\| = 1, the

following operator

(1-=N®\,P)+ (M -R)™*

)\ )\
i=1, A £\

is well-defined as a bounded linear operator on BV (0,1). Moreover,

(i) A(N) = (A = (P — (A, P)))~".

(i) (2(A, P) = 1)®(A, Q) = AN(P — Q) (A, Q).
Proof Since 0 < g < 1, the fact that the inequality | R™||py < Mq™ is satlsﬁed
for all n implies that the spectral radius of R is strictly less than 1, so (\[—R) ™!

exists and equals A1 YT (ATIR)T = A Z (AR)’ as a bounded linear operator
=0

from BV (0,1) onto itself. This implies that A()) is well-defined as a bounded

linear operator from BV (0,1) into itself. Now (i) and (ii) can be easily verified

by a direct computation. a

We introduce another norm |||-||| for the given Markov operator P : L*(0,1) —
L'(0,1) as the operator norm from (BV(0,1),] - [|zv) into (L'(0,1),] - ), that
is, we define

IPIl = sup{[|Pf[l : f € BV(0,1), [ fllBv =1}
It is obvious to see that || P|| < 1 and || P|| < || P|lBv-
Lemma 7.1.2 Let P € P as in Lemma 7.1.1. Suppose that Q € P(x,[)
and X is a complex number with |A\| = 1. Then there are constants Cy that is
independent of \,
1

i= 1,\75,\/\ Ai

and C5 = 8/(1 — «) such that if ||P — Q||| < 1, then

Al-l[2(A, P,

180 P) — DB Q)] < (C1 + Co)ClIP — Q| (2 h"'PQ")

Ing
Proof The inequality (7.1) implies that for each f € BV(0,1),

n—1

I2(X, Q)| sy <limsup — ZHQJfHBV

n—oo

< m'an lim sup Q™ || v
<

X

< max
0<i<k 1

~1Q Il < Gl £
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Now, for any positive integer J, the Neumann series expression A > (AR)’ for
j=0
(M — R)~! can be written as

J—1
(M = R)™' =D (AR) + (AR)" (AT = R)™".

=0

Hence, for f € L*(0,1), from Lemma 7.1.1 (ii) and the spectral decomposition
(7.2) of P, we obtain that

(@A, P) = 1) 2\, Q) fI| < [[AN(P — Q) 2\, Q)]
<[Co 4+ J(r+ DIP - Q)N Q) fI| + i\{q;ll(P —A)P(\, Q) fllBv
Mg’
I—gq
<(CL+C)UIP = Qll +¢”)IIF
for some suitable constant C; which depends on P only. If we choose

In|[|P —
_wiP-all
Inq

<G+ Jr+ ) [IP =@+ (IPllv +1)| - Csl|f]]

J

the lemma follows. O

Remark 7.1.1 Denote by §)(P, Q) the smallest right-hand side of the con-
clusion in Lemma 7.1.2 for the given P, @), and A\. Then Lemma 7.1.2 implies
that if P € P and {P,} is a P-bounded sequence, then

AP, Pn) = O ([|1P = Pull - I [[|2 = Polfl) -
Proposition 7.1.1 Let P, Q € P. If P has a unique stationary density, then
$(1,P) — 9(1,Q) = (I — (P~ 9(1,P))) (P - Q)9(1,Q)

and

[2(1, P) = (1,Q)|| < 0:(P, Q).

Proof Since P preserves integrals and dim F; = 1, it is clear that

1
45(1,P)f:/0 f(a)dz - ¥(1, P)1

for any f € L'(0,1). Thus,
1
#(1.P)R(LQ)S = [ 9(1.Q)f(@)de - (1,71

_/01 J(x)de - B(1, P)L = &(1, P)],
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and the proposition follows from Lemmas 7.1.1 and 7.1.2. O
With the above preliminary results, we can state the main result of Keller

in [74].
Theorem 7.1.1 (Keller’s stability theorem) Suppose that P € P and a
sequence {P,} of Markov operators is P-bounded. If lim ||P — P,|| = 0, then
1(@(X, P) = D)@\, Po)|| = O ([P = Pull - I[P = Pl]) (7.3)

for each complex number A with |\| = 1. If in addition P has a unique stationary
density, then

12(1, P) = &(L, P) || = O ([P = Pull| - [ [[|2 = Pol]]) - (7.4)

Proof Formula (7.3) follows from Lemma 7.1.2 and Remark 7.1.1, and formula
(7.4) is from Proposition 7.1.1 and Remark 7.1.1. O

It is time to apply Theorem 7.1.1 to a class of stochastic perturbations of the
Frobenius-Perron operators P associated with a nonsingular transformation in
the following sense, and as an easy consequence we are able to estimate the L!-
convergence rate of Ulam’s method. Let K : [0,1]> — R be a doubly stochastic
kernel, i.e., the function K is measurable and nonnegative, and K satisfies the
following two equalities

1 1
/ K(z,y)dy =1, z € [0,1] a.e., / K(z,y)de =1, y € [0,1] a.e.
0 0

Consider the following Markov operator P : L*(0,1) — L(0,1) defined by

1
Pt = [ SRS = [ PR
0
Let K.(y) = [, K(z,y)dz for z € [0,1], B(2) = {(z,y) ;2 <z <yory<
z < x}, b fB Kdm, and ¢(K) = sup b(z). By Remark 2.4.2; the
z€[0,1]

variation of f € L'(0,1) as defined in Section 2.3 can be expressed as
\ f—sup{/ f(@)g'(z)dz : g € CL(0,1),|g(x)| < 1,z € (071).}. (7.5)
[0,1]

First we need another characterization of the variation for L' functions as
the following lemma shows.

Lemma 7.1.3 Let f € L'(0,1). Then

/Omg(t)dt‘@,vx,/olgdzo}.

\V fsup{/ fédz, £:6€ L7°(0,1),

(0,1]
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Proof This comes from (7.5) and a limit argument. O
Proposition 7.1.2 With the above assumptions and notations,
(i) V Prf< sup V K.-\ Pf;
[0,1] z€[0,1] [0,1] [0,1]
(i) IP = Pxll| < c(K)[|P|Bv-

Proof (i) By (7.5),

\/ Pixf= sup{/o Prf(z)-¢'(x)dz: g € C3(0,1), |g(z)| < 1,z € (0,1).}.

(0,1]

Let g € C}(0,1) be such that ||g|lcc < 1. Then

/ P f(z) - ¢/ (x)dz = / Pf(x) - jx)de
0 0

where g(z / K(z,y)¢'(y)dy, and g satisfies

/ x)dx = //K x,y)g dydx*//K z,y)dzg’ (y)dy

- / ¢'(v)dy = g(1) — g(0) = 0.

Furthermore, it follows from Fubini’s theorem [109], the definition of K., and
(7.5) that for all z € [0,1],

x)dz| =

/ K(x,y)¢' (y)dydz

/nydxg ‘

Hence, by Lemma 7.1.3,

\/PKf \/Pf sup \/KZ.

(0,1] (0,1] 0S2< g 4

/ K.( ‘ [\/KZ.

0,1]

This proves (i).
(ii) Let f € BV(0,1) and denote

_ |Pf = Prfl
Pf—Pxf~
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Then |g(z)| =1 for z € (0,1) and Fubini’s theorem implies that

1 1
/ Pf(z) — Prcf(2)]da = / (Pf(x) — Prf(2))gla)de
0 0
1 1
_ / [Pf(x) - / Pf(y)K(w)dy} g(z)dz

=/01 Pf(y) (g(y) - /01 K(y,x)g(fﬂ)dw> dy.

By the assumption of K and the definitions of B(z) and b(z),

z (g<y> -/ 1 K(n)g(a)de) ay

X[Oz] /nydx

<

1
-,
1 .1
<[ [ o) = xio @) Ko p)dady
o Jo
:/ Kdm = b(2).
B(z)
On the other hand, the Fubini theorem ensures that
1 1
/ (g(y)/ K(y,w)g(fv)dx> dy
0 0
1 1,1
~ [ 9w [ [ Koy
0 o Jo
1 1
~ [ s [ garaz=o
0 0

Therefore, by using Lemma 7.1.3, we have

dy

/0 [ 0.2(Y) — X0, (% )] K(z,y)dz

1
/O Pf(x) - Prcf(a)ldz < o(K) - \/ Pf < e(K)|[Pf|lov

[0,1]
< co(K)-|[Plsv - [Iflsv- m

The following corollary gives a sufficient condition for the variation of P f
to be less than or equal to that of Pf.
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Corollary 7.1.1 Let P € P be the Frobenius-Perron operator associated with
a piecewise monotonic mapping of [0, 1] such that the inequality (7.1) is satisfied
for k=1. Let K be a doubly stochastic kernel such that

/ K(x,y1)d / K(x,y2)d (7.6)

for all z,y1,y2 € [0,1] with y1 < ya. Then the conclusion of Proposition 7.1.2
1s true with
\ Pxf<\/ Pt

[0,1] [0,1]
In particular, P and Pk are both in the same class P(a, 3).

Proof The inequality (7.6) implies that the function K, (y) = / K(z,y)dz

0
is monotonically decreasing. Since 0 < K, (y) < 1 for 0 < y < 1, we have that

\V/ K. <1 forall z € [0,1]. Therefore, the corollary follows from Proposition
[0,1]
7.1.2. O

We can apply Corollary 7.1.1 to the convergence rate problem for Ulam’s
method for which the convergence was established in Section 6.1. To fulfill this
task, we need to estimate the quantity ||P — P,|||, where P, = @, P and Q,, is
the finite dimensional Markov operator for the piecewise constant approximation
associated with a partition of [0, 1], as defined by (6.3). For the sake of simplicity
of the presentation, we assume that the partition of [0, 1] is uniform, i.e., we
assume that x; =i/n for i = 0,1, -+ ,n. If we define

KM%w:{n’ﬂ

0, therwme

<z, y<7forsomez
n

then it is easy to see that P, = Pk, . In other words,

1
QuPf(z) = Py, f(z) = /O Pf(y)Ka(y,2)dy, ¥ f € LV(0,1).

Under the same conditions of Theorem 6.1.1 that guarantee the convergence
of Ulam’s method as n goes to infinity, Corollary 7.1.1 together with Theorem
7.1.1 can be directly used to establish the following error estimate result for
Ulam’s method.

Theorem 7.1.2 (Keller’s estimate theorem) Under the conditions of The-
orem 6.1.1, if f* is a unique stationary density of the Frobenius-Perron operator
P and {f.} is a sequence of the stationary densities of P, from Ulam’s method,
then

Inn

Hh—ﬁHzO(n). (7.7)
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Proof We can easily check that ¢(K,,) < 1/(2n). Hence the sequence {P,} is
P-bounded and |||P — P,|| = O(1/n) by Corollary 7.1.1. Finally Theorem 7.1.1
gives rise to (7.7). a

Remark 7.1.2 A Markov operator P € P is said to be stochastically pre-stable
if the condition lim |||P,— P|| = 0 implies that lim ||(&(1,P,)—1I)®(1,P)| =
0 for each P-bounded sequence {P,} of Markov operators. Similarly, P € P is
called stochastically stable if lim ||P, — P|| = 0 implies that lim || ¢(1,P,) —
&(1, P)|| = 0 for any P-bounded sequence { P, }. The results of this section show

that each P € P is stochastically pre-stable, and if P has only one stationary
density, then P € P is stochastically stable.

Remark 7.1.3 Keller’s general stability result, Theorem 7.1.1, can also be
used for deterministic perturbations of piecewise monotonic mappings of an
interval; see Chapter 11 of the book [14] by Boyarsky and Goéra.

Remark 7.1.4 The idea of Keller’s analysis seems not to be able to provide a
better upper bound of the convergence rate under the L'-norm for the piecewise
linear Markov method than Ulam’s method (see Exercise 7.6). A convergence
rate of order O(1/n) under the even stronger BV-norm for the piecewise linear
Markov method will be presented in Section 7.3.

7.2 More Explicit Error Estimates

In this section we continue the error estimate of Ulam’s method for one-
dimensional mappings, but our purpose is to obtain an ezxplicit expression in
the error upper bound O(Inn/n). Murray began to investigate this problem
in his dissertation [106] and obtained an explicit expression for the symbol
O(lnn/n) after a more delicate analysis. This section is devoted to presenting
his idea and method for more explicit error bounds of Ulam’s method.

We restrict our analysis to a special subclass of Lasota-Yorke’s interval map-
pings S : [0,1] — [0,1]. That is, in our discussion that follows, we assume that
the mapping is piecewise C?, stretching, and onto. For the simplicity of presen-
tation we also assume that in Ulam’s method the interval [0, 1] is divided into
n equal subintervals, so that ; —x;_1 =1/nfori=1,2,--- n.

To obtain an explicit expression for the constant in the upper bound of
the convergence rate, Murray [106, 107] used the concept of cones of uniformly
bounded variation, which is similar to that introduced by Liverani in [92] and is
related to the notion of Hilbert metric. The advantage of this approach is that
the explicit constant is available in the expression of the upper bound O(Inn/n),
which is more useful in the practical computation of absolutely continuous in-
variant probability measures.

A set C in a vector space is called a convex cone or just a cone if

feC = afeC, YVaz0
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and
f+geC, Vf geC.

Definition 7.2.1 Let a real number a > 0. The convex cone

Ca=10<feL0,1):\/ f<alf]
]

[0,1
18 called a cone of uniformly bounded variation.
Definition 7.2.2 Leta > 0. The cone
Lo={feLl'0,1): f=fi— fo, fi,f2 €Ca, [Ifrll = | f]I}
is called the difference cone for C,, and for each f € I, let

| flla =inf {|[f1]| : f = fir = f2, f1,f2 €Cay [ f1ll = || f2]I} - (7.8)

Then || - ||o is called the difference norm for I,.

1
It is easy to see that if f € I, then automatically / flz)de = 0, so
0

f € BVy(0,1) and ||f||/2 = ||fT|l = |||l Proposition 7.2.1 below shows
that f € I, if f € BVy(0,1). As an example let f(z) = sin2nz. Then both
f*, f~ € C, whenever a > 2m. One can check that (Exercise 7.9)

2
—, ifa<2m,
a
17la=1
—, ifa>2m.
T
Lemma 7.2.1 (I, - |la) is a normed vector space.

Proof It is enough to verify the triangle inequality. Let f,g € I, and € > 0.
Choose f1, f2,91,92 € C, such that

f=F—=fa lAl=1lf2ll < [flla+e

9=91— 92 lg1ll = llg2ll < lglla + €

Then
frg=(i+g9)-(f2+92)
and, since L'-norm | - || satisfies the property (2.2),
11+ a1l = 1f2 + g2l = 12l + llgall < [l + [lglla + 2€.
Hence the triangle inequality follows from the definition of || - ||,. m|

We list some useful properties of I, in the following.
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Proposition 7.2.1 For each real number a = 0:

(i) The infimum in the definition of || - ||o is attained, that is, the infimum
can be replaced by the minimum in (7.8).

(ii) If a < b, then Iy C Iy and ||f|ls < ||flla for any f € I,.

(iii) If P is a Markov operator and n is a positive integer, then
P"Cy CCa = [P flla <|[fllo; Vf € Tb.
(iv) If f € I, then

£l <21 fla and \/ f < 24 fla-

(0,1]

(v) If f € Iy and a > 0, then

[flla < max ||f|| - \/ f

[0,1]
(vi) If f € I, then
min{2, a}(|flla < IfllBv <2(1+ a)l[fla,
so that f € BVy(0,1) if and only if f € T, and ||f]la < oo for every a > 0.

Proof (i) The infimum is attained because the collection of the functions with
uniformly bounded integrals and variation is compact in L!(0,1).

(ii) If a < b and f € I, then for f = f1 — fo with || fi|| = ||f|la we have
V fi<allfill <bliflls- So fr € Cy and |[flls < £l = I flla-

[0,1]
(ii) Let f = f1 — f2 € I, be such that ||fi|| = || fllo- Then P"f1,P"f; €
P"Cy C C, and P"f = P™f, — P" f,. Hence,

1P flla < IP"fll < Il = 1 llo-
(iv) Write f = fo — fo with [|f]| = | f[la- Then, since f; > f* and fo > f~,

1A =2l£41 < 20120 = 20 flla-
Since f17f2 ecav

Vi<V A+ f<adlfill +allfll = 2al|f]la-

[0,1] [0,1] [0,1]

(v) Suppose first that

V r<all— oy =g,
[0,1]
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Then f+, f~ € C, and 50 [[fla < If*] = Ifl/2. Now suppose that \/ f >
[0,1]
allf]|/2. Let

1 1 _ 1 1
a=f+ =\ =51, 2=+ =\ F=5I7l
a 2 a 2
[0,1] [0,1]
Then g > f1 and go > f~. It follows that
Va=\r<\r=dal Vo=V <V/rf=del
[0,1] [0,1]

[0,1] [0,1] [0,1] [0,1]

Thus g1,92 € Cq. Since f = fT — f~ = g1 — go, the definition of || - ||, implies
that

171 < lgall == \/ 7.

