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Preface

Ergodic theory is a mathematical subject that studies the statistical proper-
ties of deterministic dynamical systems. It is a combination of several branches
of pure mathematics, such as measure theory, functional analysis, topology,
and geometry, and it also has applications in a variety of fields in science and
engineering, as a branch of applied mathematics. In the past decades, the
ergodic theory of chaotic dynamical systems has found more and more appli-
cations in mathematics, physics, engineering, biology and various other fields.
For example, its theory and methods have played a major role in such emerging
interdisciplinary subjects as computational molecular dynamics, drug designs,
and third generation wireless communications in the past decade.
Many problems in science and engineering are often reduced to studying the

asymptotic behavior of discrete dynamical systems. We know that in neural net-
works, condensed matter physics, turbulence in flows, large scale laser arrays,
convection-diffusion equations, coupled mapping lattices in phase transition,
and molecular dynamics, the asymptotic property of the complicated dynami-
cal system often exhibits chaotic phenomena and is unpredictable. However, if
we study chaotic dynamical systems from the statistical point of view, we find
that chaos in the deterministic sense usually possesses some kind of regularity
in the probabilistic sense. In this textbook, which is written for the upper level
undergraduate students and graduate students, we study chaos from the statis-
tical point of view. From this viewpoint, we mainly investigate the evolution
process of density functions governed by the underlying deterministic dynam-
ical system. For this purpose, we employ the concept of density functions in
the study of the statistical properties of sequences of iterated measurable trans-
formations. These statistical properties often depend on the existence and the
properties of those probability measures which are absolutely continuous with
respect to the Lebesgue measure and which are invariant under the transforma-
tion with respect to time. The existence of absolutely continuous invariant finite
measures is equivalent to the existence of nontrivial fixed points of a class of
stochastic operators (or Markov operators), called Frobenius-Perron operators
by the great mathematician Stanislaw Ulam, who pioneered the exploration of
nonlinear science, in his famous book “A Collection of Mathematical Problems”
[120] in 1960.
In this book, we mainly study two kinds of problems. The first is the ex-

istence of nontrivial fixed points of Frobenius-Perron operators, and the other
concerns the computation of such fixed points. They can be viewed as the
functional analysis and the numerical analysis of Frobenius-Perron operators,
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respectively. For the first problem, many excellent books have been written,
such as “Probabilistic Properties of Deterministic Systems” and its extended
second edition “Chaos, Fractals, and Noise: Stochastic Aspects of Dynamics”
by Lasota and Mackey [82], and “Law of Chaos: Invariant Measures and Dy-
namical Systems in One Dimension” by Boyarsky and Góra [14]. For the second
problem, this book might be among the first ones in the form of a textbook on
the computational ergodic theory of discrete dynamical systems. One feature
that distinguishes this book from the others is that our textbook combines strict
mathematical analysis and efficient computational methods as a unified whole.
This is the authors’ attempt to reduce the gap between pure mathematical
theory and practical physical, engineering, and biological applications.
The first famous papers on the existence of nontrivial fixed points of Frobe-

nius-Perron operators include the proof (see, e.g., Theorem 6.8.1 of [82]) of the
existence of a unique smooth invariant measure for a second order continuously
differentiable expanding transformation on a finite dimensional, compact, con-
nected, smooth Riemann manifold by Krzyzewski and Szlenk [80] in 1969, and
the pioneering work [83] on the existence of absolutely continuous invariant
measures of piecewise second order differentiable and stretching interval map-
pings by Lasota and Yorke in 1973. The latter also answered a question posed
by Ulam in his above mentioned book. In the same book, Ulam proposed a
piecewise constant approximation method which became the first approach to
the numerical analysis of Frobenius-Perron operators. A solution to Ulam’s
conjecture by Tien-Yien Li [86] in 1976 is a fundamental work in the new area
of computational ergodic theory.
Our book has nine chapters. As an introduction, Chapter 1 leads the reader

into a mathematical trip from order to chaos via the iteration of a one-parameter
family of quadratic polynomials with the changing values of the parameter, from
which the reader enters the new vision of “chaos from the statistical point of
view.” The fundamental mathematical knowledge used in the book – basic
measure theory and functional analysis– constitutes the content of Chapter 2.
In Chapter 3, we study the basic concepts and classic results in ergodic theory.
The main linear operator studied in this book – the Frobenius-Perron oper-
ator – is introduced in Chapter 4, which also presents some general results that
have not appeared in other books. Chapter 5 is exclusively devoted to the inves-
tigation of the existence problem of absolutely continuous invariant measures,
and we shall prove several existence results for various classes of one-dimensional
mappings and multi-dimensional transformations. The computational problem
is studied in Chapter 6, in which two numerical methods are given for the ap-
proximation of Frobenius-Perron operators. One is the classic Ulam’s piecewise
constant method, and the other is its improvement with higher order approxi-
mation accuracy; that is, the piecewise linear Markov method which was mainly
developed by the authors. In Chapter 7, we present Keller’s result on the stabil-
ity of Markov operators and its application to the convergence rate analysis of



Preface iii

Ulam’s method under the L1-norm and Murray’s work for a more explicit upper
bound of the error estimate. We also explore the convergence rate under the
variation norm for the piecewise linear Markov method. Chapter 8 gives a sim-
ple mathematical description of the related concepts of entropy, in particular the
Boltzmann entropy and its relationship with the iteration of Frobenius-Perron
operators. Several modern applications of absolutely continuous invariant prob-
ability measures will be given in the last chapter.
This book can be used as a textbook for students of pure mathematics, ap-

plied mathematics, and computational mathematics as an introductory course
on the ergodic theory of dynamical systems for the purpose of entering the re-
lated frontier of interdisciplinary areas. It can also be adopted as a textbook
or a reference book for a specialized course for different areas of computational
science, such as computational physics, computational chemistry, and compu-
tational biology. For students or researchers in engineering subjects such as
electrical engineering, who want to study chaos and applied ergodic theory, this
book can be used as a tool book. A good background of advanced calculus is
sufficient to read and understand this book, except possibly for Section 2.4 on
the modern definition of variation and Section 5.4 on the proof of the existence
of multi-dimensional absolutely continuous invariant measures which may be
omitted at the first reading. Some of the exercises at the end of each chapter
complement the main text, so the reader should try to do as many as possi-
ble, or at least take a look and read appropriate references if possible. Each
main topic of ergodic theory contains matter for huge books, but the purpose of
this book is to introduce as many readers as possible with various backgrounds
into fascinating new fields having great potential of ever increasing applications.
Thus, our presentation is quite concise and elementary and as a result, some
important but more specialized topics and results must be omitted, which can
be found in other monographs.
Another feature of this textbook is that it contains much of our own joint

research in the past fifteen years. In this sense it is like a monograph. Our joint
research has been supported by the National Science Foundation of China, the
National Basic Research Program of China, the Academy of Mathematics and
Systems Science at the Chinese Academy of Sciences, the State Key Laboratory
of Scientific and Engineering Computing at the Chinese Academy of Sciences,
the Chinese Ministry of Education, the China Bridge Foundation at the Uni-
versity of Connecticut, and the Lucas Endowment for Faculty Excellence at the
University of Southern Mississippi, among the others, for which we express our
deep gratitude.
Jiu Ding would also like to thank his Ph.D. thesis advisor, University Dis-

tinguished Professor Tien-Yien Li of Michigan State University. It is Dr. Li’s
highly educative graduate course “Ergodic Theory on [0, 1]” for the academic
year 1988-1989, based on the lecture notes [87] delivered at Kyoto University
of Japan one year earlier, that introduced him into the new research field of
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computational ergodic theory and led him to write a related Ph.D. dissertation.
Aihui Zhou is very grateful to his Ph.D. thesis advisor, Academician Qun Lin,
of the Chinese Academy of Sciences, who with a great insight, encouraged him
to enter this wide and exciting research area.
The first edition of this book was published in Chinese by the Tsinghua

University Press in Beijing, China in January 2006 and reprinted in December
in the same year. We thank editors Xiaoyan Liu, Lixia Tong, and Haiyan Wang
and five former Ph.D. students of Aihui Zhou, Xiaoying Dai, Congming Jin,
Fang Liu, Lihua Shen, and Ying Yang for their diligent editorial work and tech-
nical assistance, which made the fast publication of the Chinese edition possible.
We thank Lixia Tong for her help during the preparation of this revised and
expanded English edition of the book.

Jiu Ding and Aihui Zhou
Beijing, March 2008
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Chapter 1

Introduction

JiuDing, Department of Mathematics, The University of Southern Mississippi in America.
Aihui Zhou, Academy of Mathematics and Systems Science, Chinese Academy of Sciences.

Abstract Using the famous logistic model Sr(x) = rx(1−x) as an example, we give

a brief survey of discrete dynamical systems for the purpose of leading the reader on a

mathematical trip from order to chaos, and then we introduce basic ideas behind the

statistical study of chaos, which is the main topic of the book.

Keywords Logistic model, period-doubling bifurcation, Li-Yorke chaos, Frobenius-

Perron operator, absolutely continuous invariant measure.

In the modern statistical study of discrete deterministic dynamical systems
and its applications to physical sciences, there are two important and mutually
related problems. On the theoretical part, there is the problem of the existence
of absolutely continuous invariant measures that give the statistical properties
of the dynamics, such as the probability distribution of the orbits for almost
all initial points and the speed of the decay of correlations. On the practical
part, we encounter the problem of the computation of such invariant measures to
any prescribed precision in order to numerically explore the chaotic behavior in
many physical systems. In this textbook, we try to address these two problems.
For this purpose, we need to study a class of positive linear operators, called
Frobenius-Perron operators, that describe the density evolution governed by the
underlying dynamical system. Density functions, which are the fixed points of
Frobenius-Perron operators, define absolutely continuous invariant probability
measures associated with the deterministic dynamical system, which can be
numerically investigated via structure preserving computational methods that
approximate such fixed density functions.
Before we begin to study the statistical properties of discrete dynamical

systems, we first review the deterministic properties of one-dimensional map-
pings in this introductory chapter as a starting point. The well-known logistical
model, which has played an important role in the history of the evolution of
the concept of chaos in science and mathematics, will be studied in detail from
the deterministic point of view. Then, we are naturally led to the statistical
study of chaos by introducing the concept of Frobenius-Perron operators with
an intuitive approach, which motivates the main topic of this book.
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1.1 Discrete Deterministic Systems—from Order to
Chaos