(0,1]

(vi) The inequalities are consequences of (iv) and (v). The other part is
obvious. |

Theorem 7.2.1 Let P : L'(0,1) — L'(0,1) be a Markov operator such that
PC, C C, for some a. Suppose that 0 < o < 1 and that for every f,g € C, with
£l = llgll, there exists a nonnegative function ¢, € L*(0,1) such that

brg S Pf Y59 <Py, |[Yp6ll = allf]

and
Pf =g, Pg—ibsg€Ca.
Then for every ¢ € I,

Po el and [|[Polla < (1—a)||¢lla-

Remark 7.2.1 1y, in the theorem is called a lower bound function corre-
sponding to f, g.

Proof Given e > 0, let f1, fo € C, such that
¢=hf—f2 il =llf2ll <e

Denote by ¢ = 1y, r, a lower bound function corresponding to fi, f> and put
¢1=Pfi =1, ¢2=Pfr— 1.

Then ¢1, 2 € Cq and Pd = ¢1 — ¢o. Since 0 < ¢ < Pfy,

[f1ll = (1P fall = [l all + Il
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The same equality holds with fs, @5 replacing fi1, ¢1, respectively. Thus,

o1l = llg2ll = /21l = NIl
<A =allAll < (1= a)glla + e

Since € > 0 is arbitrary, this proves the theorem. O

It is time to consider the Lasota-Yorke class of interval mappings such that
each monotonic piece is onto. For this subclass of mappings, by Remark 5.2.4,
we have the following inequality for the corresponding Frobenius-Perron opera-
tor as the conclusion of Lemma 7.2.2.

Lemma 7.2.2 Let S : [0,1] — [0,1] be a piecewise C? and onto mapping
associated with the partition 0 = ag < a1 < -+ < ar_1 < a, = 1 such that

15" (@)

|S/(37)| = A, W < s,

Ve [07 1] \{0;1,0,2, e ;ar—l}a

where A > 1 and s > 0 are two constants, and let P be the Frobenius-Perron
operator corresponding to S. If f € L1(0,1) satisfies the inequality \/ f < al|f||
0,1

[0,1]
for some a > 0, then

V Pr<s Vrsirl< (5+5) .

[0,1] [0,1]
It follows immediately from the above inequality that
PC, CCays.
In particular, if a > A/(A — 1), then
P(C,ND)CCyND.

Since C, ND is compact and convex, Brouwer’s fixed point theorem implies that
P has a fixed point
*
fre C%
Moreover, since \/ P,f < \/ Pf, where P, is the Ulam approximation of P,
[0,1] [0,1]
and since P,,D C D, we see that
rPC,CcC, = P,C,CC,.
Thus each P, has a fixed point
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The above claim (7.9) together with Helly’s lemma gives an alternative proof
of Li’s theorem on the convergence of Ulam’s method under the additional
assumption that S is piecewise onto.

In the following we give the asymptotic estimate of ||f, — f*||. For this
purpose we need a series of lemmas.

Lemma 7.2.3 Suppose that f € C, and e > 0. Let 0 = z9g < 1 < -+ <

Tpo1 < xn, = 1 be a partition of [0,1] such that the length of each subinterval
- T

is less than or equal to e. If f = > cixy, s a piecewise constant function
i=1
corresponding to the partition such that

ess inf f(x) < ¢ <esssup f(z)

z€l; z€Il;
for each subinterval I; = [x;_1,x;] withi=1,2,---  n, then
1f = FIl < eal f]-
Proof Since \/ f > esssup f(z) — ess 12§ f(@) = |f(z) = f(z)| for z € I;, we
I; z€l; redi
have

[ 15 = Fam <\ omi) <\ 1
i I;

I;

for each i. Therefore,

If=Fl = [ 1 = Fam =3 [ 17 = Flam
i=171i

<eZ\/f=e\/]f<ea||f. 0

i=1 I, [0,1

For the class of piecewise onto mappings, denote n = {I;}I_, the collection
of the intervals {[a;—1, a;]};_; of monotonicity of S. For the iterates of S, denote
n™ = {I,,;}i~, the collection of the intervals of monotonicity of S”, and the
inverse mappings of S™ restricted to such intervals of monotonicity are denoted
by S, 7 :[0,1] — I ; since S™(I, ;) = [0, 1].

It will be useful to express the bounded distortion property of the Lasota-
Yorke mapping in terms of the Rényi condition:

m <K, Va,y€[0,]1] (7.10)

for some constant K and all n > 1. It is easy to see that the constant K can
be taken to be less than or equal to e /(A — 1).
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Lemma 7.2.4 Let I,,; be any member of n™ . Then

n K
(Y (S @] < s

s

, Vx e In7i~

Proof By the mean value theorem, there exists y € [0, 1] such that
|(S™) (S ()| m(In,i) = m([0,1]) =

(7.10) implies that for any = € [0, 1],

(Y (S| < K|S (S0 = g -

Proposition 7.2.2 Let f € C, andn > 1. Then

- a)\ "
Prf > ———IIfll
Proof Since |(S")'(S;" (2))] = A", ¥V € [0,1] for all i, each subinterval in
7™ has length at most /\ ™. Let

Tn

=Y (ess inf f(:@) X,

P x€ly

Then Lemma 7.2.3 implies that || f — Fll < ax="||f|. Since || f|| = |If = FIl+ I f]l
by (2.2), it follows that ||f] > (1 — aX™™)||f]|.

The explicit expression (4.2) of the Frobenius-Perron operator and Lemma
7.2.4 imply that

Pnf((E) — i f(S > Z €ss 1nfx61 (z)

o . m In,i f~ —a\™"
>Zessmér}£if(x) (K ) :Q/ Il £1]- =
i=1

Definition 7.2.3 We define the following two numbers

1 SA
. 3taZ1 . [log2a*
‘= 1_1’n_’710g>‘-‘
2K

where [t] denotes the integral part of a real number t.

Then we have the following result on the contraction property of P* under
the norm || - ||q*-
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< (1= 5 ) Wl

Proof Let g € Cy+. Then, by Proposition 7.2.2,
> L0 g 5 ol

Theorem 7.2.2 Let f € I'y«. Then

[P flas

P"g> (7.11)
It follows that
. ||9|| nt o llgll 1
pr WL — (1= =) |gll. 12
() (7.12)
Hence,
< gl
prg - W)
[0,1] [0,1]
1 SA 1 -
<(= = (1-—)aIP" g .
< (2 2 ) loll = (1 2K) 1Pl (713)
Combining (7.12) and (7.13) gives that
- gl
p" ars
9= 9k eC
from which, (7.11), and Theorem 7.2.1, the theorem follows. o

A direct consequence of Proposition 7.2.1 and Theorem 7.2.2 is the following
corollary.

Corollary 7.2.1 Let f € BVy(0,1). Then for any positive integer n,

N
pr" 2| P" flax < 1—-—
1Pl <202 e <2 (1= 57
-

Lemma 7.2.5 The operator I — P : (L4~
and for every f € Ly~

a*) — (Fa*;

|- |lqx) is invertible,

I( = P)Ip,. fllar < 2Kn*

Proof By Corollary 7.2.1, using the Banach lemma [57], we see that (I—P)|r,.
is an invertible linear operator from I,~ onto itself, and the norm estimate is
from the Neumann series representation of (I — P)|;a1*. a

Proposition 7.2.3 Let f € BVy(0,1). Then for any a > a

In
Iz = Py g1 < [SE2] 181+ 2628 = Dol
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Proof Let n, = In(2a)/InA. Since f € BV;(0,1), by Proposition 7.2.1, f €
I',-. Note that

fe’e] ng—1
(I-P)L f=> Pf=> Pf+(I-P)I;.Pf
k=0 k=0

Then, by Proposition 7.2.1 (iv) and Lemma 7.2.5,

I(Z = P fl <nall £l + 201 = P)I5L P flla-
<nall fIl +2 < 2Kn*|| P f

a*-

Now let f = fi1 — fa such that fi, fo € C, and Hf1|| = ||f2|| = ||f||a Then, as in
the proof to Theorem 7.2.2,

g1 =P fi — € Cqr, QQEPn“ﬁ_%ECa*'

| fll
2K
Since P"e f = P"a fi — P" fy = g1 — g,

[P f

1
a*g - =|1-— as
loul = el = (1= 52 ) 11

and the proposition follows from (7.13). O

Corollary 7.2.2 Let f* be a stationary density of P and let g € BV (0,1)ND.
If a > a*, then

In(2a)
In A

ngﬁ<[ Mme+2@K1mwngm

Proof It is immediate from Proposition 7.2.3 since
(I=P)g—f)=9g—Py. 0

We are ready to apply the above results to get an explicit error bound for
Ulam’s method by letting g = f, = P, fn, where f,, is a piecewise constant
density function. What we need now is to find an a such that f,, — Pf, € I,
and || fn|la is small enough.

Lemma 7.2.6 For everyn > 0,

1 s\ 1 s\
— < —— — < — .
”fn anH\n)\—l’ ||fn an||4n\ MmN —1
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Proof Since f,, Pfn € Csx/(x—1), by Proposition 6.1.1 (v),

1 sA

On the other hand,

V (fn=Pf) <\ fat ) Pha <25

[0,1] [0,1] [0,1]
By Proposition 7.2.1 (v),

V (fn—Pfn)
| fn = Pfall 101] 1 s\
- P < ) < o d
I = Pfallan < max 2 in mA— 1

Therefore, by letting a = 4n in Corollary 7.2.2, we have

Theorem 7.2.3 (Murray’s estimate theorem) Let S : [0,1] — [0,1] sat-
isfy the assumptions of Lemma 7.2.2; let P be the Frobenius-Perron operator
associated with S, let f* € Cyx/x—1) be such that Pf* = f* and ||f*|| = 1,
and let a* and n* be defined by Definition 7.2.3. For each n > a*/4 let f, €
Csx/(a—1)s Ifnll = 1 be such that f, = P, fy, where P, is the Ulam approzima-
tion of P. Then

=< (|| o =) 222 — o (22)).

Remark 7.2.2 A similar result to Theorem 7.2.3 can also be obtained for non-
onto Lasota-Yorke mappings and for some multi-dimensional transformations
(see [106, 108] for more details).

Remark 7.2.3 One example has been found in [11] to show that O(lnn/n) is
the optimal error bound for Ulam’s method even for piecewise linear mappings,
which means that the convergence rate of Inn/n cannot be improved in general.
In the next section we shall show that a higher order of O(1/n) can be achieved
for the piecewise linear Markov method even under the stronger BV-norm,
which indicates that the Markov method is much better as far as the convergence
rate is concerned.

Remark 7.2.4 Using the concepts of spectral stability and the Hilbert metric,
new results on the upper bounds of the convergence rate and the speed of the
decay of correlations have been given in [77, 93].

7.3 Error Estimates for the Markov Method

This section will be devoted to the convergence rate analysis of the piecewise
linear Markov approximation method for solving the Frobenius-Perron opera-
tor equation, in which the operator satisfies the Lasota-Yorke type variation
inequality (7.14) below. Again, we only treat one-dimensional mappings.
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Although such Frobenius-Perron operators are quasi-compact when they
are restricted to the vector subspace of functions of bounded variation under
the BV-norm, we do not explore the concept of quasi-compactness further to
accomplish our purpose. The approach to the convergence rate analysis using
the notion of quasi-compactness [57] and the spectral approximation technique
[17] can be seen in [35]. Here we present a more direct approach with the help
of the powerful analytic tool of the Cauchy integral of linear operators, which
was first introduced in [19] and further investigated in [41]. The idea of Cauchy
integrals was also employed independently in [69] for a similar purpose. The
main result of the works [19, 41] is that the convergence rate of the Markov
method is of the order O(1/n) under the BV-norm, where n is the number of
the equal subintervals of the partition of [0, 1]. The main content of this section
comes from the two related papers.

First we give the basis of Cauchy integrals of bounded linear operators for
our needs. Let T be a bounded linear operator on a complex Banach space B.
Recall that the resolvent set p(T) of T consists of all complex numbers z such
that the inverse operator

R(z,T)= (21 - T)™*

is well-defined and is bounded with domain B. The resolvent set is an open
subset of the complex plane C. The bounded linear operator R(z,T) is called
the resolvent of T, which is analytic in its domain. The complement of the
resolvent set in the complex plane is the spectrum o(T) of T.

Now let A be an isolated point spectrum point of T', that is, A is an eigenvalue
of T and is the only spectral point of 1" in a neighborhood of A\. Then the
resolvent R(z,T) has the Laurent expansion in a deleted neighborhood of A:

R(z,T)= Y (2= N"4,, 0<|z=) <3,

n=—oo

where § < 0o is a positive number or infinity and for each n, the bounded linear
operator A,, is defined by the Cauchy-type integral

1 R(z,T) &

An = 5 T o Y%
21 Jo (z — At

where i = y/—1 is the imaginary unit of C. Here the integral contour C' is any
closed Jordan curve which lies in the resolvent set of T' and its interior contains
no other spectral points but A. The coefficient operator

1
A =— [ R(zT)d
Y7 om ), (2, T)dz

is most important for us because of the following result [57].
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Proposition 7.3.1 A_; is a projection onto the generalized eigenspace cor-
responding to A and the restriction T|ga_,y of T to the range R(A_1) of A
maps R(A_1) into itself and its spectrum is exactly the single-point set {\}.

Let a nonsingular transformation S : [0,1] — [0, 1] be such that the corre-
sponding Frobenius-Perron operator P : L'(0,1) — L'(0, 1) satisfies the condi-
tion that there exist two real numbers 0 < o < 1 and 8 > 0 such that

I1Pfllsv <alflsv +BIFI, ¥V feBV(O1). (7.14)

For the spectral analysis of P, in this section we assume that the space L(0,1) is
a complex one, and thus the Frobenius-Perron operator P : L'(0,1) — L'(0,1)
is a complex bounded linear operator which still has operator norm 1 as in the
real L'-space case.

Remark 7.3.1 Any mapping S : [0,1] — [0, 1] satisfying the conditions of
Theorem 5.2.1 with inf |S'(x)] > 2 satisfies the Lasota-Yorke

z€[0,1\{a1,a2, ,ar—1}
type inequality (7.14).

For the simplicity of the convergence rate analysis, we assume that f* is a
unique stationary density of P in L'(0,1). Because of (7.14), from the proof
of Theorem 5.2.1, f* € BV(0,1). Let {Q,} be the sequence of the finite ap-
proximation operators associated with the Markov piecewise linear method, as
defined by (6.12), and let P, = @, P . Then for all f € BV(0,1),

1Puflisv < allfllsv + Bl (7.15)

First, Proposition 6.3.5 immediately gives the “local convergence” of the
Markov approximations under the BV -norm.

Proposition 7.3.2 If f € C?[0,1], then
lim [|@Qnf — fllpv = 0.
n—oo

Then, we have the following “global convergence” under the BV-norm for
the Markov approximation method.

Theorem 7.3.1 Suppose that the Frobenius-Perron operator P satisfies (7.14)
and f* € C?0,1] is a unique stationary density of P. Let {f,} be a sequence
of the stationary densities of P, in A, from the Markov method. Then

Jim Ifn = f*llBv = 0.

Proof It has been shown before (see Theorem 6.3.1) that

i [|fo— 7 =0. (7.16)
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Writing

f*_fn:f*_Pnf*+Pnf*_Pnfn:Pn(f*_fn)+f*_an*
and using (7.14), we obtain

1f* = fallay = [1Pu(f* = fn) + " = @uf" BV
<allf* = fallsv +BI7 = full + 17 = @nf" BV

It follows that, since 0 < a < 1,

157~ fallsy < T BIF = Rl 157 = @uflsv). (@17)

The theorem follows from (7.16), Proposition 7.3.2, and (7.17). m|

Now we begin to investigate the speed of the above convergence under the
BV-norm. Several lemmas will be needed first.

1
Lemma 7.3.1 Suppose that A\ # 1. If Pf = \f, then / f(x)dx = 0. The
0

same conclusion is also true for P,.

Proof Integrating both sides of the equality Pf = Af over [0, 1] yields
1 1 1
)\/ f(z)dz = / Pf(z)dz = / f(z)dx.
0 0 0

1
Thus / f(z)dz = 0 since A # 1. The proof for P, is similar. O
0

Lemma 7.3.2 Ifn islarge enough, then the eigenspace E,, of P,, corresponding
to the eigenvalue A = 1 is one-dimensional.

Proof F, C A, always contains a density function f, for each n. If the
lemma is not true, then there is a subsequence { f,,,} of the sequence {f,} such
that for each f,,, there is a fixed point g,, € A, of P, with L'-norm 1 which

1
is linearly independent of f,,,. Let ¢,, = / gn, (x)dz and
0

I — Cnifni — 9n,
" ”an fnl — 9n,

1
Then / hn;(x)dx =0, Py, hn, = hy,, and ||h,,]| = 1. By (7.15),
0

1Fons

BV — ”thm

= al|hn,

Bv < by, |lBv + Blhn, Bv + 3,
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from which we have

g .
1o llBv < 77— Vi.
11—«
Thus, Helly’s lemma ensures that the sequence {h,,} has a convergent subse-
quence, which is still denoted as {h,, }, such that it converges in the L!-norm

to some h € L1(0,1). Now ||h]| = lim ||h,,| = 1. Moreover h is a fixed point

of P since

Since f* is the unique stationary density of P by assumption, the null space
N(P — I) is one-dimensional from Proposition 4.1.3. Thus h = ¢f*, where ¢

1
is a complex number such that |¢| = 1. Hence / h(z)dx = ¢ # 0, which
0

1 1
contradicts the fact that / hn,(x)daz = 0 for all ¢ imply / h(z)dz =0. O
0 0

Lemma 7.3.3 N(P, — I) = N((P, — I)¥) for all positive integers k and n.
Thus, for n large enough, the generalized eigenspace of P, is one-dimensional.

Proof Given n, since

pJ 1
lim M < lim = =0,
J—00 _] J—00 ]

and since P, is compact, the lemma follows from Theorem VI.4.5 and Lemma
VIL.8.1 of [57]. m|

We define two subsets
I'={\N#1:P,g=\g, g # 0 for some n}

and
y={A#1:Pg=M\g, g€ BV(0,1), g # 0}

of the complex plane.
Lemma 7.3.4 1 & T'U%, where I and 7 are the closures of I' and 7.

Proof Suppose that 1 € I'. Then there is a sequence {\,,,} of numbers in I"
such that \,, — 1. Let g,, be an eigenvector with L'-norm 1 corresponding to
the eigenvalue A, of P,,. Then, by Lemma 7.3.1,

1
/ gn; (x)dz = 0.
0
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From (7.15),

(@lign:llBv + B)-

1
”gm lBv = HAngm

Uz

<
BV - |)‘”i

Since for ¢ large enough, |\,,| > «, so

llgn, BV < .
—a

B
[An

Thus, the sequence {g,,} has a convergent subsequence, which is still denoted
as {gn, }, such that it converges in the L'-norm to some g of L'-norm 1. We
must have Pg = g since

+ ‘1 - )‘nl 9n; + ”)‘nlgnl - Pnigni
|+ 1[Pa;g — Pyl — 0.

lg = Pgll < g — gn,
+ ||Pn7~,9m - ng

1
Hence g = ¢f* with |¢| = 1. This leads to a contradiction that 1=|c| / [ (z)dx
0

1
= llim/ gni(x)dxlzo.
0

1— 00

Now suppose that 1 € 7. Then Pg,, = A,g, for a sequence {\,} in v such

that g, € BV, |lgn|| =1, and lim A, = 1. The same contradiction will appear
n—oo

from Lemma 7.3.1 and (7.14). m|

Lemma 7.3.5 Let o(P,) be the spectrum of P, : (BV,||-|lsv) — (BV,||-llBv)-
Then o(P,) \ {0} C I

Proof Let A # 0. Since R(P,) is finite dimensional, P, is a compact operator.
Thus the spectral theory for compact linear operators [57] shows that A € o(P,)
if and only if X is an eigenvalue of P,. O

Denote 1
d= 3 min{dist(1, " U~),1 — a}.

Then d > 0. Let a region G of the complex plane be defined as
d
G:{z:2<z—1<d}.
By Lemma 7.3.5, for all n large enough,

(P, —21)7" - (BV(0,1), ]| - [|v) — (BV(0,1),] - || 5v)

are well-defined and bounded for all z € G. From now on we fix a circle C
centered at 1 with radius € such that C C G.
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Lemma 7.3.6 There exists a constant M such that for any sequence {f,} of
functions in BV (0,1),

(P = 2D) 7 full < Ml fullBv, V2 €C.

Proof If the lemma is not true, then there is a subsequence {n;} of the natural
numbers such that

i {|gp, || = oo
1— 00
where
" [ fnillBv
and z,, € C. Let
~ gn; 3 fnl
gn; = 7 and fp, = ———————.
" g 0 gn By
Then f,, = (P, — 2n,1)§n, and
lim || f,, ||z hm =0.
11— 00

> [lgn; | nlll

Since the set {z,,}2; C C' is precompact, without loss of generality, we assume
that z,, — z € C. Then,

1
2z

Uz

< (1P,
Bv 1%

”gnL BV BV + ||fm BV)

<L||~ [ +L_~_
S gq ! InliBY 2d

for ¢ large enough. Hence

B+1-—2d

s g
1_2d_a7 VZ/ZO7

Gn;llBv <

where 7 is some positive integer. It follows from Helly’s lemma that there is a
subsequence of {g,, }, which is again denoted by {gn, }, such that

lim |[gn, —g[l =0
1—00

for some g € BV(0,1) and ||g|| = lim ||gn,|| = 1. From
71— 00

”Zg - PgH < |Z — Zn; gH + |an g— §n1 + ”(Zm - Pﬂq)gm
+1Pn; (G, — 9l + 1 Pig — Pgll — 0,

we see that z € v, a contradiction to the fact that G N~y = &. O
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We are in the position to use the tool of Cauchy integrals of bounded linear
operators. For all natural numbers n large enough, the resolvents R(z, P,) =
(21 — P,)~t of P, : (BV(0,1),] - ||Bv) — (BV(0,1),] - ||Bv) are well-defined
and analytic for z in G with the Laurent expansion

ZAk Z*l)

k=—o0

at z = 1, where for each integer k, the bounded linear operator Ax(P,) :
(BV(0,1), || - llsv) — (BV(0,1),|| - [|Bv) is given by the Cauchy integral

1 R(z, Pn)

= [ &) g,
omi Jo (z — DFFLT

Ak(Pn) =

By Lemma 7.3.3, z = 1 is a simple pole of R(z, P,,), thus Ay (P,) =0 for k < —
From Proposition 7.3.1 we have

Lemma 7.3.7 A_;(P,) = (2751)*1/ R(z, P,)dz is a projection operator from
c
BV (0,1) onto N(P,, — I) for n large enough.

Lemma 7.3.8 For n large enough,
1 (P)(f* = fn)=0.

Proof Since dim N(P,, —I) =1 for large n, A_1(P,)(f* — fn) = cnfn, where

1
en = / AP (" — fu)(0)da

:/01 21;1 (/ (21 = P) = (f —fn)dz) (z)dx
" 2mi / / (21 = P) "M (f* = fo)(w)dadz

1
since/ fa(z)dz = 1. Let g, (2) = (21—P,) " Y(f*—fn). Then (21—P,)gn(z) =

0
f* — fn, thus, since P, preserves integrals,

(z-1) / (g (2)](2)dz = / (2] — Pa)ga(2)) (2)da
1
:/0 (f* = fo)(z)dx =0,
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1
from which we have / [gn(2)](z)dz = 0 for all z € C. Hence,
0

// gn(2)](z)dzdz = 0. O
2311

With all the above preliminary results, we can state the main theorem of
this section.

Theorem 7.3.2 (Chiu-Du-Ding-Li’s estimate theorem) Let {f,} be a
sequence of the stationary densities of P, in A, from the Markov method for
approximating the unique stationary density f* of P. Then for n large enough,

15 = Full < M = Quf*llsv (7.18)
17 = Falle < 25— @uf sy (7.19)

Moreover, if f* € C?[0,1], then

Ifn = f"llBVv = O (;) : (7.20)

Proof From (7.17), (7.18) implies (7.19) which implies (7.20) by Proposition
6.3.5. So we just need to show (7.18). Since

(I_Pn)(f*_fn):f*_an*»

for any z € C,

L f) = T = PN~ f) g (T = PO = Quf).

Integrating both sides of the above equality over C, noting that (2mi)~! / (z—
c

1)*1dz =1, and using Lemma 7.3.8, we have

* _ 1 1 — * *
P fu= g oI = PO = Qo e

Thus, it follows from Lemma 7.3.6 that

1 2me
1" = Fall € gz == max = = P) 7 (F = Qui ™)

SM||f* = QufllBv-

This proves the theorem. O
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Remark 7.3.2 While Ulam’s piecewise constant approximations method has
the L'-norm error bound no better than O(Inn/n), the piecewise linear Markov
approximations method does converge under the BV -norm with the convergence
rate O(1/n) for the class of Frobenius-Perron operators satisfying (7.14). This
theoretical result has been verified by the numerical results in [38].

Remark 7.3.3 The same idea can be used for the convergence rate analy-
sis in the more general setting of the Markov method for multi-dimensional
transformations and for quasi-compact Markov operators (see [36, 51]).

Remark 7.3.4 Although Theorem 7.3.2 implies immediately that the con-
vergence rate of the piecewise linear Markov method under the L'-norm is at
least O(1/n), it seems that its higher order L!'-norm error estimate has not been
seen in the literature, although an order O(Inn/n?) of L' convergence has been
observed from some numerical experiments [28, 38].

Exercises

7.1 Let &(\, P) be defined as in Section 7.1. Show that ¢(A, P)f exists for
all f € L'(0,1) and

B, if A=\,
P\ P) = { 0, otherwise.

7.2 Prove (i) and (ii) of Lemma 7.1.1.
7.3 Show that if P € P with a unique stationary density, then for any f €
L'(0,1),

o(1,P)f = /0 f(z)dz - &(1, P)1.

7.4 Prove Lemma 7.1.3 in more detail.

7.5 Construct a doubly stochastic symmetric kernel K(-,-) for which K,(-) as
defined in Section 7.1 is not monotonically decreasing.

7.6 Construct a sequence of doubly stochastic kernels K, corresponding to the
sequence { P, } of the piecewise linear Markov approximation method introduced
in Section 6.3, and show that Keller’s approach only gives the same L'-norm
convergence rate for the Markov method as the Ulam method.

7.7[82] Consider the following discrete dynamical system with constantly ap-
plied stochastic perturbations

xn+1:S(xn)+£nv nzoa]-»"'v

where S : R — R is a nonsingular transformation and &y,&;,- - are indepen-
dent random variables each having the same density g. Let the density of the
random variable x,, be denoted by f,. Find the Markov operator P defined by
a stochastic kernel that maps f,, to f,+1 for all n.
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7.8[82] Apply the solution of Exercise 7.7 to the following small stochastic
perturbations of the discrete dynamical system

LTn+1 = S(In) + €&n,

where S : R — R is a nonsingular transformation and £y, &1, - - - are independent
random variables each having the same density g. Find the Markov operator
P. that describes the density evolution of the dynamical system.

7.9 Let || - ||o be the difference norm for C, as in Section 7.2. Verify that for
f(z) = sin(2nx),

, ifa<2m,

1flla =

, ifa > 2m.

Q2N
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Entropy

JiuDing, Department of Mathematics, The University of Southern Mississippi in America.
Aihui Zhou, Academy of Mathematics and Systems Science, Chinese Academy of Sciences.

Abstract We introduce the concepts of Shannon’s entropy for discrete sample spaces,
the Kolmogorov entropy for measurable transformations, the topological entropy for
continuous transformations on compact metric spaces, and the Boltzmann entropy of
density functions. We also study some relationship between the Boltzmann entropy
and the iteration of a Frobenius-Perron operator.

Keywords Shannon entropy, Kolmogorov entropy, topological entropy, Boltzmann
entropy, Gibbs inequality, Jensen’s inequality.

Various entropy concepts, such as the Shannon entropy that first appeared
in the 1940’s for the need of information theory, the Kolmogorov entropy that
emerged for solving a fundamental problem of ergodic theory in the 1950’s,
and the topological entropy for the study of topological dynamical systems in
the 1960’s, are all the mathematical measures of uncertainty. They have the
origin in the classic Boltzmann entropy in thermodynamics. In this chapter we
introduce such important concepts and study their mutual relationship. More
detailed theoretical analysis of entropy and its important applications to ergodic
theory and dynamical systems can be found in, e.g., [97].

In the first section we introduce Shannon’s entropy, the idea of which will be
used to define the Kolmogorov entropy of Section 8.2 and the topological entropy
in Section 8.3. The classic Boltzmann entropy will be studied in Section 8.4,
and in the final section we explore its relation with the concept of Frobenius-
Perron operators. Part of the material in this chapter is presented by following
an elementary introduction as given in [39].

8.1 Shannon Entropy

The Shannon entropy is a mathematical quantification about the degree of
uncertainty out of experiments with several possible outcomes. Uncertainty is
everywhere in our real world. For example, it is apparent that the claim “there
is a 90% chance to rain this evening” has less degree of uncertainty than the
statement “the chance to rain this evening is 60%.” In the following we first
use elementary calculus to develop a mathematical approach to the problem of
quantization of uncertainty.
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Suppose that there is given a sample space X with n basic events wy, wa, - - -,
wy,, whose probabilities are py,ps,- - ,pn, respectively. Since we are only in-
terested in the numerical values of the probabilities, this sample space (X;p1,
D2, ,pn) Will simply be denoted as an n-tuple (p1,ps,- - ,pn). The basic
relation

n
sz:la pl>07 Z:1,27,TL
i=1

holds. We want to define a nonnegative function H whose domain consists of
all such finite sample spaces (p1,p2,- -+ ,pn) and positive integers n. The value
of H at a sample space (p1,p2,--+ ,Pn) is denoted by H(p1,p2, - ,pn). This
number will be used to characterize mathematically the degree of uncertainty of
the outcome of the events wy,ws, -+ ,w, with the corresponding probabilities
DP1,DP2, s Pn. For example, H(1/2,1/2) should be the measure of the degree
of uncertainty for tossing a regular smooth coin to see whether the Head or the
Tail is up since each event has probability 1/2.

In order to reflect the degree of uncertainty of the experimental result, H (p1,
D2, ,Dn) should satisfy the following three basic conditions.

(i) For every fixed integer n > 0, H is a continuous function of its variables
P1,P2, " yPn-

To motivate the second condition, we do the experiment of throwing a dice to
see whether one specified side is up or not. The probability for each individual
side of the dice to be up is obviously 1/6. Intuitively, the degree of uncertainty
for a specified side of a dice to be up is bigger than that for the Head or the
Tail of a coin to be up. Using the function H to express this fact, we should
have that H(1/6,1/6,1/6,1/6,1/6,1/6) > H(1/2,1/2). In general, H should
satisfy that

(ii) If p; = 1/n for all ¢ = 1,2,--- ,n, then the corresponding numeric value
H(1/n,---,1/n) is monotonically increasing with respect to n.

To motivate the third condition, we consider the following simple problem.
Suppose that a research grant is to be distributed to Professor A of the physics
department or one of Professor B and Professor C of the mathematics depart-
ment. Assume that the probability for Professor A to receive this grant is
1/2, for Professor B the probability is 1/3, and for Professor C it is 1/6. Sup-
pose that either department has the same probability to receive the grant. If
the physics department obtains the grant, Professor A is the only recipient of
the grant. If the grant is given to the mathematics department, Professor B
has the probability 2/3 to receive it, while Professor C’s probability to get it
is only 1/3. The above “absolute uncertainty” analysis and “conditional un-
certainty” analysis should give the same result concerning the final degree of
uncertainty. That is, the degree of uncertainty for Professors A, B, C to re-
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ceive the grant, H(1/2,1/3,1/6), should equal the degree of uncertainty for the
grant to be first assigned to the physics department or the mathematics de-
partment, H(1/2,1/2), plus the degree of uncertainty that under the condition
of mathematics department’s obtaining the grant, Professor B or C receives
it, H(2/3,1/3), multiplied by 1/2 because the probability for the mathematics
department to receive the grant is 1/2. Thus,

111 11 1 21
H<2,376)—H<272>+2H(3,3>~

To generalize the above argument, we have the third condition:

(iii) If an experiment is decomposed into several successive ones, then the
original value of H is the weighted sum of the corresponding values of H.