In their broad sense, dynamical systems provide rules under which phenom-
ena (states) in the mathematical or physical world evolve with respect to time.
Differential equations are widely used to model continuous time dynamical sys-
tems in many areas of science, such as classical mechanics, quantum mechanics,
neural networks, mathematical biology, etc., as these equations describe math-
ematically the laws by which they are governed. Transformations on phase
spaces not only determine a discrete time dynamical system[23], but also form
the basis of investigating continuous time dynamical systems via such math-
ematical tools as the Poincare’ map. Even simple nonlinear transformations
may exhibit a quasi-stochastic or unpredictable behavior which is a key feature
of the chaotic dynamics. Poincaré deduced this kind of chaotic motion for the
three-body problem in celestial mechanics about fifty years before the advent
of electronic computers in the 1940s, and about eighty years before Tien-Yien
Li and James A. Yorke first coined the term “Chaos” in their seminar paper
“Period Three Implies Chaos” [88] in 1975.
The discrete time evolution of a dynamical system in the N -dimensional

Euclidean space RN is usually given by a first order difference equation which
is often written as a recurrence relation

xn+1 = S(xn), n = 0, 1, · · · ,
where S is a transformation from a subset Ω of RN into itself. For example,
consider a population of organisms for which there is a constant supply of food
and limited space, and no predators. In order to model the populations in
successive generations, let xn denote the population of the nth generation, and
adjust the numbers so that the capacity of the environment is equal to 1, which
means that 0 � xn � 1 for all n. One popular formula for the dynamics of the
population is the so-called logistic model , after the differential equation studied
by the Belgian mathematician Pierre F. Verhulst about 160 years ago [98]:

xn+1 = rxn(1 − xn), n = 0, 1, · · · ,
where r ∈ (0, 4] is a parameter. In the following, we study the deterministic
properties of this logistical model to some extent when the parameter r varies
from 0 to 4 and see how the dynamics will change from the regular behavior to
the chaotic behavior as r increases toward 4.
First, we introduce some standard terms in discrete dynamical systems . Let

X be a set and S : X → X be a transformation. A point x ∈ X is called a fixed
point of S if S(x) = x and an eventually fixed point of S if there is a positive in-
teger k such that Sk(x) is a fixed point of S, where Sk(x) = S(S(· · · (S(x)) · · · ))
(i.e., Sk is the composition of S with itself k − 1 times) is the kth iterate of x.
A point x0 ∈ X is called a periodic point of S with period n � 1 or a period-n
point of S if Sn(x0) = x0 and if in addition, x0, S(x0), S2(x0), · · · , Sn−1(x0)
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are distinct. A fixed point is a periodic point with period 1. An eventually
periodic point is a point whose kth iterate is a periodic point for some k > 0.
The orbit of an initial point x0 is the sequence

x0, S(x0), S2(x0), · · · , Sn(x0), · · ·

of the iterates of x0 under S. If x0 is a period-n point, then the orbit

x0, S(x0), · · · , Sn−1(x0), · · ·

of x0 is a periodic orbit which can be represented by {x0, S(x0), · · · , Sn−1(x0)}
called an n-cycle of S.
From the mean value theorem of calculus, a fixed point x of a differentiable

mapping S of an interval is attracting or repelling if |S′(x)| < 1 or |S′(x)| >
1, respectively. Similarly, a period-n point x0 of S is attracting or repelling
when |(Sn)′(x0)| < 1 or |(Sn)′(x0)| > 1 respectively, and the corresponding n-
cycle is attracting or repelling. Such information only gives the local dynamical
properties of a fixed point or a periodic orbit, not the global ones which need
more subtle arguments and more thorough analysis to obtain in general.
Now, we begin to study the iteration of the logistic model. Let

Sr(x) = rx(1 − x), ∀ x ∈ [0, 1],

where the parameter r ∈ (0, 4] so that Sr maps [0, 1] into itself. It is obvious that
Sr has one fixed point 0 when 0 < r � 1 and two fixed points 0 and pr ≡ 1−1/r
when r > 1. Since S′r(0) = r and S

′
r(pr) = 2 − r, one can see that the fixed

point 0 is attracting for r � 1 and repelling for r > 1, and the fixed point pr is
attracting for 1 < r � 3 and repelling for r > 3. In the remaining part of this
section, we study the global properties of the fixed points and possible periodic
points in more detail.
As will be shown below, the dynamics of Sr changes as the parameter r

passes through each of the values 1, 2, 3, 1 +
√
6, · · · , called the bifurcation

points of the one-parameter family {Sr} of the quadratic mappings, that is,
the number and nature of the fixed points and/or the periodic points change
when r passes through each of them. Hence, our discussion below will be split
into four cases, from easy to more complicated ones. They are respectively
0 < r � 1, 1 < r � 2, 2 < r � 3, and 3 < r � 4. In the analysis, we often use
the simple fact that the limit x∗ of a convergent sequence {xn} of the iterates
of a continuous mapping S must be a fixed point of S if x∗ is in the domain
of S.

Case 1. 0 < r � 1 (see Figure 1.1).
Since 0 < Sr(x) = rx(1 − x) < x for 0 < x < 1, the iteration sequence

{Snr (x)} is positive and monotonically decreasing, and so it converges to the
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Figure 1.1 Sr at r = 0.5

unique fixed point 0 of Sr as n approaches infinity. It follows that the basin of
attraction of 0, which is the set of all the initial points whose orbit converges
to the fixed point 0 by definition, is the closed interval [0, 1]. So there are no
periodic points except for the unique fixed point 0.

Case 2. 1 < r � 2 (see Figure 1.2).

Figure 1.2 Sr at r = 1.5

Now, Sr has two fixed points, 0 and pr = 1 − 1/r. We know that the
fixed point 0 is repelling and the fixed point pr is attracting. Let 0 < x < pr.
Then, 1/r < 1 − x, so x < rx(1 − x) = Sr(x). By induction we see that
x < Sr(x) < · · · < Snr (x) < · · · . On the other hand, since Sr is strictly
increasing on [0, pr],

Sr(x) < Sr(pr) = pr,

which implies that Snr (x) < pr for all n. Thus, the sequence {Snr (x)} is strictly
increasing, bounded above by pr, and hence it converges to the fixed point pr.
Similarly, if pr < x � 1/2, then {Snr (x)} is a monotonically decreasing sequence
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bounded below by pr, so it also converges to pr. Finally, if 1/2 < x < 1,
then 0 < Sr(x) � 1/2, so by the above argument, {Snr (x)} converges to pr.
Therefore, when 1 < r � 2, the basin of attraction of the fixed point pr is the
open interval (0, 1), the basin of attraction of the fixed point 0 is the 2-point
set {0, 1}, and there are no other periodic points besides the two fixed points.

Case 3. 2 < r � 3. (see Figure 1.3).

Figure 1.3 Sr at r = 2.5

When r > 2, the fixed point pr > 1/2. Assume that r < 3 and let qr be
the unique number in (0, 1/2), which is symmetric to pr about 1/2, such that
Sr(qr) = Sr(pr) = pr. Then, using the geometry of the graph of Sr and the fact
that qr � Sr(r/4), one can show that (see Exercise 1.1):
(i) if x ∈ (0, qr), then x has an iterate > qr;
(ii) if qr < x � pr, then pr � Sr(x) � r/4;
(iii) if pr < x � r/4, then qr � Sr(x) < pr;
(iv) if r/4 < x < 1, then 0 < Sr(x) < pr.
From (i)-(iv) it follows that if 0 < x < 1, then x has an iterate in the interval

(qr, pr]. Moreover, (ii) and (iii) imply that the iterates of x oscillate between
the intervals (qr, pr] and [pr, r/4]. Thus,
(v) if x is in (qr , pr], then so is the sequence {S2nr (x)};
(vi) if x is in [pr, r/4], then so is the sequence {S2nr (x)}.
Since 0 and pr are the fixed points of Sr, a simple calculation shows that

S2r (x)− x = rx(x − pr)
[
−r2x2 +

(
r2 + r

)
x− r − 1

]
. (1.1)

The expression inside the brackets has no real roots when 2 < r < 3. Therefore,
if 2 < r < 3, then the only fixed points of S2r are 0 and pr. Since S

2
r (x) − x

has no roots in (qr, pr), it has the same sign as S2r (1/2)− 1/2 which is positive.
Consequently x < S2r (x) for all x ∈ (qr, pr), and by (v) the sequence {S2nr (x)}
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is monotonically increasing, lies in (qr, pr], and converges to the only positive
fixed point pr of S2r . Using the continuity of Sr, we find that

S2n+1r (x) = Sr(S2nr (x))→ Sr(pr) = pr

as n increases without bound. Therefore, Snr (x) → pr whenever x ∈ (qr, pr].
Since every x in (0, 1) has an iterate in (qr, pr], we conclude that Snr (x) → pr
as n increases without bound, for all x ∈ (0, 1). In other words, the basin of
attraction of pr is (0, 1), so the basin of attraction of 0 is {0, 1}. A consequence
of this result is that there are no periodic points for Sr other than the fixed
points. The same conclusion can be proven for r = 3 with a more careful
analysis.

Case 4. 3 < r � 4 (see Figure 1.4).

Figure 1.4 Sr at r = 3.2

We have learned that the dynamics of Sr is regular when 0 < r � 3, and in
particular the only periodic points are fixed points. When 3 < r � 4, both 0 and
pr = 1− 1/r are repelling fixed points. Do the iterates of other points in (0, 1)
converge, or oscillate, or have no pattern at all? Are there periodic points other
than 0 and pr? The analysis of the dynamics of Sr becomes more and more
complicated as r increases from 3 to 4. We only study the case 3 < r < 1 +

√
6

in detail and list the main results that follow.
For our purpose, we need to study the dynamics of S2r . When r = 3, the

graph of S2r is tangent to the diagonal y = x at the point (pr, pr). From (1.1),
the other two fixed points of S2r besides 0 and pr are the real roots of the
quadratic equation

−r2x2 + (r2 + r)x − r − 1 = 0,
which are

sr =
1
2
+
1
2r

− 1
2r

√
(r − 3)(r + 1) and tr =

1
2
+
1
2r
+
1
2r

√
(r − 3)(r + 1).
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Since 0 and pr are the only fixed points of Sr for r > 1, it is obvious that {sr, tr}
is a 2-cycle for r > 3. After a simple computation, we find that

(S2r )
′(sr) = S′r(sr)S

′
r(tr) = (r − 2rsr)(r − 2rtr) = −r2 + 2r + 4.

Since | − r2 + 2r + 4| < 1 if and only if 3 < r < 1 +
√
6, the 2-cycle {sr, tr}

is attracting if 3 < r < 1 +
√
6. It can further be shown that the basin of

attraction of the 2-cycle {sr, tr} consists of all x ∈ (0, 1) except for the fixed
point pr and the points whose iterates are eventually pr.
When r > 1+

√
6, the 2-cycle {sr, tr} becomes repelling. As we may expect,

an attracting 4-cycle is born. Actually, there exists a sequence {rn} of the so-
called period-doubling bifurcation values for the parameter r, with r0 = 3 and
r1 = 1 +

√
6, such that

• if r0 < r � r1, then Sr has two repelling fixed points and one attracting
2-cycle;

• if r1 < r � r2, then Sr has two repelling fixed points, one repelling 2-cycle,
and one attracting 22-cycle;

• if r2 < r � r3, then Sr has two repelling fixed points, one repelling 2-cycle,
one repelling 22-cycle, and one attracting 23-cycle;

In general, for n = 1, 2, · · · ,

• if rn−1 < r � rn, then Sr has two repelling fixed points, one repelling
2k-cycle for k = 1, 2, · · · , n− 1, and one attracting 2n-cycle.