We show that basically the above three conditions are enough to uniquely
determine the required entropy function H.

Theorem 8.1.1 Any real-valued nonnegative function H satisfying the above
conditions (1), (i), and (iil) must have the expression

H(p17p23 e >p’n) = _szl 1npi7 (81)

i=1
where K is a positive constant.

Proof Denote A(n) = H(1/n,---,1/n). Let n = s*, where s and k are two
positive integers. Then condition (iii) implies that

Si

1 1\ = 1. /1 1
H(Sk"”’sk>zz ZSZ_H(S’...,S)

i=0 |j=1

—kH (i i) (8.2)

Next, suppose that four positive integers s, ¢, n, and k satisfy
Pt < sFL
Then klns < nlnt < (k4 1) Ins, which implies that
k o Int - ko1

~
n Ins n n
Thus,

k  Int

771
n Ins

n.
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On the other hand, condition (ii) and (8.2) imply that kA(s) < nA(t) < (k+
1)A(s), so we have

ko A(t) 1
- — —. 4
n  A(s) “n (84)
Combining (8.3) and (8.4) yields
AW | 2
A(s) Ins| "~ n’

Since n is arbitrary and the left-hand side of the above inequality is independent
of n, and since ¢t and s are independent of each other, we must have

A(t)  Int

A(s) 1Ins

- )

where K is a fixed positive constant. Therefore,
A(t) = K Int,

which means that
1 1 “1.1
(n’ ’n) nr ;n "

That is, (8.1) is true for the special case when p; =1/n, i =1,2,--- ,n.

Next, we show that (8.1) is still true when py,--- ,p, are positive rational
numbers satisfying Zn: p; = 1. There exist natural numbers kq, ks, - - - , k,, such
that =

pi= =M o1, .

Using condition (iii), we see that

( > P17p27"' »pn)+zp1A(k5)
% i=1

Substituting A(k;) = K Ink;, V ¢ into the above equality leads to

M:

1

.H-(pl,pQ7 ,pn):Kankl —ZPZ(KIHI%)

=K zn:pi In z": k;
i=1 j=1
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:—KZplln - =—K2pilnpi-
1=1 E =1

That is, (8.1) is satisfied by all positive rational numbers p1, pa, - - - , p,, satisfying
n

> p; = 1. By a limit process thanks to condition (i), we see that (8.1) is still
i=1

n
valid for all nonnegative real numbers py,pa, - - ,p, satisfying > p; = 1. O
i=1

From the expression of H in the theorem, if we let p; = 1 for some i, then
H(p1,p2,- - ,pn) = 0. This coincides with our expectation: p; = 1 means that
the corresponding event always happens, and so there is no uncertainty of the
outcome.

We are ready to give the following definition of entropy.

Definition 8.1.1 The number
n
H(p1,pa,--+ o) = — Y _pilnp; (8.5)

is called the entropy or the Shannon entropy corresponding to the sample space
(p15p2a e 7pn>

Since entropy is a mathematical measure of uncertainty, it is natural to
expect that when p; = - - - = p, = 1/n, the corresponding value of H is maximal.
Although this is not required in the development of the expression for H, it is
actually true.

Proposition 8.1.1 The Shannon entropy has the following extreme value prop-
erty:

1 1
lnn:H(n7...7n>:maX{H(plap27"'5pn . O sz_l}

Proof Clearly H(1/n,---,1/n) = Inn. The function Int is strictly concave
n (0,00) since (Int)” = —1/t> < 0 for t > 0. Thus, for any positive numbers
P1,DP2, " sPn with sz = ]-7

i=1

n
1
H(plap27"' 7pn szhlpl ZpZIH;
: i

1 1
<1 —mn=H(> ... Z).
nz nn— (n n)
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When p; = 0 for some i, say ¢ = 1, and other p;’s are positive, then from the
above proof,

1 1 1 1
< S, — e, — ,
H(0,p2, -+ pn) H(nl nl) <H(n n)

where the last inequality is from condition (ii). O

Remark 8.1.1 Definition 8.1.1 of entropy was introduced by C. Shannon [118]
in 1948 for the study of information theory.

8.2 Kolmogorov Entropy

In order to motivate the concept of the Kolmogorov entropy, we do the
mathematical experiment of tossing a regular smooth coin n times. We use 0
and 1 to represent the Head and the Tail of the coin, respectively. Then, each
outcome of the experiment can be represented by a finite sequence consisting
of n digits of 0 and 1. This sequence can be represented as a binary number

O0.a1a2---apn, a;=0o0r 1, 1 =1,2,--- n

which is the binary expansion of a rational number z € [0, 1]. That is,

I
|
=+
|
=+
=+
|

= 0.a1a2 @, =

There are exactly 2™ possible outcomes for n tosses, so we have a sample
space of 2™ basic events each of which has probability 2~". From the previous
section, the Shannon entropy of this sample space equals nIn 2.

Now we ask the following question: suppose that we know the results of the
first n — 1 tosses, what is the degree of uncertainty for the outcome of the nth
toss? To answer this question, we let

il n-[a]) »

be a partition of I = [0,1]. Let 0O.ajaz---a, be a binary representation of
some x € [0,1]. Clearly, if a3 = 0, then € [0,1/2) and a; = 1 implies that
x € [1/2,1]. Consider the dyadic mapping

S(z) =2z (mod 1), Vz €[0,1]. (8.7)

Then it is easy to see that the action of S to a binary expansion of x simply
moves the digits to the left by one place. Namely, if

a a a
x:O.alaQ...an:514_2%4_...4_272’
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then,

S(z) =0.a3--a, = ?Jrudr ST
Thus, az = 0 implies S(z) € [0,1/2) and a2 = 1 implies S(z) € [1/2,1]. By
the same token, in general S*~!(z) € [0,1/2) if a; = 0 and S*~!(z) € [1/2,1] if
a; = 1. Therefore, the outcome of a consecutive toss can be represented by the
addresses of x, S(x),S?(x),--- in the partition A. Knowing the results of the
first n — 1 tosses is equivalent to knowing the locations of x, S(z),--- ,S"~2(x)
in the partition A, and whether the nth toss is Head up or Tail up is the same
as whether the value S"~!(x) belongs to I; or Iy respectively. Therefore, our
problem can be reformulated as follows: for the mapping S in (8.7), suppose
that we know the addresses of z, S(x),--- , S"2(z) in the partition (8.6), what
is the degree of uncertainty for the location of S"~1(z) in A?

With the above intuitive motivation, we can define the Kolmogorove entropy
for general transformations. Let (X, ¥, 1) be a probability measure space and let
S : X — X be a measurable transformation. Denote by A = {4y, As,--- , A}
an arbitrary finite measurable partition of X, where each A; € ¥. Then A can
be viewed as a sample space consisting of k basic events Ay, As, -+, Ax with
probabilities (A1), u(As2), -+, u(Ax). The Shannon entropy of A is then given
by

k
H(A) == u(Ai) Inp(A,).

i=1

For the given S, the class of the measurable subsets
STHA) = {87 (A1), . ST (AR)}

is also a finite measurable partition of X. We ask the question: on the premise
that the experimental result A is known, what is the degree of uncertainty of the
experimental result S~!(A4)? That is, we want to know the degree of uncertainty
where S(z) is when the location of z in A is known. This problem can be dealt
with from the viewpoint of conditional probability. Notice that S(x) € A; if
and only if # € S71(A;). Thus, for each pair of i,j = 1,2,--- , k, the set of all
x € A; such that S(z) € A; is A; N ST'(A;) and its conditional probability is

p(AiNS—1(4)))
p(Ai) '

By the definition of Shannon’s entropy, we know that under the condition = €
A;, the degree of uncertainty where S(z) lies in A should be

i u(A; NS™1(A))) ! w(A; N STH(A;))

== WAy A

L i=1,2 k.
j=1
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From condition (iii) for the Shannon entropy, under the condition that the exper-
imental result {Al, Az, - Ak} is known, the degree of uncertainty of the exper-
imental result S™1(A) = {S71(A),---,S71(As)}, denoted as H(S™(A)|A),

is the weighted sum of Hy,- - - Hk, ie.,

k
1)=> p(A)H,
1=1

k k ) —1 )
- ;;N(Ai NS~(4;))In pA; 2541)%)). (8.8)

The next proposition gives an equivalent expression for H(S~!(A)|A). Given
two finite measurable partitions A, B of X, the notation A\/ B stands for the
finite measurable partition of X defined by

A\/B={AnB:Ac A, Be B}
Proposition 8.2.1 H(S™'(A)|A)=H (A S7'(A)) — H(A).
Proof After a direct computation, we have

HIS A == 33 A 1571 (4 MO S ()

i=1 j=1 IU’(A'L)
k k
== 30 > (A0 STHAY) [In (A N STHA) — Inpu(4)]

k k
==Y u(A N ST (A)) Inp(A; N STH(A))

i=1 j—l
+ZZUA NS™HAy)) Inp(A;)
k
HAN/ STHA)) + 3 p(Ai) In (A7)
=H(A\/S7'(4)) - H(A). O

Motivated by (8.8), we give the formal definition of the conditional entropy
of one finite measurable partition of X with respect to another finite measurable
partition of X.

[)eﬁnition 8.2.1 Let (X,§37M) be a probability measure space. Suppose that
={Ay, Ay, -+ A} and B = {By, Bs, -+, B;} are two finite measurable par-
tztzons of X. The conditional Shannon entropy of A with respect to B, H(A|B),
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is defined as

k
—— . /L(AZQBJ) n,U/(AiﬂBj)
HAIB) = =2 n(By) |2 =gy =,

Then, using the same idea of the proof to Proposition 8.2.1, we can prove
the following useful result (see Exercise 8.1 (iii)).

Proposition 8.2.2 H(A|B)=H (A\/ B) — H(B).

Remark 8.2.1 Proposition 8.2.2 is intuitively obvious: the degree of uncer-
tainty H (A\/B) of the experimental result AVB should be the degree of
uncertainty H(B) of the experimental result B plus the degree of uncertainty

H(A|B) of the experimental result A under the condition that the experimental
result B is known.

From the above discussion we know that, for a measurable transformation
S : X — X, the degree of uncertainty of the experimental result S~!(A)
when the experimental result A is known characterizes the degree of uncer-
tainty of the location of S(z) in A when the location of z in A is known. In
general, the degree of uncertainty of the location of S™(z) in A when the lo-

cations of x, S(x),---,S" !(z) in A are known is the degree of uncertainty of
the experimental result S~™(A) when the experimental result \/ S7"(4) =
=0

A\ STHA)\ -\ S~ (A) is known. The Kolmogorov entropy basically
describes the asymptotic property of this degree of uncertainty when n ap-
proaches infinity. Using Proposition 8.2.2, we easily see that when the experi-

n—1 o
mental result \/ S~*(A) is known, the degree of uncertainty of the experimental
_i=0
result S™"(A) is

H (S”(A)|Z&_ZS¢(A)> = H <\_n/os (A) ) (\/ St ) .

Definition 8.2.2 Let A = {A;, Ay, -+, Ax} be a finite measurable partition of
X. Then the entropy of the measurable transformation S : X — X with respect
to A is defined as

h,(S,A) = hmsupH( A) \/ ST > .

n—oo
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Definition 8.2.3 Let (X, X, i) be a probability measure space and let S : X —
X be a measurable transformation. Then the Kolmogorov entropy of S is defined
as

h,(S) = sup{h,(S,A) : Ais a finite measurable partition of X }.

For a general measurable transformation S : X — X, the upper limit in

Definition 8.2.2 cannot be changed to a regular limit. However, for the class of
_ n—1

measure preserving transformations, it can be shown that lim H (S (A V
n—oo i=0

S’(A)) does exist, and in this particular case h, (S, A) has an equivalent defi-

nition. To prove this, we need the following lemma. Suppose that C and D are
two finite measurable partitions of X. If each member of C' is a union of some
members of D, then we write C' < D and say that D is a refinement of C .

Lemma 8.2.1 Let A _C'_D be three finite measurable partitions of X. If C <
D, then H(A|C) > H(A|D).

Proof Let A= {4;}, C ={C;}, D= {D;}. We must show that

) N(Cj)
A nD A,ND
<ZZM )= D) l)lnM(M(Dl) )

p(Ai N Dy) . p(AiN D)
=— w(C;ND In .
;;; DT, A
It is enough to show that for each 7 and j,

AMANGG) (AN C)
ME) =y ™ WGy

4 wu(A; 0 Dy) nu(Ale)
2N D)

l

Define ¢(z) = zlnzx for > 0 and ¢(0) = 0. Then the above inequality can be

written as
(K4500) <5 Mg (452)
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Since ¢ is a convex function, the assumption C' < D implies that
Z w(C; N Dy) é (H(Az‘ n Dz))
u(C) u(Dr)
u C n Dl A n Dl)
¢)<§: (D)
_ ¢( (A, ij))
1(Cj)
where the last equality follows from the fact that p(C; N D;) = 0 or p(D;),

and if p(C; N Dy) = p(Dy), then p(A; N D;y) = p(A; N C;). This proves that
H(A|C) > H(A|D). O

Theorem 8.2.1 Let (X, X, u) be a probability measure space. If S : X — X
18 a measure preserving transformation, then for any finite measurable partition

A of X,
n—1
lim H = lim —H .
nlfgc( \\/S >n£20n <\/5 )

Proof First of all, the assumption that S preserves p implies that H(S™!(A)) =
H(A). Using Proposition 8.2.2, we obtain

(i

=0
=H <A| \n/ S"(A)) : (8.9)

By Lemma 8.2.1, the sequence { (A \/ STi(A ))} of nonnegative numbers

=1
is monotonically decreasing, so it has a limit. On the other hand, for i =
1,2,--- ,n—1, adding up the following n — 1 equalities obtained from applying
Proposition 8.2.2,

i—1 i i—1
H|STA)IN s7A) | =8 \/S7A) | -H[\ 74|,
j=0 §=0 j=0
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we have
H (\/ si(A)> =H(A) + i H[S™(A)] \7 S—I(A)
i=0 i=1 =0
—YH (s sA)
=0 7=0
n—1 [
ARV
=0 Jj=1

where the last equality is from (8.9). Therefore,
1 n—1 ] 1 n—1 % .
~H (\/ S‘%A)) =-> H[A\/ sS4
" i=0 iz j=1
Using the fact (3.6) and the equality (8.9), we obtain
1 n—1 ‘ 1 n—1 A )
lim —H (\/ SZ(A)> =1lim = H[A\/ 57 (4)
n—oo n n—oo N
i=0 i=0 j=1

= lim H <A| \n/ S‘i(fl)>

i=1

n—oo

= lim H <S‘"(A)|7V S—Z‘(A)) . O

Because of Theorem 8.2.1, we have the following definition for measure pre-
serving transformations.

Definition 8.2.4 Let A = {A;, Ay,---, Ay} be a finite measurable partition
of X, then the entropy of a measure preserving transformation S : X — X with
respect to A is defined as

n—oo N
=0

h,(S, A) = lim Ly (71\/ S%A)) )

8.3 Topological Entropy

The concept of the Kolmogorov entropy in the previous section was about
the uncertainty with respect to measurable transformations. It can be employed
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for the uncertainty related to continuous transformations on compact topologi-
cal spaces since continuous functions are measurable with respect to the Borel
algebra. There is, however, one major difficulty to this generalization: in a
topological space there is no metric which is similar to the measure of a mea-
sure space. Instead we use the means of finite covering. In the following we
restrict our discussion to only compact metric spaces, although the same idea
works the same way for more general compact Hausdorff spaces.

Let X be a compact metric space and let S : X — X be a continuous
transformation. Since X is compact, there is a finite open covering A =
{Ay,As,--+ , A} of X. If a subclass of A also covers X, it is called a sub-
covering. A subcovering of A is said to be minimal if there are no other sub-
coverings of A with fewer elements. We denote by k(A) the number of elements
in a minimal subcovering of A. If each element of a minimal subcovering of
A is viewed as a basic event with probability 1/k(A), we obtain a finite sam-
ple space for which the Shannon entropy is Ink(A). This number is called the
entropy of the open covering A and is denoted by H(A). If A is an open cov-
ering of X, then S71(A) = {S71(A) : A € A} is also an open covering of
X. Furthermore, if {A;, Aa,---, A4y} is a minimal subcovering of A, then
{S71(Ay), - ,Sil(Ak(A))} is a subcovering of S7!(A), but it may not be a

minimal subcovering. Hence,
k(STH(A)) < k(A). (8.10)

When A and B are two open coverings of X, we use A\/ B to denote the
open covering {ANB : A€ A, B e B} of X. If {A,A,--+, Apay} is a
minimal subcovering of A and {Bj, Ba, - - - ,Bk(g)} is a minimal subcovering of
B, then {A;NB; :i=1,2,--- ,k(A), j =1,2,--- ,k(B)} is a subcovering of
AV B. Thus, k (AV B) < k(A)k(B). It follows that

H (A\/B) < H(A) + H(B). (8.11)

We use k(A, S,n) to denote the number of elements in a minimal subcovering
n—1 o _

of the open covering \/ S7*(A4) and show that the sequence {k(A4,S,n)/n}
i=0

converges as n goes to infinity.

Theorem 8.3.1 Let X be a compact metric space and let S : X — X be a
continuous transformation. Then the limit

lim 1 Ink(A,S,n)

n—oo n

exists for any finite open covering A of X.
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Proof We need the following result from calculus: if a real number sequence
{a,} satisfies the condition that

Un4p < an + Qp, v n, p,
then lim a,/n exists and equals infa, /n. Denote a, = Ink(A,S,n). Then

n—oo n

from (8.10) and (8.11),

n+p71 P
%W=H<\/Sﬂm0
n—1 n+p—1
—-H ((\/ Sﬂ'(A)) \/ ( \/ s—i(A)>>
<H <n\_/1 S’(A)) +H <S" <p\_/ si(A)>>

<ap + Qyp,
and so the theorem follows. O
Thus, similar to Definition 8.2.3, we have

Definition 8.3.1 The topological entropy of a continuous transformation S
on a compact metric space X with respect to a finite open covering A of X is
defined as

n—1
_ | . 1 _
hiop(S, A) = lim —H <\/0 S (A)) = lim —Ink(4,5,n).
1=
Definition 8.3.2 The topological entropy of a continuous transformation S
on a compact metric space X is defined as

Rtop(S) = sup{hiop(S, A) : A is a finite open covering of X }.

A compact metric space X becomes a measurable space with the Borel
o-algebra B generated by the family of all open subsets of X. Given any prob-
ability measure p on B, we obtain a probability measure space (X, B, ) and
every continuous transformation S : X — X is measurable. Thus a Kolmogorov
entropy h,(S) is well-defined and depends on g. On the other hand, the topo-
logical entropy hiop(S) is independent of p. A natural question is: what is the
relation between the topological entropy hiop(S) and the values of Kolmogorov
entropy h,(S)? The following result of Goodwyn, Dinaburg, and Goodman
[123] gave an answer to this question and solved a conjecture by Adler, Kon-
hein, and McAndrew [3].

Theorem 8.3.2 Let X be a compact metric space and let S : X — X be a
continuous transformation. Then

hiop(S) = sup{h,,(S) : p is ergodic with respect to S}.
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8.4 Boltzmann Entropy

The original concept of entropy was first introduced by the German theo-
retical physicist Rudolf Clausius into thermodynamics in 1865, and it was later
used in a different form by the Austrian physicist Ludwig Boltzmann in his
pioneering work on the kinetic theory of gases in 1866. In thermodynamics and
statistical physics, entropy is a measure of the amount of information required
to specify the state of a thermodynamic system, and the entropy of substances
is a measure of the disorder of randomness of their molecular movements. The
famous second law of thermodynamics claims that in an isolated physical sys-
tem, the thermodynamic entropy never decreases. In this section we give a
mathematical description of the Boltzmann entropy for density functions.

Let (X, 3, 1) be a probability measure space. A density function f € L(u)

defines a probability measure p15 on (X, X) via py(A) = / fdu, V A€ 3. This
A

new probability space (X,3, ) can be viewed as an infinite sample space.
Suggested by the Shannon entropy formula (8.5), we are led to the definition of
the Boltzmann entropy in the following way. Recall that the set of all densities
is denoted by D. Let a function n on [0, 00) be defined by

—ulnu, u >0,
ww ={ g* L2 0 (8.12)

Since )
n"(u) = < 0, Yu>0,

7 is a strictly concave function on [0, 00).

Definition 8.4.1 Let f € L'(u) be nonnegative. If no f € L'(u), then the
Boltzmann entropy of f is defined as

H(f) :/Xn(f(w))dﬂ(fv) :*/Xf(x) In f(z)dp(z). (8.13)

Remark 8.4.1 If u(X) < oo, then the integral (8.13) is well-defined for all

f = 0. In fact, since n(u) > 0 if and only if 0 < u < 1, the integral/ (nof)*du
b's
is always finite. Therefore, H(f) is either finite or equal to —oco.

Proposition 8.4.1 The Boltzmann entropy H(f) of f is a concave functional
on its domain.

Proof Since 7 is a strictly concave function on [0, c0), for any u, v > 0 and
0<a<l,
n(au+ (1 - a)v) > an(u) + (1 — a)n(v).
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Applying the above inequality to f, ¢ in the domain of H gives
n(ef(z) + (1 —a)g(x)) = an(f(z)) + (1 —a)n(g(z)), VreX.
After integration it follows that
H(af + (1 -a)g) > aH(f) + (1 - a)H(g). o

The concavity of the scalar function 1 defined by (8.12) leads to the so-called
Gibbs inequality
u—ulnu <v—ulnv, Yu,v>0,

which implies that, for all f, g € D such that no f and fIn g are both integrable,

/ f@)In f(z) dp(z / f@)Ing(z) du(z), V f, g € D. (8.14)

Moreover [16], for all f, g € D,

[ s q s L[5 -seaw) s

and the equality sign holds in (8.15) if and only if f = g.

Remember that the Shannon entropy H(p1,pa2,- - ,pn) achieves its maximal
value Inn when p; = --- = p, = 1/n. The Boltzmann entropy has a similar
property.

Proposition 8.4.2 Suppose that u(X) < oo. Then the constant density
f*(x) = 1/u(X) satisfies

H(f*) = In u(X) = max{H(f) : f € D}.
Proof Obviously, f* € D. Given any f € D, by (8.14),

/f ) In f(z) dpu(a /f dpu(z)

~np(X) [ fa)duta) = nu(X) = H(P). .

Let {g1,92, - ,gr} be a finite set of functions in L>°(u). Consider the
following mazimum entropy problem

maX{H(f) 1 feD, /X f(x)gi(x) du(z) =b;, 1 <i< k} ) (8.16)

where by, bo, - , b are the given real constants. The Gibbs inequality above
provides a simple way for a solution to the special constrained optimization
problem as the following proposition shows.
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Proposition 8.4.3 Suppose that ay,as,- - ,ax are real numbers such that the
Sfunction

k
exp (Zl aiQi(@)
k
[ e (£ o) anta
X i=1
satisfies the constraints in (8.16), that is,

[ starexs <i ajgm)) ()
X j=1

/ exp (Zk: ajgj($)> dp(z)
X j=1

Then f* solves the mazimum entropy problem (8.16).

fr(x) =

, VeeX

Proof For simplicity, set

k
Z - /X exp (Zm)) dpu(a).

Then &
H(f*)=WmZ+»_ ab;.
i=1

Given f € D that satisfies the constraints of (8.16). Then from (8.14) we have

H(f) < - /X £(2)In £ (x) dpa(z)

=—/Xf<z>

k
anJr;ai/Xf(x)gi(x) dp(z)

k
~InZ - Zaigi(ﬁﬂ)] du(z)

k
=InZ+ Y aib;=H(f). =
i=1

Remark 8.4.2 In particular, when k = 1, and g(x) is viewed as the energy of
the system, f*(x) = Z~! exp(—ag(z)) is exactly the Gibbs canonical distribution

function, Z = [ exp(—ag(z))du(x) is the corresponding partition function, and

X
the maximal entropy H(f*) = In Z + ab is just the well-known thermodynamical
entropy.
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Remark 8.4.3 Proposition 8.4.3 provides a mathematical justification of the
mazimum entropy method for moment problems and related density estimation
problems; see, e.g., [99] for more details about this area.

We give two consequences of Proposition 8.4.3 to end this section.

Corollary 8.4.1 Let X =R and p = m. Denote

D:{feD:/_o;mf(x)dx:Q /Oo fo(x)dle}

— 00

and f*(z) = exp(—22/2)/v2n. Then f* € D and
H(f*)=InvV2n+ % =max{H(f): f € D}.

Corollary 8.4.2 Let X = [0,00), let A > 0 be a constant, and let p = m.

Denote
f):{fED:/ xf(x)dx:/l\}
0

and f*(x) = Nexp(=Az). Then f* € D and

H(f*)=1—InX=max{H(f): f € D}.

8.5 Boltzmann Entropy and Frobenius-Perron Operators

In this last section we want to see how the Boltzmann entropy of a density
changes when a Frobenius-Perron operator is applied. First we examine the
behavior of the entropy sequence {H(P"f)}. For achieving this goal, we need
the following Jensen inequality.

Lemma 8.5.1 Let (X,3, ) be a finite measure space and let P : L' — L' be
a Markov operator such that P1 = 1. If £(t) is a concave function on [0,00),
then for every f € L' such that f > 0,

Eo(Pf) = P(&of) whenever P(€o f) exists. (8.17)

Proof We only prove the inequality for the particular case that X = {1,2,--- |
n} and p is the counting measure on the o-algebra of all subsets of X. In this
case P can be viewed as a linear operator P : R” — R"™ of the form

(PZI})Z = Zpijxj, 7= 1,2,"' , N,
j=1
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where © = (21,22, ,7,)T € R", p;; > 0 for all i, j = 1,2,--- ,n and
n

> pij=1forali=1,2,---,n. Since { is a concave function,

j=1

szjf x] (fOCL‘»i, Y i.
j=1

That is, o (Px) > P(ox). In the infinite dimensional case the proof is much
more difficult. O

Remark 8.5.1 Jensen’s inequality is still valid for any positive operator P :
LP — LP with 1 < p < oo such that P1 =1.

Theorem 8.5.1 Let (X, X, 1) be a finite measure space, let S : X — X be a
measure preserving transformation, and let P : L' — L' be the corresponding
Frobenius-Perron operator. Then

H(PY) > H(f) (8.18)
for all f € L' such that f > 0. If, in addition, S is invertible, then
H(Pf) = H(f). (8.19)

Proof Taking £ = 7 in Jensen’s inequality (8.17) and integrating its both sides
over X gives, since P preserves the integral, that

H(Pf)= /X n(Pf(@))du() > /X Piy(f(x))du(x)
- /X n(f @)du(x) = H(f).

This gives (8.18). If S is also invertible, then Ps f(x) = f(S~!(z)) and Pg-1 f(x) =
f(S(z)). Thus, (Ps)~! = Pg-1, and it follows that

H(f)=H((Ps)"'Psf) = H(Psf) = H(f).
This proves (8.19). O

Remark 8.5.2 By Proposition 8.4.2 and Theorem 8.5.1, for a measure pre-
serving transformation on a finite measure space, the corresponding entropy se-
quence {H(P"f)} always converges as n — oo, and the limit is upper bounded
by, but not necessarily equal to, the number Hy,,x = In p(X). However, for an
invertible measure preserving transformation, the entropy sequence {H(P™f)}
is a constant sequence.

For exact transformations (so they cannot be invertible), the limit of
{H(P"f)} equals Hyax, as the following result shows.



8.5 Boltzmann Entropy and Frobenius-Perron Operators 191

Theorem 8.5.2 Let (X,X, 1) be a probability measure space, let S : X — X be
an exact measure preserving transformation, and let P be the Frobenius-Perron
operator associated with S. Then

lim H(P"f) =0

n—oo

for all f € D such that H(f) > —o0.

Proof We only prove the case that f is bounded, and the proof for the general
situation is referred to Theorem 9.3.2 of [82]. Suppose that f(z) <¢, Vo € X
for some constant ¢ > 1. Then

0K P'f<P'c=cP"l=c
Let A, ={z:1< P"f(x) < ¢}. Then, since n(t) <0 for t > 1,
0> H(P"f) > /A n(P" f())dp(a). (8.20)

Since 7(1) = 0, by the mean value theorem, we have

/ n(P" f(x))du(z) =/ [n(P" f(2)) — n(1)|du(z)
An

n

<K [ 1P - 1auta)
SK[|Pf = 1],
where K = sup |n/(t)|. Since S is exact, ||[P"f — 1| — 0 as n — oo for all

1<t<e

f € D by Theorem 4.4.2 (iii). Thus,

lim [ n(P"f(a))dplz) = 0,

n—o0 A
n

which implies via (8.20) that {H(P"f)} converges to zero. O

Remark 8.5.3 In the more general case that S is only nonsingular, the se-
quence {H(P™f)} may not be an increasing one. For example, for the logistic
model S(z) = 4z(1 — z), if f =1, then

1
Pf(:c):zim,
d
o H(Pf):—/1 ! In ! dzr=In2-1
0o 21—z 2V/1—-=z '
Thus, H(Pf) < H(f) = 0. a

Because of Remark 8.5.3, it is necessary to introduce the concept of con-
ditional entropy for Frobenius-Perron operators associated with nonsingular
transformations.
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Definition 8.5.1 Let f, g € D such that supp f C supp g. Then the condi-
tional entropy of f with respect to g is defined as
f(=) f(z)
#(flo) = [ atam | 10 aute) =~ [ poym I auo)

X g9(z) X g9(z)
Remark 8.5.4 Since g is a density and 7 is bounded from above, H(f|g) is
either finite or —co. Because of (8.15), the conditional entropy H(f|g) measures
the deviation of f from g, and there is always the inequality

H(flg) < —311f ol (5.21)

with equality if and only if f = g, and in this case H(f|g) = 0.

Since supp f C supp ¢ implies supp Pf C supp Pg for f, g € D by
Proposition 4.2.1, when H(fl|g) is well-defined, H(P f|Pg) is also well-defined.

Theorem 8.5.3 Let P be the Frobenius-Perron operator associated with a non-
singular transformation S on a measure space X. Then

H(Pf|Pg) = H(f|g)-

Proof We only prove the simpler case that supp ¢ = X and supp Pg = X,

and the function f/g is bounded on X. Define a linear operator R : L>° — L

by

P(gh)
Pg ’

Then R is a positive operator on L>° and satisfies R1 = 1. By Jensen’s inequality

(see Remark 8.5.1),

Rh = VhelL™.

no (Rh) = R(noh). (8.22)

Let h = f/g. Then the left-hand side of (8.22) becomes

and the right-hand side of (8.22) is

1 1 f
S Pl(o gl = — 5P (f 1ng) |

Hence inequality (8.22) can be written as

R(noh)=

Py f
—Pfln— > — In=|.
BI Py g P<f g)
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Integrating the above inequality over X and noting that P preserves the integral,
we obtain that

#(eriPg= - [ Plrom 8 aue)
— xnM x) =
[ s@m IS =m0 0

Remark 8.5.5 Theorem 8.5.3 implies that if ¢ is a stationary density of P,
then

H(Pflg) = H(flg)-

Thus, the conditional entropy sequence { H(P" f|g)} with respect to a stationary
density of P is always monotonically increasing and bounded above by zero, and
so it always converges as n — oo, but the limit is not necessarily 0.

Exercises

8.1 Let (X,X,u) be a probability measure space, and let A, A’, B be
finite measurable partitions of X. Show that

(i) A < A" implies H(A) < H(A");

(ii) H(A\VA’\/ B) + H(B) < H(A\/ B) + H(A’\/ B).

8.2 Let (X, X, 1) be a probability measure space. Suppose that A, B, A’, B’
are finite measurable partitions of X. Show that the conditional Shannon en-
tropy given by Definition 8.2.1 has the following properties:

() H(AV BIB) = H(AB):

(ii) H(A|B) = 0 if and only if A < B;

(iii) H(A\ B) = H(B) + H(A|B);

(iv) A < A’ implies that H(A|B) < H(A'|B);

(v) H(A\ A'|B) < H(A|B) + H(A'|B);

(vi) B < B’ implies that H(A|B") < H(A|B);

(vii) H(AV B)|B') = H(B|B') + H(A|B\ B').