It is well-known that lim
n→∞ rn = r∞ = 3.561547 · · · . This number r∞ is

called the Feigenbaum number for the quadratic family {Sr}. Moreover, the
sequence {cn} of the ratios

cn =
rn − rn−1
rn+1 − rn

converges to a number c∞ = 4.669202 · · · , which is called the universal constant
since for many other families of one-humped mappings, the bifurcations occur in
such a regular fashion that the ratios of the distances between successive pairs
of the bifurcation points approach the very same constant c∞! This universal
constant c∞ is also referred to as the Feigenbaum constant because the physicist
Michael Feigenbaum first found it and its universal property in 1978.
So far the dynamics of the quadratic family {Sr} is still regular for 0 < r <

r∞ since every point x ∈ (0, 1) is periodic, eventually periodic, or attracted
to a fixed point or a periodic orbit. So, the eventual behavior of the orbits
is predictable. When r � r∞, there could exhibit a complicated irregular or
chaotic behavior for the dynamics of Sr. For example, if 3.829 � r � 3.840,
then Sr has period-3 points. The celebrated Li-Yorke theorem [88] says that if a
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continuous mapping S from an interval I into itself has a period-3 point, then it
has a period-k point for any natural number k, and there is an uncountable set
Λ ⊂ I, containing no periodic points, which satisfies the following conditions:
(i) For every pair of distinct numbers x, y ∈ Λ,

lim sup
n→∞

|Sn(x) − Sn(y)| > 0 and lim inf
n→∞ |Sn(x)− Sn(y)| = 0.

(ii) For every x ∈ Λ and each periodic point p ∈ I,

lim sup
n→∞

|Sn(x)− Sn(p)| > 0.

Thus, from the Li-Yorke theorem, the eventual behavior of the iterates of Sr
with 3.829 � r � 3.840 is unpredictable.
The case r = 4 is worth a special attention. It is well-known [7] that S4 is

topologically conjugate to the tent function

T (x) =

⎧⎪⎪⎨
⎪⎪⎩
2x, if x ∈

[
0,
1
2

]
,

2(1− x), if x ∈
[
1
2
, 1
]
.

(1.2)

That is, there is a homeomorphism h : [0, 1] → [0, 1] such that S4 ◦ h = h ◦ T .
Since T has a 3-cycle {2/7, 4/7, 6/7}, there is a period-3 orbit for S4. By the Li-
Yorke theorem, S4 is chaotic. As a matter of fact, if we randomly pick an initial
point x0 ∈ [0, 1], then the limit set of the sequence {xn} with xn = Sn4 (x0) is
the whole interval [0, 1], that is, for each x ∈ [0, 1], there is a subsequence {xnk

}
of {xn} such that lim

k→∞
xnk
= x.

Chaotic dynamical systems are now very popular in science and engineering.
Besides the original definition of Li-Yorke chaos in [88], there have been various
definitions for “chaos” in the literature, and the most often used one is given
by Devaney in [27]. Although there is no universal definition for chaos, the
essential feature of chaos is sensitive dependence on initial conditions so that the
eventual behavior of the dynamics is unpredictable. The theory and methods
of chaotic dynamical systems have been of fundamental importance not only in
mathematical sciences [22, 23, 27], but also in physical, engineering, biological,
and even economic sciences [7, 18, 94, 98].
We have examined a family of discrete dynamical systems from the deter-

ministic point of view and have observed the passage from order to chaos as the
parameter value of the mappings changes. In the next section, we study chaos
from another point of view, that is, from the probabilistic viewpoint.

1.2 Statistical Study of Chaos

Although a chaotic dynamical system exhibits unpredictability concerning
the asymptotic behavior of the orbit starting from a generic point, it often
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behaves regularly as far as the statistical properties are concerned. In other
words, a chaotic dynamical system in the deterministic sense may not be chaotic
in the probabilistic sense.
In physical measurements, we often consider a probabilistic distribution of

a physical quantity. Let S : X → X be a dynamical system on a phase space X
of finite measure μ(X) < ∞, and let A be a subset of X . Instead of observing
the deterministic properties of individual orbits, let us consider the probabilistic
properties by observing the frequencies of the first n terms of the orbit {Sn(x)}
of an initial point x that enter A for all natural numbers n. To calculate the
frequency, let χA be the characteristic function of A, that is,

χA(x) =
{
1, if x ∈ A,
0, if x /∈ A. (1.3)

Then, the frequency for a given n is exactly n−1
n−1∑
i=0

χA(Si(x)). The time aver-

age or the time mean, which is the asymptotic frequency of all the terms of an
orbit starting at x ∈ X that enter A, is given by the limit

lim
n→∞

1
n

n−1∑
i=0

χA(Si(x))

if it exists, which measures how frequently the orbit stays in A. The classi-
cal ergodic theory deals with the existence of the time average, their metric
properties, and their close relationships with other mathematical concepts and
quantities, which originated from Boltzmann’s ergodic hypothesis in statistical
mechanics. In our context, this hypothesis concerns the following question:
given a measure preserving transformation S : X → X , i.e., μ(S−1(A)) = μ(A)
for all measurable subsets A of X , and an integrable function f : X → R, find
the conditions under which the limit

lim
n→∞

1
n

n−1∑
k=0

f(Sk(x)) (1.4)

exists and is constant for x ∈ X almost everywhere (a.e.).
In 1931, George D. Birkhoff proved that for any S and f the limit (1.4)

exists for x ∈ X almost everywhere, and furthermore, if S is ergodic, that is,
S−1(A) = A implies that A = ∅ or X a.e., then the time average coincides with
the space average or the space mean

μ(A)
μ(X)

=
1

μ(X)

∫
X

χAdμ

for x ∈ X a.e. More specifically, the celebrated Birkhoff pointwise ergodic
theorem [123] can be stated as follows (c.f. Theorem 3.3.1 in Chapter 3):
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Theorem 1.2.1 (Birkhoff’s pointwise ergodic theorem) Let μ be a prob-
ability measure on X which is invariant under S : X → X. Then, for any
integrable function f defined on X and almost all x ∈ X, the time average

lim
n→∞

1
n

n−1∑
i=0

f(Si(x))

exists and is denoted as f̃(x). Moreover,

f̃(S(x)) = f̃(x), ∀ x ∈ X μ− a.e.

If in addition S is ergodic, then f̃ is the constant function
∫
X

fdμ.

Now, another question arises naturally: given a transformation S : X →
X , what measure μ on X is invariant under S? If we do not impose more
requirements for μ, the answer may be trivial or of no physical importance. For
example, for the logistic model S(x) = 4x(1−x), since 0 is a fixed point of S, it
is easy to see that the Dirac measure δ0 concentrated at 0 is invariant, where
δ0(A) = 1 if 0 ∈ A and δ0(A) = 0 if 0 /∈ A. In general, any fixed point a of
S gives rise to an invariant measure δa, the Dirac measure concentrated at a.
Note that the Dirac measure δa with a ∈ [0, 1] is not absolutely continuous with
respect to the Lebesgue measure of the unit interval. In other words, it cannot
be represented as the integral of an integrable function on [0, 1].
The existence of an invariant measure for a continuous transformation on

a compact metric space has been established by the following theorem [123],
which will be proved in Section 3.4.

Theorem 1.2.2 (Krylov-Bogolioubov) Let X be a compact metric space
and let S : X → X be a continuous transformation. Then, there is an invariant
probability measure μ under S.

In many applications, we are more interested in the existence and compu-
tation of invariant probability measures which are absolutely continuous with
respect to a given measure. In other words, we want to find invariant measures
that can be expressed as integrals of density functions with respect to the given
measure. In this textbook, we intend to study this problem. Here the concept
of Frobenius-Perron operators, which gives the corresponding way the density
functions change under the deterministic dynamical system, plays an important
role. Considering the iteration of the Frobenius-Perron operator leads us to the
following observation: chaos in the deterministic sense may not be so in the
probabilistic sense.
Let (X,Σ, μ) be a σ-finite measure space, let S : X → X be a nonsingular

transformation, i.e., μ(A) = 0 implies μ(S−1(A)) = 0 for all A ∈ Σ, and let
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P : L1(X)→ L1(X) be the Frobenius-Perron operator associated with S which
is defined implicitly by the relation∫

A

Pfdμ =
∫
S−1(A)

fdμ, ∀ A ∈ Σ, (1.5)

where L1(X) is the space of all integrable functions defined on X with respect
to the measure μ (see Chapters 2 and 4 for their precise definitions). In Chapter
4, it will be proved that any fixed point f of P , which is also a density function,
gives an absolutely continuous S-invariant probability measure μf on X defined

by μf (A) =
∫
A

fdμ, ∀ A ∈ Σ.
The existence problem of fixed density functions of Frobenius-Perron opera-

tors is one of the main topics in modern ergodic theory. On the other hand, in
physical sciences, one often needs to compute one or higher dimensional abso-
lutely continuous invariant finite measures [7]. For example, in neural networks,
condensed matter physics, turbulence in fluid flow, arrays of Josephson junc-
tions, large-scale laser arrays, reaction-diffusion systems, etc., “coupled map
lattices” often appear as models for phase transition, in which the evolution
and convergence of density functions under the action of the Frobenius-Perron
operator are examined. Understanding the statistical properties of these sys-
tems will become possible if we are able to calculate such global statistical
quantities as invariant measures, entropy, Lyarpulov exponents, and moments.
Thus, in many applied areas of physical sciences, not only the existence but
also the computation of fixed density functions of Frobenius-Perron operators
is essential for the investigation of the complicated dynamics.
However, the following two main difficulties make solving the above problems

a challenge. First, the underlying space L1(X) is not reflexive in general, and
second, the Frobenius-Perron operator P is usually not compact on L1(X).
Thus, we can only apply some special techniques and the structure analysis to
prove the existence and to develop convergent computational algorithms.
We use the following probabilistic argument to motivate the definition (1.5)

of Frobenius-Perron operators, before we formally define this operator in Chap-
ter 4. Consider again the dynamical system S(x) = 4x(1 − x). Instead of
studying the eventual behavior of individual orbits, we investigate the asymp-
totic distribution of the iterates on [0, 1] under S. In other words, we examine
the flow of density functions of these iterates’ distributions if the density func-
tion of the initial distribution is known. Here, we give an intuitive description
of this approach. Pick a large positive integer n and apply S to each of the n
initial states

x01, x
0
2, · · · , x0n,

and then we have n new states

x11 = S(x
0
1), x

1
2 = S(x

0
2), · · · , x1n = S(x0n).
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The initial states can be represented by a function f0 in the sense that the
integral of f0 over any interval I (not too small) is roughly the fraction of the
number of the states in the interval, that is,

∫
I

f0(x)dx 
 1
n

n∑
i=1

χI(x0i ).

f0 is called the density function of the initial states. Similarly, the density
function f1 for the states x11, x

1
2, · · · , x1n satisfies∫

I

f1(x)dx 
 1
n

n∑
i=1

χI(x1i ).