8.3 Let (X,X, ) be a probability measure space, and let Y be the set of
all finite measurable partitions of X with finite entropy. For A, B € Y we set
d(A, B) = H(A|B) + H(B|A). Show that (Y,d(-,)) is a metric space.

8.4 Show that the Boltzmann entropy functional H : {f > 0 : f €
L'(0,1)} — [~00,00) is proper, upper semi-continuous, and concave, and H
is strictly concave on its domain that consists of all functions f > 0 with
H(f) > —oo [9].

8.5 Show that for any real number a, the upper level set {f > 0: H(f) >
a} is weakly compact in L1(0,1) [9].

8.6 Write a program to study the relation of ||f — g|| and H(f|g) numer-
ically for f, g € DN L'(0,1). Compare your numerical results with inequality
(8.15).
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8.7 Let (X, X, u) be a measure space. Prove that for every two sequences
{fn}, {gn} in D, the limit H(f,|gn) — 0 implies || f, — gn|| — 0. Is the converse
of the above statement also true? Exercise 8.6 above may be helpful in guessing
the proper answer [95].

The following exercises are related to the mazimum entropy method [31] and the
minimal energy method [12] for solving Frobenius-Perron operator equations.
8.8 Show that if f € L(0,1) satisfies the equalities

1
/ 2" f(x)de =0, n=0,1,---,
0

then f =0.
8.9 Let P : L'(0,1) — L0,1) be a Markov operator and let f* be a
density. Show that f* is a stationary density of P if and only if

/ f Pn P*pn(l'))dx = 07 n= 172a"' )

where P* : L>°(0,1) — L*(0,1) is the dual operator of P and p,(z) = 2™ for
each n.

8.10 Let P above be the Frobenius-Perron operator associated with a non-
singular transformation S : [0, 1] — [0, 1]. Use Exercise 8.9 to give an equivalent
condition for f* to be a stationary density of P.

8.11 Suppose that S : [0,1] — [0,1] is a nonsingular transformation. Let
k be a positive integer and consider the following maximum entropy problem

max{H(f):feD, /01 (2" — S(z)"] f(z)dz =0, 1<z‘<k}.

Use Proposition 8.4.3 to show that the density function

exp (il ailz’ — S(x)i]>

/0 " exp (é ol — S(x)i]) dz

is a solution of the maximum entropy problem if the constants ay,as, - ,ag
satisfy the following k equations

1 k
/0 [2' = S(@)exp | D ajle’ = S(2)’] | de =0, i=1,2,-- k.
j=1

8.12 A functional ¢ : X — [—00,00) on a normed vector space X is said
to be Kadec if whenever z,, — x weakly in X and &(z,) — &(r) < oo then
Zn — « in norm. Show that the Boltzmann entropy functional H is Kadec [9].

fe(w) =
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8.13 Show that the energy functional V : L?(0,1) — (—o00,0] defined by

1 1!
Vi =5 =5 [ 1f@)Pds

is strictly convex on L?(0, 1) with weakly compact upper level sets, and is Kadec
[12].
8.14 Show that the constrained energy functional V* : L?(0,1) — [—o0, 00)

1

defined by V*(f) = —/ v4(f(x))dx is Kadec, where
0

th

vp(t)=¢ 2
400, ift <0,

if >0,

is strictly convex on the cone of nonnegative integrable functions with weakly
compact upper level sets, and is Kadec [12].

8.15 Suppose that the Frobenius-Perron operator P has a unique station-
ary density f* that satisfies the condition

H(f*)= —/0 A (z)In f*(z)de > —o0.

Let {fr} be the sequence of maximum entropy solutions to the maximum en-
tropy problem in Exercise 8.11. Show that klim fr = f* both weakly and in
—00

norm [31].

8.16 Under the same assumptions about P as above, show that the same
conclusion of Exercise 8.15 is true when f; are obtained if the objective function
of the maximum entropy problem in Exercise 8.11 is replaced with either the
energy functional V' in Exercise 8.13 or the constrained energy functional in
Exercise 8.14 [12].

8.17 Prove inequality (8.21).
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Applications of Invariant Measures
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Abstract Some applications of absolutely continuous invariant measures are illus-
trated in this last chapter. First we briefly give an application to the estimation of the
speed of decay of correlations. Then we present Li-Yorke’s work on the application
of stationary densities of small variation to random number generation. Two modern
applications in the last decade are sketched in the final two sections. One is about
the transfer operator in molecular conformation dynamics and computational drug
design, and the other is the direct sequence code division multiple access in the third
generation wireless communications.

Keywords Decay of correlations, pseudo-random number generation, conformation
dynamics, drug design, Hamitonian dynamics, transfer operator, Foias operator, al-
most invariant set, direct sequence code division multiple access (DSCDMS), spreading
sequence.

The mathematical theory and numerical computation of absolutely contin-
uous invariant measures have applications in various fields of sciences and engi-
neering. In this last chapter we briefly give several representative applications
of invariant measures to the statistical study of deterministic systems. In the
first section we give an application of the classic Tonesou-Tulcea and Marinescu
theorem to the estimation of the speed of decay of correlations. Section 9.2,
which is from the reference [89] and the lecture notes [87], demonstrates how
a stationary density of small variation can be used for the random number
generation. In the last two sections we present the latest applications of the
theory and methods of absolutely continuous invariant measures. One is in the
emerging field of computational molecular dynamics and the drug design, and
the other is for the third generation of wireless communications.

9.1 Decay of Correlations

Let (X,X,0) be a probability measure space, and let S : X — X be a non-
singular transformation. Given two suitable functions f and g from a function
space, which are often referred to as the observables in statistical physics, the

differences
/ f(goS”)du—/ fdu/ gdpu
X X X
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are called the correlation functions of the observables f and g. If S preserves
w and is mixing, then from Theorem 4.4.2 (ii), the correlation functions decay
to zero as m goes to infinity. Our question is: what is the rate of decay of the
correlation functions? This rate measures the speed with which the dynamical
system determined by S and g becomes independent of initial conditions.

The problem of decay of correlations is very important in ergodic theory,
in particular in the theory of positive transfer operators including Frobenius-
Perron operators [4, 14], and in many branches of physical and engineering
sciences [7]. In this section we apply the Ionescu-Tulcea and Marinescu theorem
(Theorem 2.5.3) to estimate the rate of decay for the class of Lasota-Yorke
interval mappings. A comprehensive study of decay of correlations is contained
in the monograph [4].

Definition 9.1.1 Let pu be an invariant probability measure for a nonsingular
transformation S : X — X and let n be a positive integer. For any f € L'(u)
and g € L*(u) the quantity

Cortfgem) =| [ staosau~ [ san [ aan
b'e X X
1s referred to as the nth correlation coeflicient.

We need the following spectral decomposition result for Frobenius-Perron
operators associated with Lasota-Yorke interval mappings (see the paragraph
in Section 7.1 containing (7.2)).

Theorem 9.1.1 Let S : [0,1] — [0,1] satisfy the conditions of Theorem 5.2.1.

Suppose further that in |S’(x)] > 2. Then the corresponding
z€[0,1]\{a1,,ar—1}

Frobenius-Perron operator P : L'(0,1) — L'(0,1) is quasi-compact when it is
restricted to BV (0,1). In particular as a bounded linear operator from BV (0,1)
into itself,

(i) P has only finitely many eigenvalues A1, Aa,- -+, A\¢ of modulus 1 which
are the roots of unity;

(ii) the eigenspace E; associated with A; is a finite dimensional vector sub-
space of BV (0,1) fori=1,2,--- ,t;

(iii) P has the following spectral decomposition:

t
P=>"\®+R, (9.1)

i=1
where each $; is a projection onto E; such that || $;|| =1, $;9; =0, i # j, and

R:BV(0,1) — BV(0,1) can be extended to a bounded linear operator from L*
into L* and from L' into BV (0,1) such that

sup ||R"|| < oo, R(BV(0,1)) € BV(0,1), Ré; = &;R =0, Vi,

n>0
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and
||Rn||BV < quv vn = 172a"'

with two constants 0 < g <1 and M > 0.

Proof Let T =P and V = BV(0,1) in Theorem 2.5.4. Then, as in the proof
of Theorem 5.2.1,

1

1
\/ Pr<a\/F+BIfll, ¥V feBV(,1),
0

0

where a = 2/ }\S’(m)\ and (3 are two positive constants. The

n
z€[0,1\{a1,,ar—1

assumption that }|S’(a:)| > 2 implies that 0 < a < 1, so con-

inf
z€[0,1]\{a1, ,ar—1
dition (iii) of Theorem 2.5.4 is satisfied with k = 1. All the other conditions of
that theorem are consequences of Theorem 2.3.1 and properties of the Frobenius-
Perron operator. So the conclusion follows from Theorem 2.5.4. O

Remark 9.1.1 Theorem 9.1.1 is still valid for the weakened assumption

inf |S’(x)] > 1; see Theorem 7.2.1 of [14] in which it was fur-
z€[0,1\{a1,,ar—1}

ther proved that

(i) P has finitely many stationary densities f1, fa,--, fx such that f; €
BV(0,1) and S is ergodic with respect to the invariant probability measure p;
such that dp;/dm = f; fori=1,2,--- k.

(ii) For each 1 < i < k, supp p; is the union of a finite collection of disjoint
sets A%, AL . 7‘421' such that for each j =1,2,--- | k;,

P(fi-xai) = fi-xai,,» (ki+1=1),
and Ski A% — Al is exact with respect to the invariant measure p;; defined

by pi;(B) = / fidm for all measurable subsets B of A;
B

Theorem 9.1.2 Under the same conditions of Theorem 9.1.1, if f* is the

unique stationary density of P and S is mixing with respect to the corresponding

invariant measure p, then there exists a positive constant M and a constant

0 < g <1 such that for any f € BV(0,1) and all positive integers n,

- ([ )

Proof It can be shown that under the conditions of the theorem, ¢ = 1 in
(9.1), and so 1 is the only peripheral spectral point of P. Since f* is the unique
stationary density of P, we see that dim F; = 1. Thus, from Theorem 9.1.1,
we have

< Mq"||fllBv- (9.2)
BV

1
Py = ( /O f(x)dx) /1R,
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where ||R"||py < M¢™ for some constants 0 < ¢ < 1 and M > 0. This implies
(9.2) immediately. O

Theorem 9.1.3 Under the same conditions of Theorem 9.1.2, for any f €
BV(0,1) and g € L*>=(0,1),

Cor(f,g,m) < Mq"[|ff*||Bv gl

for all positive integers n, where the constants M and q are as in Theorem 9.1.2.

1
Proof Letc= / f(z)dz. Then the nth correlation coefficient
0

1 1
Cor(f,gﬂ”b)=/O f(goS")du—C/o gdu’

- /0 flgo ™) frdm —c /0 1gf*dm‘

= /0 P gdm /0 1cf*gdm‘

<IP(LF7) = ef "I lglloe < M™ ([ £f7 BV ]Iglloo- O

9.2 Random Number Generation

Random number generators are widely used in many statistical methods for
problems that are hard to solve with conventional techniques. For example,
generating random numbers is one of the main tools in various Monte Carlo
methods. There have been many different ways to generate random numbers.
A classic method was proposed by von Neumann in 1946: take the square
of the previous random number with 6 digits and extract its middle 6 digits to
produce the next random number. This is equivalent to generating the numbers
by iterating the mapping S : [0,1] — [0, 1] defined by

S(x) = 10%2? (mod 1).
As another example, Hewlett-Packard Company has suggested that the mapping
S(x) = (x +m)® (mod 1)

is a generator of uniformly distributed pseudo-random numbers.

One of the most important features of random number generation is ran-
domness or near randomness of the generated number sequences. This means
that the corresponding random variable of a good random number generator
should have almost uniform distribution. For a pseudo-random number gen-
erator given by a deterministic mapping S, a measure of its goodness toward
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the randomness of generated sequences is how close the stationary density of
S is to a constant function, or how small the variation of such a stationary
density is.

In this section we shall show that under certain conditions on the mapping
S, the variation of the stationary density of the associated Frobenius-Perron
operator is small. We are interested in a class of mappings of the form

S(z) = p(x) (mod 1), (9.3)

where p : [0,1] — [0, 00). The above two concrete mappings are just examples of
the general case which was also studied by Rényi in 1957 [110] and by Rochlin in
1964 [111] with some number-theoretic arguments. They considered two classes
of differentiable and strictly increasing functions p : [0,1] — [0, 00) satisfying

the condition that ir[})f ]p’(x) > 1, p(0) = 0, and p(1) is a positive integer,
z€(0,1

and the other is the so-called Rényi transformation p(x) = ra where r > 1is a
constant. In particular, when r is a positive integer, the Rényi transformation
is the r-adic transformation.

In general we have the following uniqueness theorem for mappings S(z) =
p(z) (mod 1), which implies ergodicity of S.

Theorem 9.2.1 Let p be a C?-function on [0,1] which satisfies the inequality

ir[gfl] [p'(z)| > 1, and let S be the corresponding mapping as defined by (9.3).
xe|0,

Then there exists a unique stationary density of the Frobenius-Perron operator
P associated with S.

Proof The existence of a stationary density is guaranteed by the Lasota-Yorke
theorem in Section 5.2. To prove the uniqueness of the stationary density,
suppose that there are two densities fy, fo € D such that Pf; = f; and Pfs =
f2. Then S(supp f1) C supp f1 and S(supp f2) C supp f2 by Proposition 4.2.1.
By the Li-Yorke theorem in [89], m(supp f1 Nsupp f2) = 0 and each supp f;
is a union of the intervals containing at least one discontinuity z; of S in its
interior. Let

x1 € [a1,b1] Csupp fi and 2 € [ag, bo] C supp fo.

Then lim S(z) =1 and lim+ S(xz) = 0 since S is discontinuous at x;. Thus

S([a1,b1])NS([az, b2]) C supp fiNsupp fa2. Since S([a1,b1])NS([az, b2]) contains
a nonempty open interval, this contradicts the fact that m(supp fi1 Nsupp f2)
=0. |

Let p: [0,1] — [0,0) be a C*-function and define

. lp" ()]
A= inf |[p'(z)], n= sup .
ze[0,1]| (@) z€[0,1] Ip(x)]
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The next theorem gives an upper bound to the variation of the unique stationary
density in Theorem 9.2.1. First we need a lemma.

Lemma 9.2.1 Let f be a function of bounded variation on [a,b]. Then

b b
@<V 4 [ 1f@lde Ve oy, (9.4)

b
Proof Since (b—a)~? / | f(x)|dz is the average value of |f| over [a, b], there

a
exists y € [a, b] such that

x)|dz.

From |f(z)| < [f(z) = f(u)] + |f(y)| and [f(z) = f(y)] < \b/f7 we obtain
(9.4). O

Theorem 9.2.2 Under the same assumptions of Theorem 9.2.1, let f* be the
unique stationary density of the Frobenius-Perron operator associated with S
which is defined by (9.3). If in addition X > 3, then

\/f* 7)+2 9.5)

Proof Without loss of generality, we assume that p is strictly increasing on
[0,1]. Let 0 = ap < a1 < --- < a, = 1 be the partition of [0, 1] such that S is
C? and S’ > 0 on every [a;_1,a;] for 1 < i < r. Writing S; = Slai_1,a;) and
gi = S;l for each i. Given any f € DN BV(0,1). As in the proof of Theorem
5.2.1, we have (5.7), i.e.,

ZO—Z XI ( ) (96)

where o;(x) = |gi(z)| and I; = S([a;—1,0a:])
is obvious from the definition of S that for ¢
x1,(z) =1, and hence,

S(aj,),S(a;)] for all i. It

(2

[
2,3,---,r—1, I, = [0,1], so

1 1
\ oi(f ogi)xr, =\ oi(f © g1).
0 0

Since I; = [S(0),1] and I, = [0, S(1)], we have

1

! £(0)
\/Ul(fogl)Xh = \/ o1(fog)+ 57(0)
0 S(0)




202 Chapter 9  Applications of Invariant Measures

and ) sa) )
\/Ur(fogr)XI,. = \/ Ur(fogr) + [ 1)'
0 0

Combining the above three equalities with (9.6) gives

' . £0) | S

=1 S((l:r,l)
r  Sa;)
/ f0)+ (1)
< , Ny AT
\Z \/ oi(fogi)+ b\
i=1 S(af_l
since A = o 1]\{inf , S’(x). As in the proof of Theorem 5.2.1, Proposition
ze|0, a1, ,Qr—1
2.3.1 (v) implies that
S(ay) S(a;) S(a;)
\/ (f091)<supoz \/ fogi+ / L loil(f o gi)dm
S(aj——l) a;_1) Sta)
S(a;)
\/ f+ 3 oi(f 0 gi)dm
S(al 1)

A\/f+ / fdm, Vi=1,2,-

aj—1

On the other hand, Lemma 9.2.1 implies that

FO)+ f(1 (1 +\/ f>
It follows from such inequalities that
| 2 (1 Y f)
\/Pf<)\z \/ f+’72/ fdm + =t

0 i=1a;_1
1
2(1y)
)\\/f—i- /fdm+ )\O )

Letting f = f* in the above inequality, we obtain

! * ! * 1 ' * n *
\O/f :\O/Pf :X\O/f +X|\f ||+f7
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and thus,

which implies (9.5). m|
Corollary 9.2.1 Under the same assumptions as in Theorem 9.2.2,

n+2 N n+2
1—-—<K <1l4+——, Vv ,1]. .
3 () +/\_3 z €0,1] (9.7)

Proof Since f* >0 and ||f*|| =1, By Lemma 9.2.1,
' n+2
11— /(@) < \/f* < =3

0

So we have (9.7). O

Corollary 9.2.1 indicates that if the positive number (1 + 2)/(A — 3) is very
small, the stationary density f* is almost the constant 1 function, hence the
asymptotic behavior of the orbits of S is almost uniformly distributed on [0, 1],
which is exactly the desired property for a random number generator.

Remark 9.2.1 For Hewlett-Packard Company’s mapping S(z) = (z + m)®
(mod 1) used in certain HP calculators to simulate a random number generation,
A\ = 5mt &~ 487.05 and 1 =~ 1.27, so

n+2

3"~ 0.00676.
Therefore this mapping S gives a pretty good pseudo-random number generator.
On the other hand, von Neumann’s suggestion was not very good since in this
case 1 = +oo due to the fact that S’(0) = 0. It can be observed that, since
S(z) < xif 0 < z < 107%, if one number in the sequence {S™(x)} falls into
the interval (0,107%), the remaining numbers will converge to 0. We may,
however, modify von Neumann’s procedure with p(z) = 10¥(1 + z)? instead of
p(z) = 10¥z2. Then, for z € [0, 1],

10% .2

'(z)] = 2-10F = <
[P ()] 0%, 10F - 2(1 + 2)

Hence, even for k = 3, we already obtain a rather good result

n+2
— ~0.0015.
A—3
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9.3 Conformational Dynamics of Bio-molecules

In recent years, computational molecular dynamics has attracted consid-
erable attention in more effective drug designs for prion diseases such as the
mad cow disease and viral diseases like the HIV or the SARS. One indication
of such a trend in computational dynamical systems is the plenary lecture enti-
tled “Molecular Conformation Dynamics and Computational Drug Design” by
Deuflhard at the fifth International Congress on Industrial and Applied Math-
ematics (ICIAM) held in Sydney in 2003 [25] and the one delivered by Schiitte
at the sixth ICIAM in Berlin four years later. In this section we give a brief
introduction to this applied area which is of scientific and economic significance,
following the presentation of the pioneering work [115] and some related works.
For more details we recommend the references [25, 115, 116].

The molecular dynamics is based on the Hamiltonian mechanics. Assume
that the dynamics of the molecular system with k£ atoms under consideration is
governed by the Hamiltonian function

1 _
H(q,p) = §pTM 'p+V(q),

where the first term is the kinetic energy that depends on the vector p =

(P1, P, -+ ,Pp)T € RY(N = 3k) of generalized momenta via the diagonal mass
matrix M, and the second term is the potential energy that only depends on the
vector ¢ = (qy,qq, -+ ,q,)" € RN of generalized positions. The Hamiltonian

function value H(q,p) denotes the internal energy of the system in the state
x=(q,p) € RY x RY, and the resulting Hamiltonian differential equations of
the motion are

4= =M'p, p=-"" = V(g (9.8)

With any given initial value z(0) = xo = (qo,py) € RY x RY, the unique
solution, which is called the Hamiltonian flow, of the Hamiltonian initial value
problem (9.8) can be written in terms of the flow &' as

x(t) = (q(t),p(t)) = @'xo. (9-9)

Hamiltonian flows @' have several important conservation and invariance
properties: the conservation of energy H(®'(x)) = H(x), the conservation of
volume det J g¢(x) = 1, where J g is the Jacobian matrix of the flow @', and
the reversibility of ' : Ro & ' o R = &', where the momentum reversion R is
defined by R(qap) = (qa 7p)

It is well-known that the numerical integration of the Hamiltonian differ-
ential equation of the molecular system to approximate the individual solution
curves (called trajectories) x(t) is ill-conditioned when the time ¢ is relatively
large, due to the fact that the trajectories of the Hamiltonian initial value
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problem to be computed are asymptotically chaotic. The difficulty in the bio-
molecular design is related to the situation that real times of pharmaceutical
interest are in the region of milliseconds to minutes, whereas simulation times
are presently in the range of nanoseconds (1 nanosecond = 10~Y second) with
time steps of less than 5 femtoseconds (1 femtosecond = 10715 second). Con-
sequently, the numerical simulation can only give the information about short-
term solutions because of the limitation of available computational facilities. On
the other hand, the drug design industry has the desire of long-term prediction.

Because of the above observation, A different approach, called conforma-
tional dynamics, has been proposed to model long-term dynamics in the in-
vestigation of molecular systems, based on the ideas from ergodic theory and
statistical physics. The new approach introduces the concept of transfer opera-
tors that incorporate the stochastic elements of the dynamics. These operators
are Markov operators which arrive from the Frobenius-Perron operator associ-
ated with the Hamiltonian flow @°. In the following we present the basic idea
and methodology in this emerging area.

Let X = 2 xR be the phase space of the Hamiltonian flow (9.9) in which 2
is the position space of the generalized position vector g. For each time moment
t, let P, = Pg: be the Frobenius-Perron operator associated with the diffeomor-
phism &' : X — X. Since the Lebesgue measure m on X is invariant under
@' from the volume conservation property of the Hamiltonian flow, Proposition
4.2.2 implies that

d(mo &%)
dm

P f(x) = f(27" () (x) = f(87"(x)), felL

The Koopman operator Uy corresponding to @' has the expression
Ug(x) = g(®'(x)), g€ L.

Because of the energy and volume conservation properties of the Hamiltonian
flow, the composition of any scalar function with the Hamiltonian function
H is an invariant function of both the Frobenius-Perron operator P, and the
Koopman operator U,.

If the distribution of the initial states of the molecular system is given by
the probability density fo(x), then

[z, t) = (P fo)(x) = fo(® ' (x))

is the time-dependent probability density transported along the trajectory &*(z)
of the system. By far most experiments of the molecular dynamics are performed
using equilibrium ensembles, i.e., ensembles which are described by stationary
densities f of the continuous time group of the Frobenius-Perron operators
P,. This means that f satisfies the equality f(xz) = f(® '(x)) for all ¢ and
x € X. The energy conservation property of &' implies that for arbitrary
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smooth functions F : R — RT with the condition / F(H(x))de = 1, the
X
associated densities f = F' o H are invariant, i.e.,

f=fod "

Moreover, the reversibility property of @ implies that the above “energy pre-
pared” densities are also p-symmetric, i.e.,

f=foR. (9.10)

Most experiments on molecular systems are performed under the equilib-
rium conditions of constant temperature, particle number, and volume. The
corresponding stationary density is the canonical density associated with the
Hamiltonian H:

fean(q, p) = %eXp (n (pTlep + V(q))> , (9.11)

Z = /RN /QGXP (—n (I)T]\;’_lp + V(Q))) dqdp

is the normalization factor and n = 1/(kp7), with 7 the system’s temperature
and kp the Boltzmann constant. This density can be factorized as

where

fonla.p) = P0)Q@). 7= ZZ,. | P~ [ Ola)g 1.
where

P(p) = 5o (35" M ') Qa) = 5 exp(-1V(@),

Assume that an arbitrary stationary density fy is given. We would like to
define a transition probability from one region, B C X, of the phase space to
another one, C' C X, after a time span 7. The new ensemble of all such systems
with states @ € B selected from the ensemble f; at ¢ = 0 has the density

fale) = ([ fo(w)dw)_1><3(sc)fo(w)-

Since all systems evolve due to ', after time 7, the relative frequency of systems
in the ensemble fp with states in C' equals

/ xc (P (x)) fp(x)dx.
X
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Thus, the transition probability should be defined as

| xe(# @) fofaia
B .

/B fol@)da

From (9.12), a subset B C X is invariant under the flow &' if and only
if w(B,B,t) =1 for all ¢ € R, which is independent of the choice of the sta-
tionary density fo. In the conformational dynamics of the molecular system,
we are interested in almost invariant subsets B in the sense that w(B, B, T) is
sufficiently close to 1. Therefore,

w(B,C,7) = (9.12)

B C X is almost invariant < w(B,B,7)~ 1. (9.13)

Remark 9.3.1 The concept of “almost invariant sets” was first introduced by
Dellnitz and Junge [24] to the computational problem of dynamical systems.

Any conformation in the conformational dynamics of bio-molecules is an
almost invariant set of the ensemble in the sense of (9.13). But the main aspects
of the chemical intuition indicate that the phrase “conformation” does not refer
to the momentum information. So spatial subsets of {2 will be used in the
definition of transfer operators below. The transition probability between B C
2 and C' C {2 is defined as the transition probability between the associated
phase space fibers (or cylinders) X(B) = {(q,p) € X : ¢ € B} and X(C) =
{(g,p) € X : q € C}, ie.,

w(B,C,7) =w(X(B),X(C),T). (9.14)

Naturally, B C 2 is said to be almost invariant if w(B, B,T) ~ 1.

Now we introduce the concept of the spatial transfer operator which incor-
porates the Frobenius-Perron operator with a stationary density fo € L'(X)
that satisfies condition (9.10) such that the reduced density

F(q) = /RN fo(q,p)dp

is positive, finite, and smooth on (2. Then, the spatial transfer operator T =
T(7) is defined by

1

Tu(a) = s [ W1 (@.p)) ola.p)dp. (915)

where u = u(q) is a function on {2 and II is the projection II(g,p) = q onto
the position space. T can be interpreted as a suitable weighted average of
the Frobenius-Perron operator over the momenta in each cross section X (q) =
{q} x RY with the weights given by fo.
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In the special case that fo = fean defined by (9.11), F(q) = Q(q), and so
(9.15) becomes

Tula) = | (18~ (@.0)P(E)p. (9.16)

Hence, in this case, the spacial transfer operator T describes the momentum
weighted fluctuations inside the canonical ensemble with respect to the time
scale 7.

We shall prove that, with » =1 or 2, T' is a bounded linear operator on the
weighted L"-space

Lwnr:%u meWmeq<a}.

As usual, the inner product on the Hilbert space L2%(2) is defined as
(wo)r = [ ula)ota)F(a)a

and it induces the L%norm |ulsr = \/(u,u)p. The L'-norm on L}L(£) is
fulh.r = [ u(@)|F(a)da.

Proposition 9.3.1 T : LL(2) — LL(R2) is a Markov operator.

Proof Let u € LL(£2) be nonnegative. Then, via definition (9.15),

ralse= [ 5o
:// u(II 77 (q,p))fo(q, p)dpdg
2 JRN

/Rd u(1l g15_7(@'!,10))1‘0(%10)0110‘ F(q)dq

:/Xu(HQS_T(w))fO(:c)dw
:/Xu(ﬂw)fo(w)dac =/Qu(q) /RN fo(a, p)dpdq
=AM®H@M:M

1,F,

where the fourth equality is from the invariance of fy with respect to the sub-
stitution * — @7 (x) and the volume conservation property of the flow. Thus,
T is a Markov operator. O

Proposition 9.3.2 T : L%4(2) — L%4(R) is well-defined and satisfies that
|Tull2.F < ||ullz.r for all u € L%(£2).
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Proof For any u € L%.(12),

L u(MT(q,p»fo(q,p)dp)QF(q)dq

(q)
2
=/ Q) (/ u(IT 977 (q, p))fo(q,p)dp> dq. (9-17)
o RN
For g € 2 let ug(p) = u(lI $~"(q,p)). Then, similar to the proof of Proposition
9.3.1, we have
[ luato)?fo(a.p)pda = [l 5 < . (9.18)
2 JrN

The Cauchy-Schwarz inequality yields

([ wtne=t@mnianiv)

= (/RN uq(p)fo(l;l,p)@hD)2

</]RN [uq(P)]” fo(g, p)dp - /RN fola, p)dp
~ [ [ua®) ola.p)p - Fla).

Combining the above inequality with (9.17) and (9.18) gives

1Tule < [ [ lua)Phola.p)dpda = [ul - 0

We can use the transfer operator 7 : L% (£2) — L%(£2) to express the tran-
sition probability (9.14) as follows. Since the characteristic functions xp and
xc belong to L%(£2), we have

Txpoxel = [ o [ ol # (@ p) folap)ipxc(a)Fla)ia

_ /X X5~ (2)) folx) x x () (x)dx
:/XXX(B)( )Xx(0) (@7 () fo(x)dx (9-19)

where the last equality is from the transformation & = @7 (y) together with the
invariance of fy and the volume conservation property of the flow. Since

(x> XV F = /B F(q)dg = /X i@
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we finally have

. [ e # @D Do

/ fo(x)da (xB,XC)F -
X(B)

Proposition 9.3.3 T : L%4(02) — L%(£2) is self-adjoint. Hence, its spectrum
o(T) C [-1,1].

Proof Given measurable subsets B and C of 2, (9.19) and the reversibility
property of @' implies that

(Tx8XC)r = /X x5 (@)xx(e) (R8T (R(x))) folw)dz.

Since fj is chosen to satisfy (9.10) and the sets X (B) and X(C) include all
possible momenta, the transformation y = R(x) yields

(TxB: XC)r = /X xx () ()X x 0 (R(B (1)) fo(w)dy
- /X x5 (BT (@)xx () (R(@) fo () dz

:/XXX(C)(:B)XX(B)(djT(w))fO(w)dw = (xB,Txc)r,

where the second equality is from the volume conservation property of the flow.
Since the simple functions are dense in L%(£2), we get (Tw,v)p = (u, T)p for
all u, v € L%(92). ]

We give a concrete example with fo = fcan to have a taste of the transfer
operator in the simplest case.

Example 9.3.1 Consider the one-dimensional harmonic oscillator with H (g, p)

= (¢*> +p?)/2 and 2 = R. Then P(p) = /B/(wx) exp (—gp2). From (9.16)

we have
Tu(q) = /OO u((cosT)g — (sin T)p)\/Eexp (—gpz) dp.

— 00

We distinguish two different cases. First assume that 7 = 2jm for some integer
7 > 0. Then cosT =1 and sinT = 0, so

tute) = [~ wta /2L e (- 357) o = uto

for all w € L. In other words, T is the identity operator on L%, hence
o(T) = {1} and every B C R is invariant. Similarly, if 7 = (2§ + 1)= for
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some nonnegative integer j, then 7" is the identity operator on the subspace of
ng consisting of all the even functions.

For all the other time scales 7, we have | cos 7| < 1. Suppose that u € LQQ is
a smooth eigenvector of T associated with eigenvalue A. Differentiating Tu(q) =
Au(q) with respect to ¢ yields

(Tu)'(q) = cosT(Tu')(q) = M (q)-

Thus, A/ cosT is also an eigenvalue of T' with eigenvector u’. Since T'1 = 1, by
induction we can find a sequence of eigenvectors which are polynomials w,, € L2Q
such that

ui(q) =1, up(q) = un-1(q), Yn=1.

With an additional condition that such polynomials are pairwise orthogonal
under (-, )g, they are uniquely determined as

1 3

ui(q) = ¢, u2(q) = ¢* — —, us(q) = ¢* — 5q, -

n Ui
with the corresponding eigenvalues A, = cos” 7 for all n > 1. This means that,
for 7 # jm with any positive integer j, T has a purely discrete spectrum with 0
as its limit point.

Remark 9.3.2 In general, under some mild conditions it has been shown [115]
that the transfer operator T : L% () — L2%({2) is quasi-compact.

We give a stochastic interpretation of the transfer operator in terms of
Markov chains. Stochastic perturbations of dynamical systems have been ex-
tensively studied in, e.g., [75] and [100]; see also some related chapters of [82].
For the sake of simplicity we only consider the case of the canonical ensemble
fo(g,p) = fean(a,p) = P(p)Q(q). We shall need the concept of Foias operators
on measures whose definition is taken from [82].