Our purpose is to find a relation between f1 and f0.
For the given I ⊂ [0, 1],

x1i ∈ I if and only if x0i ∈ S−1(I).

Thus, from the equality χI(S(x)) = χS−1(I)(x), we have

∫
I

f1(x)dx 
 1
n

n∑
i=1

χS−1(I)(x0i ),

which implies that ∫
I

f1(x)dx =
∫
S−1(I)

f0(x)dx.

If we write f1 as Pf0, then the above relationship between f1 and f0 is∫
I

Pf0(x)dx =
∫
S−1(I)

f0(x)dx.

The operator P that maps the density function f of the initial states to the
density function Pf of the next states is actually the Frobenius-Perron operator
corresponding to the transformation S, as defined by (1.5).
Let I = [0, x]. Then, differentiating both sides of the equality∫ x

0

Pf(t)dt =
∫
S−1([0,x])

f(t)dt

with respect to x gives

Pf(x) =
d
dx

∫
S−1([0,x])

f(t)dt.
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Since

S−1([0, x]) =
[
0,
1
2
− 1
2

√
1− x

]
∪
[
1
2
+
1
2

√
1− x, 1

]
,

after carrying out the indicated differentiation, we obtain

Pf(x) =
1

4
√
1− x

[
f

(
1
2
− 1
2
√
1− x

)
+ f

(
1
2
+
1
2
√
1− x

)]
.

which is an explicit formula for the Frobenius-Perron operator corresponding
to the quadratic mapping S. This formula tells us how S transforms a given
density function f into a new density function Pf . In particular, if the initial
density function f(x) ≡ 1, that is, if the initial distribution of the states is
uniform, then the distribution of the new states under S is given by the density
function

Pf(x) =
1

2
√
1− x

.

If we keep iterating, we can see that the density function sequence {Pnf(x)}
will approach the density function

f∗(x) =
1

π
√
x(1 − x)

as n→ ∞, which satisfies Pf∗ = f∗. This fixed density function for the logistic
model S(x) = 4x(1− x) was found by Ulam and von Neumann [121] in 1947.
It turns out that the probability measure μ∗ defined by

μ∗(A) =
∫
A

f∗(x)dx, ∀ measurable A ⊂ [0, 1],

which is absolutely continuous with respect to the Lebesgue measure on [0, 1],
is invariant under the quadratic polynomial S. Thus, the chaotic dynamical
system in the deterministic sense is stable in the probabilistic sense, that is, the
probability distribution of the states of the iterates of S will approach eventually
the stationary probability distribution given by f∗.
In this book, we shall mainly study Frobenius-Perron operators and the

related concept of absolutely continuous invariant finite measures. There are
two main issues that we would like to discuss: the existence of fixed density
functions of Frobenius-Perron operators and their numerical computation. The
main mathematical foundation for achieving our goals is integration theory and
functional analysis, and a useful analytic tool is the concept of variation. So,
in the next chapter we introduce the basis of measure theory and functional
analysis as preliminaries for the subsequent chapters on the theoretical and
numerical analysis of Frobenius-Perron operators.
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Exercises

1.1 Prove the facts (i)-(vi) in the case of 2 < r � 3 for the logistic model
Sr(x) = rx(1 − x) in Section 1.1.
1.2 Find a homeomorphism h : [0, 1] → [0, 1] that makes S4 topologically
conjugate to the tent function T defined by (1.2).
1.3 Let a ∈ X be a fixed point of S : X → X . Show that the Dirac measure
δa is S-invariant, and also show that if {a1, a2, · · · , ak} is a k-cycle of S, then

the measure δ = k−1
k∑
i=1

δai is S-invariant.
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Abstract The fundamental mathematical knowledge used in the book is reviewed
in this chapter, which includes basic measure theory and Lebesgue integration theory,
L1 spaces, the classic definition of variation for functions of one variable and the
modern notion of variation for functions of several variables, compactness arguments
for L1 spaces, and quasi-compact operators on a Banach space which is a compactly-
imbedded dense subspace of the L1 space.
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convergence, quasi-compactness, Ionescu-Tulcea and Marinescu theorem.

The fundamental tools for studying the ergodic theory of chaotic dynamical
systems are measure theory and functional analysis. In order to investigate the-
oretical and numerical aspects of Frobenius-Perron operators for the purpose of
our book, we also need the important concept of functions of bounded variation.
In this chapter, we introduce some useful concepts and basic results from real
analysis and functional analysis.
Section 2.1 will give various definitions for measures and integration in the

sense of Lebesgue. In Section 2.2, we shall present the most important inte-
gration theorems, Section 2.3 and Section 2.4 will be devoted to the study of
functions of bounded variation in one variable and several variables, respectively.
The concept of compactness and the class of quasi-compact linear operators will
be introduced in Section 2.5. Our presentation is brief and only covers the ma-
terials that will be used in the sequel. For a more detailed study of measure
theory, the reader can consult standard textbooks such as [109, 112] or the
extensive monograph [57].

2.1 Measures and Integration

We start with the definition of a σ-algebra. Let X be an arbitrary non-empty
set.

Definition 2.1.1 A class Σ of subsets of X is called a σ-algebra on X if it
satisfies:
(i) A ∈ Σ implies that Ac ∈ Σ, where Ac ≡ {x ∈ X : x �∈ A} is the

complement of A in X ;
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(ii) An ∈ Σ, n = 1, 2, · · · imply that the union
∞⋃
n=1

An ∈ Σ;

(iii) X ∈ Σ.

Since the empty set ∅ = Xc, by (i) and (iii) of the definition, ∅ ∈ Σ.
Furthermore, Σ is closed under the operation of countable intersection as per
de Morgen’s formula

∞⋂
n=1

An =

( ∞⋃
n=1

Acn

)c
.

If Λ is a class of certain subsets of X , then the intersection of all the
σ-algebras containing Λ is a σ-algebra and is called the σ-algebra generated
by Λ.

Definition 2.1.2 A real-valued (including ∞) nonnegative set function μ de-
fined on a σ-algebra Σ is called a measure if μ(∅) = 0 and

μ

( ∞⋃
n=1

An

)
=
∞∑
n=1

μ(An)

for any finite or infinite sequence {An} of pairwise disjoint sets from Σ, that is
Ai ∩ Aj = ∅ for i �= j. In other words, a measure μ is a countably additive
nonnegative set function.

In the above definition, we use the convention that a+∞ =∞ for any real
number a and ∞+∞ =∞.

Definition 2.1.3 The ordered triple (X,Σ, μ) is called a measure space if there
is given a σ-algebra Σ on a set X and a measure μ defined on Σ. If the measure
μ is not specifically indicated, the ordered pair (X,Σ) is called a measurable
space, and any A ∈ Σ is called a Σ-measurable set, or simply a measurable set.

Definition 2.1.4 A real measure (or a complex measure) is a real-valued (or
complex-valued) countably additive set function defined on a σ-algebra. If a real
measure is nonnegative valued, it is called a positive measure.

Remark 2.1.1 Clearly, a positive measure is also a measure. The value ∞
is admissible for a measure, but when we talk about a real measure μ, it is
understood that μ(A) is a real number for every A ∈ Σ.
The total variation |μ| of a real measure μ on Σ is a measure defined on Σ

by

|μ|(A) = sup
∞∑
n=1

|μ(An)|, ∀ A ∈ Σ,
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the supremum being taken over all measurable partitions {An} of A, i.e., An ∈
Σ, ∀ n,

∞⋃
n=1

An = X , and An ∩ Ak = ∅ if n �= k. For a real measure μ, we

define its positive part μ+ and its negative part μ− by

μ+ =
1
2
(|μ|+ μ), μ− = 1

2
(|μ| − μ).

Then, both μ+ and μ− are measures on Σ and μ has the following Jordan
decomposition:

μ = μ+ − μ−, |μ| = μ+ + μ−.

Theorem 2.1.1 If μ is a real measure on X, then |μ|(X) <∞. Hence, |μ|, μ+,
and μ− are all positive measures.

Remark 2.1.2 A simple example of a measure space is a so-called counting
measure space (X,Σ, μ) in which X is any set, the σ-algebra Σ is the family of
all subsets of X , and the measure μ(A) of A is the number (including ∞) of
points in A. Another example is a finite sample space X = {x1, x2, · · · , xn} in
which the measure is defined by assigning to each single-element subset {xi} of
X a nonnegative number pi such that

n∑
i=1

pi = 1.

Remark 2.1.3 Let X be a locally compact Hausdorff space [57], let B ≡ B(X)
be the Borel σ-algebra which is the smallest σ-algebra containing all the open
subsets of X , and let μ be a measure on Σ. Then, (X,B, μ) is called a Borel
measure space. In particular, ifX = RN (R1 ≡ R), theN -dimensionalEuclidean
space of all real column vectors x = (x1, x2, · · · , xN )T of N components under
the usual addition and scalar multiplication with the standard Euclidean inner

product 〈x,y〉 = xTy =
N∑
i=1

xiyi for x,y ∈ RN , where xT is the transpose of x,

then there exists a unique Borel measure μ on the Borel σ-algebra B(RN) such
that

μ

(
N∏
i=1

[ai, bi]

)
=

N∏
i=1

(bi − ai),

where
N∏
i=1

[ai, bi] is the Cartesian product of the closed intervals [a1, b1], · · · ,

[aN , bN ] and is called an N -dimensional rectangle. This measure μ will be
denoted by m, which is called the Lebesgue measure on RN (c.f. Remark 2.1.5
below). Whenever considering spaces X = [0, 1] (or R), X = [0, 1]N ≡ [0, 1]×
· · · × [0, 1] (or RN ), or Borel subsets of these, we always assume that such sets
are equipped with the standard Lebesgue measure unless indicated otherwise.

In this book, we are mainly interested in a more specific measure space
defined as follows:
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Definition 2.1.5 A measure space (X,Σ, μ) is said to be σ-finite if X is a
countable union of its subsets with finite measure, i.e.,

X =
∞⋃
n=1

An, An ∈ Σ, μ(An) <∞, n = 1, 2, · · · .

Remark 2.1.4 (RN ,B,m) is obviously σ-finite; An may be chosen as the N -
dimensional ball of radius n centered at the origin for each positive
integer n.

Definition 2.1.6 A measure space (X,Σ, μ) is said to be finite if μ(X) <∞.
In particular, if μ(X) = 1, then the measure space is called a probability space
or a normalized measure space.