Definition 9.3.1 Guen two positive integers i and j, let S : W xY C R? x
R — W such that S(-,y) is continuous for each y € Y and S(x,-) is Borel
measurable for each x € W. The dynamical system with random perturbations

Ln+1 :S(wnaén)v n:O,l,-~- ) (920)
where §,, are independent random vectors such that the measure
v(B) =prob(§, € B), VB e B(Y)

is the same for all n and the random vectors xo, &y, &1, -- are independent, is
called a regular stochastic dynamical system. The linear operator P : Mg, —
Mgy defined by

Pu(4) = /W /Y xa(S(@, 9)dv(y)du(), Ve M, A€ BOV),
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where Mgy is the set of all finite measures on W, is called the Foias operator
corresponding to the dynamical system (9.20).

For a given initial position g, € 2 we define the following regular stochastic
dynamical system

4,1 =19 (q,,p,)); P, is P-distributed, n =0,1,---, (9.21)

which gives rise to a sequence of probability measures pj derived from finding
the probability of the position vector g, in a subset B € B({2), i.e.,

ur(B) = prob(g, € B), ¥V B € B(2).

Actually the sequence {py} is also given by the iterates of the following Foias
operator P defined by

PuB) = [ [ xo(1# (@p)PE)pin(a). peMa (922

That is, pp = P*ug if 1o € Mgy is the probability measure according to which
the initial random position g is distributed.

If we only consider absolutely continuous finite measures p, € Mg, with
Radon-Nikodym derivatives u € L}, then (9.22) implies that

Pu(B) = /X X5 (1187 (q, p))u( 1) fean ()t
:/ u(II @77 (x)) fean(x)d
X(B)

:/ / u(IT 77 (q,p))P(p)dpQ(q)dq.
B JRN

Therefore, the density of the measure P, has the expression

Tu(q) = /RN u(IT®~"(q,p))P(p)dp,

which is exactly the same as (9.16) given by the transfer operator T. Hence,
the transfer operator T' : L (£2) — Lg(£2) is equivalent to the Foias opera-
tor P : Mgy, — Mg, restricted to the finite measures with Radon-Nikodym
derivatives in L, and the stochastic dynamical system (9.21) is a realization of
the Markov chain induced by the Markov operator T, which combines a short
term deterministic model, characterized by the flow @7, with a statistical model,
characterized by the P-distribution, the momentum part of the canonical distri-
bution. Consequently, if the initial position g, of (9.21) is distributed according
to the probability density u € Lg(£2), the probability density ux € L(£2) of
finding g, = q is given by ux(q) = T*u(q).
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A dynamical system is said to have a metastable decomposition, if its state
space can be decomposed into a finite number of disjoint sets such that the
probability of exit from each of these sets is extremely small. In the context
of the molecular dynamics discussed here, the metastability is related to the
dominant eigenvectors of the transfer operator. More specifically, metastable
decompositions can be detected via the discrete eigenvalues of the transfer oper-
ator T'(7) close to its spectral radius 1 which is the maximal eigenvalue of T'(7).
They can be identified from the structure of the corresponding eigenfunctions
with the help of the concept of almost invariant sets.

Since the metastability of a set B may be measured by w(B, B, 7) in (9.12),
for any finite decomposition {Bj,---, Bk} of the state space into k disjoint
subsets B;, the metastability of the decomposition can be defined by

k

wi(t) =Y _w(B;, Bi, 7).

=1

The possibility of identifying an almost optimal metastable decomposition
of the state space is seen from the following result [67].

Theorem 9.3.1 Let T : LQQ — LQQ be a reversible transfer operator whose
essential spectral radius s less than 1 and 1 is its simple eigenvalue. Then T
1s self-adjoint and its spectrum has the form

o(T) C [a, b U{Aet U+~ U Do} UL,

where —1 < a < b < X < -+ < A = 1. Such \;s are isolated eigenval-
ues of finite multiplicity that are counted according to the multiplicity with the
corresponding eigenfunctions vy, vg_1,- -+ ,v1 normalized to Hvi||L2Q = 1. Let
Q@ be the orthogonal projection of LQQ onto span {xa,, - ,XA,}, where each
A; = supp v;. Then the following bounds hold:
k k
1+Zci>\i+0< wi(T) < 1+Z)\i,
i=2 i=2
k
where ¢; = ||Qvi||2L2 <1,i=1,2,--,k,andc=|a| [T(1 —¢) < 1.
) i=2

From the above theorem, if the transfer operator T' can be well approximated
by finite dimensional operators, a Perron cluster analysis (see [25, 26]) can be
used to find the number, the life times, and the decay pattern of the metastable
conformations.

Since the definition of the transfer operator is based on the Hamiltonian flow
at time 7, one can numerically solve the initial value problem of the Hamiltonian
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equations of motion (9.8) with time step size h = 7/s to yield a discrete flow
" such that &7z is approximated by xs via the iteration

LTjy1 = q;hiL'j, j: 0,1,~-- - 1.
Then the chain
dni1 = (") (q,,p,), P, is P-distributed, n=0,1,--

approximates the Markov chain (9.21) after using the Metropolis acceptance
procedure to yield a hybrid Monte Carlo (HMC) chain which contains good
approximations of sub-trajectories of the Hamiltonian system.

Now the idea of Ulam’s method can be applied to approximate the transfer
operator 7" in solving the eigenvalue problem T'u = Au. In the context of the L2Q
space here, Ulam’s method is the same as the orthogonal projection method.
Given a finite partition of the position space {2 in terms of the N-dimensional
rectangles {By, Ba, -, By}, let x; = xp, and V,, = span{x1, x2, "+, Xn}- Let
II,, : LYy — V,, be the operator that projects each u € L%, orthogonally onto V.
Then

no " 1
D=3 p— oo =) 7————(wue Xu
— (XirXi)e =1 [ Q(q)dg

n
The resulting discretized eigenvalue problem is I, Tu,, = Auy,. If u, = > vixi,

i=1
then the resulting matrix eigenvalue problem is
n
(T
Z X“XJ vj =X, Vi=1,2,---,n
j:1 X'L7 XZ
Thus, the (i, j)-entry of the n x n stochastic matrix T, is
Tyv: v
t?,_]: < XlaXJ>Q :'lU(Bz,B],T) (923)
(Xi» Xi)o

For the numerical evaluation of the ¢;;’s in (9.23), using a realization {q, g, - ,
q,} of the HMC chain from above, the (i, j)-entry of the transition matrix T,
can be computed by the formula

#{qn+1 € Bj7 q, € Bl}

More details on the computational algorithm is referred to [25, 26, 115] and the
references therein.

Tl]: ) i?j:1527"'an'
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9.4 DS-CDMA in Wireless Communications

With the increasing demand of wireless communications around the world,
the research on the third generation wireless communication technologies has
been extensive in electrical engineering. Unlike the first generation with the time
division multiple access (TDMC) and the second generation with the frequency
division multiple access (FDMC), the third generation wireless communication
technique uses the direct sequence code division multiple access (DS-CDMA) in
which the statistical properties of the so-called spreading sequences generated
by chaotic transformations play an important role. We give a short introduction
to this technique; more details can be found in [117].

We consider a simplified baseband equivalent of an asynchronous DS-CDMA
system model as an example. Suppose that there are s users of the system

with the ith user’s information signal given by S*(t) = Y. Sigr(t — kT),
k=—o00

where S = 41 are the information symbols and gr is the rectangular pulse
function which is 1 on [0,7] and 0 elsewhere. The spreading signal depends
on sequences z' = {xi} of finite length [ (called the spreading factor) from the
alphabet set X, which are mapped into the set Y of all the dth complex roots
of 1 by a quantization function Q : X — Y. The combined signal Qi(t) =
o0
> Q(a})gr,(t—kT/1) is then multiplied by S*(t) and transmitted along the
k=—o0
(equivalent) channel together with the spread-spectrum signals from the other
users.

At the receiver of the useful jth user, the global signal is multiplied by qQ’ (t)
and fed into an integrate-and-dump stage, where @] is the complex conjugate
function of Q7 defined by Q’ (t) = QI (t). In theory, the performance of a DS-
CDMA system tends to be optimal if the codes for different users are almost
orthogonal, i.e., the spreading sequences are generated with almost vanishing
cross correlations. Nevertheless, for the asynchronous communication environ-
ment in which a CDMA link is from the mobile transmitters to a fixed base
station in a cellular system, the sequence design problem becomes much more
complicated than the determination of a set of sequences with vanishing cross
correlations. As signals of different links are not synchronized and the spreading
sequences are not perfectly uncorrelated, orthogonality cannot be achieved and
contributions from undesired signals appear at the output of the integrate-and-
dump as the co-channel interference ¢, to Sy, for each k.

A commonly adopted approach to the co-channel interference estimation
is to consider each ¢], as a Gaussian random variable whose variance can be
estimated from the cross-correlation characteristics of the spreading sequences.
If we define the partial correlation function I'. between the ith and the jth
spreading sequences z* = {z} } and 27 = {2} as
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rr(a'a?) =4 °
I (27, 2%), -l <7<0,
0, IT| > 1,

then the bit-error probability Pe., of the communication link can be expressed

as
1 1]
Perr ~ ierfc <|:(5—1)R:| ) , (924)

where erfc(t) = 275_1/2/ exp(—£?)d¢ and the quantity
t

-1
- ’L#J 7 2
R sy 2o PPl
T=—1+1

+ Re (I (2,27 )T 741 (2", 27))] (9.25)

assumes, in terms of the signal power, the significance of an expected signal-to-
interference ratio (SIR) per interfering user. This is the expected degradation
in system performance when a new user is added.

The global SIR R is the performance merit figure that one intends to op-
timize. This quantity depends on the spreading sequences. Traditionally they
are chosen to be random-like such as the Gold or maximum-length sequences.
It has been shown in recent years that suitable chaotic transformations can
be used to deliver spreading sequences which are better than the random-like
methods in terms of the statistical merit figure R. It follows that an optimal
performance can be achieved if one is able to design spreading sequences char-
acterized by the desired statistical features. Thus, it is the statistical study of
chaotic deterministic systems that is essential in the performance analysis of
wireless communications.

The property of decay of correlations for chaotic transformations plays a
key role in the statistical analysis of the spreading sequence performance. The
expression (9.24) indicates that the bit-error probability P, is decreased when
the global SIR R is decreased for a fixed constant s, the number of the users.
So the purpose of performance improvements is for the minimization of the
quantity R. From its expression (9.25), R can be evaluated by means of the ex-
pectations of the partial correlation functions I'; and their products as random
variables with respect to the collection of all the spreading sequences. Since
the spreading sequences ' are generated by chaotic transformations starting
from randomly chosen initial points, and any initial point z{ corresponds to
the resulting iteration sequence 2 = {z} }, expectations of I';(z’,27) and their
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products taken over all the spreading sequences x* and z7 can be translated into
expectations over randomly chosen initial points o, and 2, which determine the
sequences themselves. Thus, the expression (9.25) for R can be written as

R _— El#j 2 F 2
3zm) (29, 29) ;:H wi (2117 (2", 27))|
+ Re (I- (2", 27) Ty (2, 27))]

1 i
=3 {2E 2 IR, )P

+2ZE’¢J [ (f, 29) % + | Tp (27, 2) 2]

+R6E”fj 5 [To(a®, 29T (2, 27)]
x§,x})
l 1 . . . .
+Re Z E”ég N (2, 2Ty (2, 27)
=1 ,:L’O

+ Iy (a7, 2" )T (2, 2") I}

1
_ i iF£] 2
_w{zE%f% [|To(z", 27)] +4ZE 75 1, 2?)P]

+ReE'7 [Io(z',27) T (2 ,acj)]
zh, )
+Re Y B [[(at,a?) g (2, 27)
),
+ Loy (af,27) T (2", 27) |}, (9.26)

where FE is the expectation and the random variables z{ and :cé have the density

fo.
For the spreadlng sequences generated by the chaotic mapping S : [0,1] —

[0, 1], we have z, = S*(z) and 2, . = S**7(x). So
2
|To (7, 27| <Z|Q (S*(x > ;

E7, [I0- (2", 2) ]

xh,x})
l—7—11—7-1

=3 X BL e st @)t @) «h)]

Z Z / / QUS* () Q(S™+ () Q(S™ (23))
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X Q™7 (x})) fo(xh) fo(xh)dahdx)

l—7—11—7—-1

> / QS* (@) Q(S™ (@) fo(a)dz
x / QSHT(2))Q(S™ (2)) fo ) da
0
forO<7<l,andfor0<r<l—1,

il
ZoTo

E'7I [T (2%, 27) Ty (27, 27)]
l—7—11-7-2

> B, [Q(S* @)™ @h)QS™ (26) Q™ ()|

z z / / QUSH () QS () Q(S" ()
Q(S"”“(m ))folwh) fo(ah)dahda)

l—7—11—7-2

> / Q(S* (@) QS (2)) folw)da

/0 QSHT(2)Q(S™ () folx)da

Thus, it follows from (9.26) that the evaluation of R involves integrals of the
type

/ (f o 5*)(g 0 S) fodm = / FP*[(g 0 8™) fo] dm, (9.27)
0 0

which is closely related to the rate of decay of correlations for the chaotic map-
ping S.

As an illustration how to proceed along this direction, we let £k = 0 in
(9.27). The discussion in Section 9.1 tells us that if S is piecewise C? with

inf |S’(x)] > 1 (i.e., S is a Lasota-Yorke interval mapping [88]),
z€[0,1\{a1,,ar—1}

and if the invariant probability measure p* with density f* is mixing with re-
spect to S, then it is also exact. That is, lim p*(S™(A4)) = 1 for any measurable
n—oo

subset A of [0,1] with p*(A4) > 0 [14]. Furthermore, there is a constant M such
that for any function f € BV(0,1),

([ o)

< M| fllBvrigix V0, (9.28)
BV
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where rmix € (0,1) is the rate of mizing. (9.28) implies the following inequality

‘/01 f(@)g(S" ()" (@)dw - /0 @) @ /0 @) (@)

<O flloollglloommix

for the correlation coefficient

9

/0 F(@)g(5™(@)) " (x)dz — / f@)f* (2)dz - / o) f* ()dz

where C' is a constant independent of the choice of the functions f and g. In
1

1
particular, if / f@)f*(z)dz =0 or / g(z) f*(x)dz = 0, then
0 0

< Cllfllsoligllcor i, ¥ -

/0 F(@)g(S™(2) f* (x)dz

The above analysis implies that the performance of the spreading sequences
depends on the correlation property of the underlying mapping S, which is
determined by the rate of mixing rmix € (0,1). We refer to [117] for more
details.

Exercises

9.1 Let p be a unique absolutely continuous invariant measure of S :
[0,1] — [0,1] with the density f*. Let P : L'(0,1) — L(0,1) be the corre-
sponding Frobenius-Perron operator with respect to the Lebesgue measure m.
Define an operator P, on L'(u) by

P(f-f*
Show that P, is the Frobenius-Perron operator induced by S from L'(p) into
itself (see Exercise 4.12).

9.2 Let X = [0,1] and let 1 be a unique absolutely continuous invariant
measure of S : [0,1] — [0,1]. Express the correlation coefficient Cor (f, g,n) in
Definition 9.1.1 in terms of the Frobenius-Perron operator with respect to the
Lebesgue measure m and the invariant measure u, respectively.

9.3 Show that if f € L(0,1) is of bounded variation and m(supp f) > 0,
then the interior of supp f is nonempty.

9.4 Show that if f € L1(0,1) is of bounded variation, then the support of
f can be expressed as

S
suppf:UIn a.e., 1 <s< oo,

n=1
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where I,, are mutually disjoint open intervals.

9.5 Let f and g be two distinct stationary densities of the Frobenius-Perron
operator associated with a nonsingular transformation S : [0,1] — [0, 1] that
satisfies the conditions of Theorem 5.2.1. Show that there exist two stationary
densities f* and g* of P such that supp f* Nsupp ¢* = @.

9.6 Show that if f is a stationary density of the Frobenius-Perron operator
associated with S and if S71(A) = A, then f - x4 is a fixed point of P.

9.7 Let f:[a,b] — R be of bounded variation. Let z, y € [a,b] and = < y.
Show that

1 2 y
1£(2)] + ()] < \O/f + yf/ F(D)]dt.
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