Definition 2.1.7 A measure space (X,Σ, μ) is said to be complete if whenever
A ∈ Σ and B ⊂ A, μ(A) = 0 implies B ∈ Σ.

Remark 2.1.5 Every measure space can be extended uniquely to a complete
measure space. Under the Lebesgue measure m, the completion of the Borel
measure space (RN ,B,m) is the Lebesgue measure space (RN ,L,m), where L is
the Lebesgue σ-algebra of Lebesgue measurable subsets of RN .

Remark 2.1.6 If a certain property involving the points of a measure space
is true except for a set of measure zero, then we say that the property is true
almost everywhere (abbreviated as a.e.). The notation μ-a.e. (or simply a.e. if
μ is understood) is sometimes used if the property is true almost everywhere
with respect to the measure μ.

We turn to the concept of measurable functions and the definition of their
integration.

Definition 2.1.8 Let (X,Σ, μ) be a measure space. A real-valued (or complex-
valued) function f : X → R (or C) is said to be measurable if f−1(G) ∈ Σ for
every open set G ⊂ R (or C), where f−1(G) ≡ {x ∈ X : f(x) ∈ G} is the
inverse image of G under f .

Remark 2.1.7 More generally, a transformation S : X → Y from a mea-
surable space (X,Σ) into a measurable space (Y,A) is said to be measurable if
S−1(A) ∈ Σ for each A ∈ A. Thus, a measurable function f is a measurable
transformation from (X,Σ) into (R,B). If X1 and X2 are topological spaces
with their respective Borel σ-algebras B1 and B2, then a continuous transfor-
mation S : X1 → X2 is a (Borel-) measurable transformation. In particular, a
continuous function on a topological space is a measurable function.

Definition 2.1.9 A measurable function f : X → [0,∞) on a measurable
space (X,Σ) is called a simple function if its range consists of finitely many
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points. In other words, f is a simple function if

f =
n∑
i=1

αiχAi , Ai ∈ Σ,

where χAi is the characteristic function of Ai as defined by (1.3).

Definition 2.1.10 Let (X,Σ, μ) be a measure space. If f : X → [0,∞) is a
simple function of the form

f =
n∑
i=1

αiχAi ,

where αi, i = 1, 2, · · · , n are the distinct values of f, and if A ∈ Σ, then the
Lebesgue integral of f over A is defined by∫

A

fdμ =
n∑
i=1

αiμ(Ai ∩A),

where the convention 0 · ∞ = 0 is used.

Definition 2.1.11 Let (X,Σ, μ) be a measure space, let f : X → R be an
arbitrary nonnegative measurable function, and let A ∈ Σ. Then, the Lebesgue
integral of f over A is defined as∫

A

fdμ = sup
{∫

A

sdμ : 0 � s � f, s are simple functions
}
.

If A = X, then
∫
X

fdμ is called the Lebesgue integral of f .

Given a real-valued function f on X , let

f+(x) = max{f(x), 0} and f−(x) = max{−f(x), 0},

for x ∈ X . The functions f+ and f− are called the positive part and the
negative part of f , respectively. We have the obvious equalities f = f+ − f−
and |f | = f+ + f−.

Definition 2.1.12 Let (X,Σ, μ) be a measure space, let f : X → R be a real-
valued measurable function, and let A ∈ Σ. Then, the Lebesgue integral of f
over A is defined by ∫

A

fdμ =
∫
A

f+dμ−
∫
A

f−dμ,

if at least one of the two numbers
∫
A

f+dμ and
∫
A

f−dμ is finite.
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Definition 2.1.13 Let (X,Σ, μ) be a measure space, let f : X → C be a

complex-valued measurable function, and let A ∈ Σ. If f = u+iv and
∫
A

|f |dμ <
∞, then the Lebesgue integral of f over A is defined by∫

A

fdμ =
∫
A

u+dμ−
∫
A

u−dμ+ i
(∫

A

v+dμ−
∫
A

v−dμ
)
.

If
∫
X

|f |dμ < ∞, then the function f is said to be Lebesgue integrable (with

respect to μ).

Remark 2.1.8 A complex-valued measurable function is integrable if and
only if its real part and imaginary part are both integrable. If f is a real-valued
measurable function, then the equality∫

X

|f |dμ =
∫
X

f+μ+
∫
X

f−dμ

is always true no matter whether f is integrable or not.

Remark 2.1.9 Sometimes we write
∫
A

fdμ as
∫
A

f(x)dμ(x) to emphasize the

independent variable x of the function f . In the case where A is an interval
or an N -dimensional rectangle, we may employ more conventional Riemann
integral notations for Lebesgue integrals, even if f may not be Riemann inte-

grable. For example, we often write
∫
[a,b]

fdμ as
∫ b

a

fdμ and
∫
[a,b]

f(x)dμ(x)

as
∫ b

a

f(x)dμ(x), and similarly for multi-dimensional integrals.

We give some basic properties of Lebesgue integration, the proof of which
can be found in any textbook on real analysis.

Proposition 2.1.1 Suppose that (X,Σ, μ) is a measure space and let f and g
be measurable functions on X.
(i) If g is a nonnegative and integrable function, and |f(x)| � g(x) for x ∈ X

μ-a.e., then f is integrable and∣∣∣∣
∫
X

fdμ
∣∣∣∣ �
∫
X

gdμ.

(ii)
∫
X

|f |dμ = 0 if and only if f = 0 μ-a.e.

(iii) If f and g are integrable and a and b are numbers, then the function
af + bg is integrable and∫

X

(af + bg)dμ = a
∫
X

fdμ+ b
∫
X

gdμ.
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(iv) Suppose that f is integrable and {An} is a sequence of disjoint measur-
able subsets of X. Then, ∫

∞⋃
n=1

An

fdμ =
∞∑
n=1

∫
An

fdμ.

(v) If f is integrable and
∫
A

fdμ = 0 for every A ∈ Σ, then f(x) = 0 for

x ∈ X μ-a.e.

Remark 2.1.10 Throughout this book, unless it is specifically stated to the
contrary, a measure space will always be understood to be σ-finite and complete,
and a function is always real-valued.

2.2 Basic Integration Theory

In this section, we list without proof the three fundamental convergence
theorems and some other important theorems for Lebesgue integration that
will be used throughout our book. Let (X,Σ, μ) be a measure space.

Theorem 2.2.1 (Lebesgue’s dominated convergence theorem) Suppose
that {fn} is a sequence of measurable functions on X such that the limit

lim
n→∞ fn(x) = f(x)

exists for x ∈ X a.e. If there is an integrable function g such that

|fn(x)| � g(x) x ∈ X a.e., ∀ n = 1, 2, · · · ,

then f and all fn are integrable. Moreover,

lim
n→∞

∫
X

|fn − f |dμ = 0 and lim
n→∞

∫
X

fndμ =
∫
X

fdμ.

Theorem 2.2.2 (Lebesgue’s monotone convergence theorem) Let {fn}
be a sequence of real-valued measurable functions on X, and suppose that
(i) 0 � f1(x) � f2(x) � · · · for x ∈ X a.e.,
(ii) lim

n→∞ fn(x) = f(x) for x ∈ X a.e.
Then, f is measurable and

lim
n→∞

∫
X

fndμ =
∫
X

fdμ.

Theorem 2.2.3 (Fatou’s lemma) If fn : X → [0,∞) is measurable for each
n = 1, 2, · · · , then ∫

X

lim inf
n→∞ fndμ � lim inf

n→∞

∫
X

fndμ.
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Measurable functions can be used to construct new measures on a measur-
able space, as the following theorem indicates.

Theorem 2.2.4 Suppose that f : X → [0,∞) is measurable and let the set
function μf be defined by

μf (A) =
∫
A

fdμ, ∀ A ∈ Σ.

Then, μf is a measure on Σ, and∫
X

gdμf =
∫
X

gfdμ

for every measurable function g : X → [0,∞).

The measure μf satisfies the property that μf (A) = 0 whenever μ(A) = 0.
Moreover, μf is a finite measure if and only if f is integrable. The following
theorem gives a very important converse to the above conclusion, which is of
fundamental importance for the definition of Frobenius-Perron operators that
will be studied extensively in this book.

Definition 2.2.1 Let μ be a measure on a σ-algebra Σ, and let ν be an ar-
bitrary measure on Σ; ν may be positive, real, or complex. We say that ν is
absolutely continuous with respect to μ, and write

ν � μ,

if ν(A) = 0 for every A ∈ Σ such that μ(A) = 0. If ν � μ and μ� ν both hold,
we say that the measures μ and ν are equivalent, written as μ ∼= ν.

Theorem 2.2.5 (Radon-Nikodym theorem) Let (X,Σ, μ) be a σ-finite
measure space and let ν be a real (or complex) measure which is absolutely
continuous with respect to μ. Then, there exists a unique μ-integrable function
f : X → R (or C) such that

ν(A) =
∫
A

fdμ, ∀ A ∈ Σ. (2.1)

Moreover, if ν � μ and ν is σ-finite, then (2.1) is still valid with a nonnegative
measurable function f which may not be μ-integrable.

The function f in (2.1) is called the Radon-Nikodym derivative of ν with
respect to μ and is sometimes written as f = dν/dμ.
We now introduce Lp-spaces which are very useful function spaces in ergodic

theory.



2.2 Basic Integration Theory 23

Definition 2.2.2 Let p be a real number such that 1 � p < ∞. The family
of all real-valued (or complex-valued) measurable functions f : X → R (or C)
satisfying ∫

X

|f |pdμ <∞

is denoted by Lp(X,Σ, μ). The space L∞(X,Σ, μ) is defined as the family of all
measurable functions which are bounded μ-a.e.

Two functions f1, f2 ∈ Lp(X,Σ, μ) are considered the same if f1(x) =
f2(x), x ∈ X μ-a.e. Thus, Lp(X,Σ, μ) becomes a vector space under the usual
function addition and scalar multiplication for any p ∈ [1,∞]. We shall some-
times write Lp instead of Lp(X,Σ, μ) if the measure space is understood, Lp(X)
if Σ and μ are understood, Lp(μ) if X and Σ are understood, or Lp(Σ) if X
and μ are understood. We note that L1 is exactly the space of all μ-integrable
functions.

The number ‖f‖p =
(∫

X

|f |pdμ
)1/p

is called the Lp-norm of f ∈ Lp for

p <∞ and the number ‖g‖∞ = ess sup
x∈X

|g(x)| is referred to as the L∞-norm of

g ∈ L∞. ‖f‖1 will be written as ‖f‖ or ‖f‖μ for the simplicity of notation since
this norm is mainly used in our book. ‖ · ‖p does define a norm on Lp for each
p ∈ [1,∞] since it satisfies the three axioms for a norm:
(i) ‖f‖p = 0 if and only if f = 0, or f(x) = 0 a.e.;
(ii) ‖af‖p = |a|‖f‖p for any f ∈ Lp and any scalar a;
(iii) ‖f + g‖p � ‖f‖p + ‖g‖p for all f, g ∈ Lp (triangle inequality).
It is well-known that under the above defined Lp-norm, Lp(X,Σ, μ) is a

Banach space, that is, a complete normed vector space. Moreover, under the
natural ordering relation among real-valued functions, Lp becomes a Banach
lattice [114]. Another useful property of the L1 space is that

‖f‖ = ‖f − g‖+ ‖g‖, (2.2)

for all real-valued functions f, g ∈ L1 such that f � g.
The dual space or just the dual of a Banach space, by definition, is the space

of all bounded linear functionals on it. The following theorem characterizes the
dual of Lp.

Theorem 2.2.6 Let 1 � p < ∞. The dual of Lp(X,Σ, μ) is isomorphic to
Lp
′
(X,Σ, μ), where 1/p+ 1/p′ = 1 for p > 1 and p′ =∞ if p = 1.

The dual relation between f ∈ Lp and g ∈ Lp′ is given by

〈f, g〉 ≡
∫
X

fgdμ,

which satisfies the Cauchy-Hölder inequality
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|〈f, g〉| � ‖f‖p‖g‖p′ , ∀ f ∈ Lp, g ∈ Lp′ . (2.3)

In ergodic theory, one often uses various notions of convergence for sequences
of functions.

Definition 2.2.3 A sequence of functions fn ∈ Lp, 1 � p < ∞ is weakly
Cesáro convergent to f ∈ Lp if

lim
n→∞

1
n

n−1∑
i=0

〈fi, g〉 = 〈f, g〉, ∀ g ∈ Lp
′
,

and is strongly Cesáro convergent to f ∈ Lp if

lim
n→∞

∥∥∥∥∥ 1n
n−1∑
i=0

fi − f
∥∥∥∥∥
p

= 0.

Definition 2.2.4 A sequence of functions fn ∈ Lp, 1 � p < ∞ is weakly
convergent to f ∈ Lp if

lim
n→∞〈fn, g〉 = 〈f, g〉, ∀ g ∈ Lp′ ,

and is strongly convergent to f ∈ Lp if

lim
n→∞ ‖fn − f‖p = 0.

Remark 2.2.1 From the Cauchy-Hölder inequality (2.3), we see that strong
convergence implies weak convergence. The converse is not true in general, as
demonstrated by the classic example of fn(x) = sin(nx) in L2(0, 1) [109].

2.3 Functions of Bounded Variation in One Variable

The concept of variation plays an important role in the compactness argu-
ment for L1 spaces, and thus will be a key concept for studying Frobenius-Perron
operators that are defined on L1 spaces. In this section, we first introduce the
classic definition of variation for functions of one variable, which will be used for
the statistical study of one-dimensional mappings. Then, in the next section,
we study the modern notion of variation for functions of several variables in
terms of Schwartz’s distribution theory.

Definition 2.3.1 Let f be a real-valued or complex-valued function defined on
an interval [a, b]. The variation of f on [a, b] is the nonnegative number (may
be ∞)

b∨
a

f = sup

{
n∑
i=1

|f(xi)− f(xi−1)| : a = x0 < x1 < · · · < xn = b
}
.

If
b∨
a
f <∞, we say that f is of bounded variation on [a, b].
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Since two L1 functions are viewed as the same in L1(a, b) if their values
are identical for almost all x ∈ [a, b] with respect to the Lebesgue measure, we
define the variation of a function f ∈ L1(a, b) as follows.

Definition 2.3.2 Let f ∈ L1(a, b). Then, its variation on [a, b] is defined to
be ∨

[a,b]

f = inf

{
b∨
a

g : g(x) = f(x), ∀ x ∈ [a, b] a.e.
}
.

If
∨
[a,b]

f <∞, then f is said to be of bounded variation on [a, b].

Some well-known properties of variation are summarized in the following
proposition. Their proofs are referred to, e.g., [109].

Proposition 2.3.1 (i) If f is a monotonic function on [a, b], then

b∨
a

f = |f(a)− f(b)|.

(ii) If f1, f2, · · · , fn are functions of bounded variation on [a, b], then so is
their sum, and

b∨
a

(f1 + · · ·+ fn) �
b∨
a

f1 + · · ·+
b∨
a

fn.

(iii) Let f be a function of bounded variation on [a, b] and let a = a0 < a1 <
· · · < an = b. Then, f is of bounded variation on [ai−1, ai] for i = 1, · · · , n and

a1∨
a0

f + · · ·+
an∨
an−1

f =
b∨
a

f.

(iv) If g : [s, t] → [a, b] is monotonically increasing or decreasing on [s, t]
and f is of bounded variation on [a, b], then the composition function f ◦ g is of
bounded variation on [s, t], and

t∨
s

f ◦ g �
b∨
a

f.

(v) If f is of bounded variation on [a, b] and g is continuously differentiable
on [a, b], then the product function fg is of bounded variation on [a, b], and

b∨
a

fg �
(
sup
x∈[a,b]

|g(x)|
)

b∨
a

f +
∫ b

a

|f(x)g′(x)|dx.
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In the special case that f(x) ≡ 1, we actually have the equality

b∨
a

g =
∫ b

a

|g′(x)|dx. (2.4)

Remark 2.3.1 The equality (2.4) is still true for absolutely continuous func-
tions on [a, b]. Although a function g of bounded variation has a Lebesgue
integrable derivative function, (2.4) may not hold in general (see [109]).

A less well-known but useful property for a function of bounded variation is
the so-called Yorke’s inequality, which will be needed in Section 5.2 for proving
the existence of fixed density functions of Frobenius-Perron operators associated
with piecewise second order continuously differentiable and stretching mappings
of an interval.

Proposition 2.3.2 (Yorke’s inequality) Let f be a function defined on
[0, 1] and let it be of bounded variation on [a, b] ⊂ [0, 1]. Then, the product
function fχ[a,b] of f and the characteristic function χ[a,b] is of bounded varia-
tion on [0, 1] and satisfies

1∨
0

fχ[a,b] � 2
b∨
a

f +
2

b− a

∫ b

a

|f(x)|dx. (2.5)

Proof Choose c ∈ [a, b] such that

|f(c)| � 1
b− a

∫ b

a

|f(x)|dx.

Then,

1∨
0

fχ[a,b]�
b∨
a

f + |f(a)|+ |f(b)|

�
b∨
a

f + |f(a)− f(c)|+ |f(c)− f(b)|+ 2|f(c)|

�2
b∨
a

f +
2

b− a

∫ b

a

|f(x)|dx. �

Let BV ≡ BV (a, b) be the set of all the functions in L1(a, b) with bounded
variation. Then, BV is clearly a vector subspace of L1. The set of all f ∈ BV

with
∫ b

a

f(x)dx = 0 is a vector subspace of BV and is denoted by BV0 ≡
BV0(a, b).
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For each f ∈ BV , we define the BV -norm of f as

‖f‖BV = ‖f‖+
∨
[a,b]

f. (2.6)

Then, the space BV equipped with the BV -norm ‖ · ‖BV is a Banach space
(see [109] for a proof; see also Corollary 2.4.1 in the next section). A significant
property of BV functions is the following classic result due to Helly [109].

Theorem 2.3.1 (Helly’s lemma) If a sequence {fn} of functions defined
on [a, b] is uniformly bounded in both integral and variation, that is, there is a
constant K such that

‖fn‖ � K,
b∨
a

fn � K, ∀ n = 1, 2, · · · ,

then there is a subsequence {fnk
} of {fn} such that

lim
k→∞

‖fnk
− f‖ = 0,

where f satisfies that ‖f‖ � K and
b∨
a
f � K.

2.4 Functions of Bounded Variation in Several Variables

The modern definition of variation for functions of several variables is based
on the concept of distributions or generalized functions in the theory of weakly
differentiable functions [126], and has found applications in such fields as mini-
mal surfaces [63] and the calculus of variation [105]. We employ this notion for
the existence of absolutely continuous invariant measures for multi-dimensional
transformations and the convergence analysis for their computation.
Let Ω ⊂ RN be a bounded open region and let k be a nonnegative inte-

ger. As standard notations in functions theory, Ck(Ω) is the space of all the
functions which have continuous partial derivatives up to order k in Ω , and
Ck0 (Ω) consists of those in Ck(Ω) with a compact support. Ck(Ω) consists of
all f ∈ Ck(Ω) whose partial derivatives up to order k are bounded and uni-
formly continuous. Ck(Ω ;RN ), Ck0 (Ω ;R

N ), and Ck(Ω ;RN) denote the corre-
sponding spaces of vector-valued functions, respectively. Elements in Ck(Ω) (or
Ck(Ω ;RN )) are called Ck-functions (or Ck-mappings, or Ck-transformations).
Let ‖ · ‖2 =

√
〈·, ·〉 denote the usual Euclidean vector 2-norm on RN induced

by the Euclidean inner product, and let ‖ · ‖ ≡ ‖ · ‖1 be the vector 1-norm on
RN . The space and norm notations for different function spaces, such as the
Sobolev spaces W k,p(Ω) and W 0,p(Ω) ≡ Lp(Ω), are used in a standard way
as in [63] or [126]. In particular, ‖ · ‖k,p is the Sobolev norm on W k,p(Ω) and
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‖ · ‖0,1 = ‖ · ‖. The norm on C10 (Ω ;RN ), which will be used for the definition of
variation below, is defined as ‖g‖∞ ≡ ‖g‖0,∞ = max{‖g(x)‖2 : ∀ x ∈ Ω} for
g ∈ C10 (Ω ;RN ).

Definition 2.4.1 ([63]) Let f ∈ L1(Ω). The number (may be ∞),

V (f ;Ω) = sup
{∫

Ω

f div g dm : g ∈ C10 (Ω ;RN ), ‖g(x)‖2 � 1, ∀ x ∈ Ω
}

is called the variation of f in Ω. Here, div g =
N∑
i=1

∂gi/∂xi is the divergence

of g.

Remark 2.4.1 The gradient of f ∈ L1(Ω) in the sense of distribution (or
generalized functions) will be denoted by Df [63], and so we can write V (f ;Ω)

as
∫
Ω

‖Df‖. The latter notation for the variation of f comes from the fact that

if f ∈ C1(Ω), then ∫
Ω

‖Df‖ =
∫
Ω

‖grad f‖dm,

where grad f = (∂f/∂x1, ∂f/∂x2, · · · , ∂f/∂xN)T is the gradient of f in the
classic sense, which is deduced from integration by parts,

∫
Ω

f div g dm = −
∫
Ω

N∑
i=1

∂f

∂xi
gi dm

for g ∈ C10 (Ω ;RN ). More generally, if f ∈W 1,1(Ω), then∫
Ω

‖Df‖ =
∫
Ω

‖grad f‖dm,

where grad f = (f1, f2, · · · , fN )T and each fi is the weak derivative of f in the
sense of Sobolev (see [126]).

Remark 2.4.2 When N = 1, the new definition of variation and the classic
one coincide [63]. That is, ∨

[a,b]

f = V (f ; (a, b)).

Definition 2.4.2 A function f ∈ L1(Ω) is said to have bounded variation
in Ω if V (f ;Ω) < ∞. We define BV ≡ BV (Ω) as the space of all functions
in L1(Ω) with bounded variation. BV0 ≡ BV0(Ω) is defined as the set of all

f ∈ BV (Ω) with
∫
Ω

fdm = 0.
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Remark 2.4.3 The notation Df actually represents a vector-valued Radon

measure ω = (ω1, ω2, · · · , ωN ) for f ∈ BV (Ω), and in fact,
∫
Ω

‖Df‖ is the

total variation of ω on Ω . More generally,
∫
A

‖Df‖ is the total variation of ω
on A for any measurable set A ⊂ Ω (see Remark 1.5 of [63] or [105]). Also,

the notation
∫
A

〈Df, g〉 means the integral of the vector-valued function g =

(g1, g2, · · · , gN)T, where gi ∈ L1(ωi) for each i, over A ⊂ Ω with respect to ω,
i.e., ∫

A

〈Df, g〉 ≡
∫
A

g · dω =
N∑
i=1

∫
A

gi dωi.

Finally, we have that

V (f ;Ω)= sup
{∫

Ω

〈Df, g〉 : g ∈ C10 (Ω ;RN ), ‖g(x)‖2 � 1, ∀ x ∈ Ω
}

=sup
{∫

Ω

〈Df, g〉 : g ∈ C1(Ω ;RN ), ‖g(x)‖2 � 1, ∀ x ∈ Ω
}
.

We present some important properties of variation in the remaining part of
the section.

Theorem 2.4.1 Let {fn} be a sequence of functions in BV (Ω) which con-
verges in L1(Ω) to a function f . Then,

V (f ;Ω) � lim inf
n→∞ V (fn;Ω). (2.7)

Proof Let g ∈ C10 (Ω ;RN ) be a vector-valued function such that ‖g(x)‖2 � 1
for all x ∈ Ω . Then,∫

Ω

f div g dm = lim
n→∞

∫
Ω

fn div g dm � lim inf
n→∞ V (fn;Ω).

Now (2.7) follows upon taking the supremum over all such g. �

Corollary 2.4.1 BV (Ω) is a Banach space under the BV -norm

‖f‖BV ≡ ‖f‖+ V (f ;Ω).

Proof The norm properties follow easily from the definitions of the L1-norm
and the variation of f , and so it remains to prove the completeness of the norm.
Suppose that {fn} is a Cauchy sequence in BV (Ω). Then, it is obviously a
Cauchy sequence in L1(Ω), and hence, by the completeness of L1(Ω), there is a
function f ∈ L1(Ω) such that lim

n→∞ fn = f in L
1(Ω). Since the number sequence
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{V (fn;Ω)} is uniformly bounded, by Theorem 2.4.1, f ∈ BV (Ω). Given any
positive integer k, since lim

n→∞(fn − fk) = f − fk under the L1-norm, Theorem
2.4.1 again implies that

V (f − fk;Ω) � lim inf
n→∞ V (fn − fk;Ω).

From lim
n,k→∞

V (fn − fk;Ω) = 0, we have lim
k→∞

V (f − fk;Ω) = 0. Therefore,
lim
n→∞ fn = f in BV (Ω). �

Remark 2.4.4 It follows from Remark 2.4.1 that the Sobolev space W 1,1(Ω)
is a closed subspace of BV (Ω) and ‖f‖1,1 = ‖f‖BV for any f ∈ W 1,1(Ω); see
also Remark 2.4.5 below.

The proof of the following theorem is referred to [63]. Let C∞(Ω) denote
the space of the functions which have all orders continuous partial derivatives
in Ω .

Theorem 2.4.2 Let f ∈ BV (Ω). Then, there exists a sequence {fn} in
C∞(Ω) such that

lim
n→∞ ‖fn − f‖ = 0 and lim

n→∞V (fn;Ω) = V (f ;Ω).

Remark 2.4.5 As a contrast to Theorem 2.4.2, for any f ∈ W 1,1(Ω), there
is a sequence {fn} in C∞(Ω) that satisfies

lim
n→∞ ‖fn − f‖ = 0 and lim

n→∞ V (fn − f ;Ω) = 0,

which implies that lim
n→∞ ‖fn − f‖1,1 = 0.

Now, we introduce the concept of the trace of a function in BV (Ω). In this
book we assume that the bounded open region Ω and any subregion Ω0 ⊂ Ω
involved are admissible (see [126] for its definition), for instance, a domain with
a piecewise Lipschitz continuous boundary, so that for any f ∈ BV (Ω) the
following trace function trΩf is well-defined on the boundary of Ω and the
subsequent two results are valid (see [63] or [126] for their proofs).

Definition 2.4.3 The trace function or just the trace of a function f ∈ BV (Ω)
is defined as

trΩf(x) = lim
r→0

1
m(B(x, r) ∩ Ω)

∫
B(x,r)∩Ω

fdm

for x ∈ ∂Ω a.e. with respect to the (N − 1)-dimensional Hausdorff measure H
for the boundary ∂Ω of Ω, where B(x, r) is the N -dimensional ball centered at
x with radius r.
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Theorem 2.4.3 Let Ω0 ⊂ Ω. If f ∈ BV (Ω), then for g ∈ C10 (Ω ;RN ),∫
Ω0

f div g dm = −
∫
Ω0

〈Df, g〉+
∫
∂Ω0

trΩ0f〈g,n〉 dH,

where n is the unit outward normal vector to ∂Ω0.

Theorem 2.4.4 There exists a constant κ(Ω) such that∫
∂Ω

|trΩf | dH � κ(Ω)‖f‖BV , ∀ f ∈ BV (Ω).

At the end of this section, we introduce a classical definition of variation
due to Tonnelli [63] for functions defined on an N -dimensional rectangle Ω =
N∏
i=1

[ai, bi].

Definition 2.4.4 Denote by P i the coordinate projection of RN onto RN−1

given by P i(x1, x2, · · · , xN ) = (x1, · · · , xi−1, xi+1, · · · , xN ). Then, the Tonnelli
variation of a function f : Ω → R is defined as∨

(f ;Ω) = max
1�i�N

∫
P i(Ω)

∨
[ai,bi]

f dmN−1,

where
∨

[ai,bi]

f is the variation of the single-variable function

fP i(x1,x2,··· ,xN)(xi) ≡ f(x1, · · · , xi, · · · , xN )

on [ai, bi] and mN−1 denotes the Lebesgue measure on RN−1. If
∨
(f ;Ω) <∞,

then we say that f is of bounded variation in the sense of Tonnelli.

From Theorem 5.3.5 in Ziemer [126] and its proof, we have

Proposition 2.4.1 For the two definitions V (f ;Ω) and
∨
(f ;Ω) of the vari-

ation of a function f defined on an N -dimensional rectangle Ω =
N∏
i=1

[ai, bi],

∨
(f ;Ω) � V (f ;Ω) � N

∨
(f ;Ω).

2.5 Compactness and Quasi-compactness

The concept of compactness is a key one in studying the convergence problem
of a sequence of the iterates related to Frobenius-Perron operators in the sequel.
In the first part of this section, we shall study the strong compactness and the
weak compactness for L1 spaces, while the concept of quasi-compactness for a
bounded linear operator on a Banach space which is a subspace of an L1 space
will be studied in the second part of the section.
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2.5.1 Strong and Weak Compactness

Let (X,Σ, σ) be a measure space and let F be a subset of L1(X).

Definition 2.5.1 The set F is said to be (strongly) precompact if for every
sequence {fn} in F , there is a subsequence {fni} of {fn} such that

lim
i→∞

‖fni − f̄‖ = 0

for some f̄ ∈ L1. If in addition F is closed in L1, then F is said to be compact.

The Euclidean space RN can be viewed as L1(X), where X = {1, 2, · · · , N}
with the counting measure. It is well-known that a subset A of RN is precompact
if and only if A is bounded. Thus, any closed and bounded subset of RN is
compact.

Definition 2.5.2 The set F is said to be weakly precompact if every sequence
{fn} in F contains a subsequence {fni} which converges weakly to some f̄ ∈
L1(X), i.e.,

lim
i→∞

〈fni , g〉 = 〈f̄ , g〉, ∀ g ∈ L∞(X).

If in addition F is closed in the weak topology of L1(X), then F is said to be
weakly compact.

Remark 2.5.1 Since strong convergence implies weak convergence, it is ob-
vious that if F is precompact, then it is also weakly precompact. Any subset
of a strongly or weakly precompact set is itself strongly or weakly precompact.

The proof of the following criteria for the compactness can be seen in,
e.g., [57].

Proposition 2.5.1 Let g ∈ L1. Then, the set

F = {f ∈ L1 : |f(x)| � |g(x)|, ∀ x ∈ X a.e.}

is weakly compact. In particular, if μ(X) < ∞, then any bounded subset of
L∞(X) is weakly precompact in L1(X).

Proposition 2.5.2 Suppose that μ(X) < ∞ and p > 1. Then any bounded
subset of Lp(X) is weakly precompact in L1(X).

A very useful technique in the compactness argument for L1 spaces is the
following generalization of the classic Helly’s lemma.

Theorem 2.5.1 Let Ω be a bounded region in RN such that its boundary ∂Ω
is Lipschitz continuous. Then, bounded closed subsets of BV (Ω) are compact
in L1(Ω).
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Proof Suppose that {fn} is a sequence in BV (Ω) such that ‖fn‖BV � M
uniformly, whereM is a constant. For each n, by Theorem 2.4.2, we can choose
gn ∈ C∞(Ω) such that∫

Ω

|gn − fn| dm <
1
n
and ‖gn‖BV �M + 2, n = 1, 2, · · · .

By the Rellich theorem [1], the sequence {gn} is precompact in L1(Ω), so it
contains a subsequence which converges in L1(Ω) to a function f . By Theorem
2.4.1, f ∈ BV (Ω) and ‖f‖BV �M , and f is the limit of a subsequence extracted
from the original sequence {fn}. �

We end this subsection by stating a characterization for the weak compact-
ness of subsets of L1(X) with μ(X) <∞. Its proof is referred to [57] (Theorem
IV.8.9).

Theorem 2.5.2 Let (X,Σ, μ) be a finite measure space. Then, F ⊂ L1(X) is
weakly precompact if and only if
(i) F is bounded in L1(X), and

(ii) the integrals
∫
A

fdμ are uniformly countably additive in the sense that

for any ε > 0, there is δ > 0 such that∣∣∣∣
∫
A

fdm
∣∣∣∣ < ε

for all A ⊂ X with μ(A) < δ and all f ∈ F .

2.5.2 Quasi-Compactness

Let T : V → V be a bounded linear operator on a Banach space (V, ‖ · ‖V ).

Definition 2.5.3 T is said to be compact if it maps bounded sets to precompact
sets.

The following is a classic result (see, e.g., [57]).

Proposition 2.5.3 Suppose that for any sequence {fn} in V such that {fn}
converges weakly to some f ∈ V, the sequence {Tfn} converges strongly to f .
Then, T : V → V is compact.

Compact operators constitute a class of important bounded linear opera-
tors. However, the Frobenius-Perron operator, which will be defined formally
in Chapter 4, is not compact on L1 in general. The concept of quasi-compactness
plays a more important role in the analysis of Frobenius-Perron operators on
different function subspaces of L1.
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Definition 2.5.4 ([79]) T is said to be quasi-compact if there exists a positive
integer r and a compact operator K such that

‖T r −K‖V < 1. (2.8)

In the book, we often let (V, ‖ · ‖V ) = (BV (Ω), ‖ · ‖BV ), where Ω is a
bounded region of RN , and we shall study quasi-compact Frobenius-Perron
operators restricted to the dense subspace BV (Ω) of L1(Ω). From Corollary
2.4.1 we know that BV (Ω) is itself a Banach space under the variation norm
‖ · ‖BV , and Theorems 2.4.1 and 2.5.1 imply that closed bounded subsets of
(BV (Ω), ‖ · ‖BV ) are compact in L1(Ω).
There are a number of equivalent definitions for quasi-compact linear oper-

ators. One of them can be stated as the following theorem (see [14, 57]).

Theorem 2.5.3 T : V → V is quasi-compact if and only if there are bounded
linear operators {Qλ : λ ∈ Λ} and R on V such that

T n =
∑
λ∈Λ

λnΦλ +Rn, ∀ n = 1, 2, · · · ,

ΦλΦλ′ = 0 if λ �= λ′,
Φ2λ = Φλ, ∀ λ ∈ Λ,
ΦλR = RΦλ = 0, ∀ λ ∈ Λ,
ΦλV = D(λ), ∀ λ ∈ Λ,
r(R) < 1,

where Λ is the set of the eigenvalues of T with modulus 1, D(λ) = {f ∈ V :
Tf = λf} is the eigenspace of T associated with eigenvalue λ, and r(R) =
lim
n→∞ ‖Rn‖1/nV is the spectral radius of R.

The following classical Ionescu-Tulcea and Marinescu theorem [14] gives a
very useful sufficient condition for the quasi-compactness of a bounded linear
operator on a dense subspace of L1.

Theorem 2.5.4 (Ionescu-Tulcea and Marinescu theorem) Let Ω be a
bounded region of RN , and let (V, ‖ · ‖V ) be a Banach space such that V is a
dense vector subspace of L1(Ω). Let T : V → V be a bounded linear operator
with respect to both the norm ‖ · ‖V and the norm ‖ · ‖. Assume that
(i) if fn ∈ V for n = 1, 2, · · · , f ∈ L1(Ω), lim

n→∞ ‖fn − f‖ = 0, and ‖fn‖V �
M for all n, then f ∈ V and ‖f‖V �M, where M is a constant;
(ii) sup

n�0
{‖T nf‖/‖f‖ : f ∈ V, f �= 0} <∞;

(iii) there exist k � 1, 0 < α < 1, and β <∞ such that

‖T kf‖V � α‖f‖V + β‖f‖, ∀ f ∈ V ; (2.9)
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(iv) if V0 is a bounded subset of (V, ‖·‖V ), then T kV0 is precompact in L1(Ω).
Then, Λ has only a finite number of elements, D(λ) is finite dimensional for
each λ ∈ Λ, and T : (V, ‖ · ‖V )→ (V, ‖ · ‖V ) is quasi-compact.

Exercises

2.1 Let f(x) = sinx. Show that f ∈ BV [0, 2π] and calculate V (x) ≡
x∨
0

f for

x > 0.
2.2 Let

f(x) =

⎧⎨
⎩ x2 sin

1
x
, 0 < x � 2π,

0, x = 0.

Show that f ∈ BV (0, 2π).
2.3 Let

f(x) =
{
x sin 1x , 0 < x � 2π,
0, x = 0.

Show that f is not of bounded variation on [0, 2π].
2.4 Show that if a function f is of bounded variation on [a, b], then it is
bounded on [a, b].
2.5 Show that the product of two functions of bounded variation on [a, b] is
also of bounded variation on [a, b].
2.6 Let f, g be functions of bounded variation on [a, b] such that g(x) � c > 0
for x ∈ [a, b]. Show that the quotient function f/g is also of bounded variation
on [a, b].
2.7 Show that Lipschitz continuous functions on [a, b] are of bounded variation
on [a, b].
2.8 Let (X,Σ, μ) be a finite measure space and let 1 � p1 � p2 � ∞. Show
that every strongly precompact subset of Lp2 is also strongly precompact in
Lp1 . Is the same true for weak precompactness?
2.9 Consider the following four families of functions:
(i) fa(x) = ae−ax, a � 1;
(ii) fa(x) = ae−ax, 0 � a � 1;
(iii) fa(x) = e−x sin ax, a � 1;
(iv) fa(x) = e−x sinax, 0 � a � 1.

Which of these families is weakly and/or strongly precompact in L1(0,∞)?
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Abstract We give a short introduction to ergodic theory and its applications to

topological dynamical systems. First we study the general properties of measure pre-
serving transformations. Then we introduce the concepts of ergodicity, mixing, and

exactness that describe different levels of chaotic behavior of the deterministic dynam-

ics. The classic Birkhoff pointwise ergodic theorem and von Neumann mean ergodic

theorem are stated, and some characteristics of ergodicity, mixing and exactness in

terms of function sequences convergence are also presented.

Keywords Measure preserving transformation, ergodicity, mixing, exactness, er-

godic theorems, topological dynamical systems, Frobenius-Perron operators on mea-

sures, unique ergodicity.

There are two fundamental questions in ergodic theory and its applications.
One is the investigation of useful properties of measure preserving transforma-
tions on measure spaces, ergodic invariants, and the spectral analysis of related
linear operators. The other is about the existence of important invariant mea-
sures for various classes of measurable transformations, and their spectral prop-
erties and statistical consequences. We study the first question in this chapter.
We shall introduce some classic ergodic theorems, and apply these convergence
theorems to characterizing ergodicity, mixing, and exactness of the given dy-
namical systems. These properties represent different levels of the degree of
chaotic behaviors of deterministic systems.
In the first three sections, we study the general properties of measure pre-

serving transformations on measure spaces, while in Section 3.4 we focus on the
ergodic theory of continuous transformations defined on compact metric spaces.
The concept of Frobenius-Perron operators will be introduced in the next chap-
ter to study the existence of absolutely continuous invariant finite measures,
that is an answer to the second question above.

3.1 Measure Preserving Transformations

Let (X,Σ, μ) be a measure space. As usual, it is assumed to be σ-finite.

Definition 3.1.1 A transformation S : X → X is called measurable if S−1(A)



3.1 Measure Preserving Transformations 37

∈ Σ for each A ∈ Σ.

Definition 3.1.2 A measurable transformation S : X → X is said to be
measure preserving or to preserve μ, or alternatively, the measure μ is said
to be S-invariant or invariant under S, if

μ(S−1(A)) = μ(A), ∀ A ∈ Σ. (3.1)

Remark 3.1.1 It is practically difficult to check (3.1) for every measurable
set in the above definition. In practice, if (3.1) is valid for all measurable sets
in a subclass π which is closed under the intersection operation of its members
and which generates Σ, i.e., Σ is the smallest σ-algebra that contains π, then
μ is invariant under S [8]. The subclass π with the above property is called a
π-system.

Another sufficient and necessary condition for the S-invariance of μ is given
by the following result, which is also a consequence of the dual relation of
Frobenius-Perron operators and Koopman operators under the additional as-
sumption of nonsingularity for S in the next chapter.

Proposition 3.1.1 Let S : X → X be a measurable transformation of a finite
measure space (X,Σ, μ). Then, the measure μ is S-invariant if and only if∫

X

g(x)dμ(x) =
∫
X

g(S(x))dμ(x), ∀ g ∈ L∞. (3.2)

Proof If (3.2) is satisfied, then by letting g = χA for any A ∈ Σ and noting
that χA ◦ S = χS−1(A), we have

μ(A) =
∫
X

χAdμ =
∫
X

χA ◦ Sdμ =
∫
X

χS−1(A)dμ = μ(S−1(A)),

so S preserves μ.

Conversely, if μ is invariant under S, then
∫
X

χAdμ =
∫
X

χA ◦ Sdμ for all
A ∈ Σ. Thus, (3.2) holds for all simple functions, and so a limit process shows
that (3.2) is true for all g ∈ L∞. �

In the following, we give several examples of measure preserving transfor-
mations.

Example 3.1.1 The identity transformation I : X → X of any measure space
(X,Σ, μ) defined by I(x) = x, ∀ x ∈ X is measure preserving.

Example 3.1.2 The tent function T : [0, 1]→ [0, 1] defined by (1.2) is measure
preserving with respect to the Lebesgue measure m on the interval [0, 1].
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Example 3.1.3 Let k be a positive integer greater than or equal to 2. Then,
the k-adic transformation

S(x) = kx (mod 1), ∀ ∈ [0, 1]

is m-invariant.

Proof We first note that the family of all closed intervals [a, b] ⊂ [0, 1] is
a π-system which generates the Borel σ-algebra of [0, 1]. The inverse image
S−1([a, b]) of [a, b] is the disjoint union of k subintervals of length (b− a)/k, so
m(S−1([a, b])) = m([a, b]). Thus, m is S-invariant from Remark 3.1.1. �

The same argument applies to the next several examples.

Example 3.1.4 The translation mapping

S(x) = x+ a (mod 1), ∀ x ∈ [0, 1],

where a is a real number, preserves the Lebesbue measure m on [0, 1].

Example 3.1.5 Let ∂D be the unit circle of the complex plane C. Given
a ∈ ∂D, then the rotation mapping R : ∂D→ ∂D defined by

R(z) = az, ∀ z ∈ ∂D

preserves the Harr measure on ∂D.

Proof Note that the Harr measure is exactly the same as the normalized
Lebesgue measure on the circle, and the invariance follows from the facts that
the family of all closed arcs of ∂D is a π-system and is a generator for the Borel
σ-algebra of ∂D and that the rotation mapping preserves the length of any
arc. �

Remark 3.1.2 By the same token, any translation mapping S(x) = ax on a
compact group G preserves the Harr measure on G, where a is a fixed element of
G. More generally, any continuous isomorphism of G is Harr measure invariant.

Our last example concerns the logistic model that we encountered in Chap-
ter 1.

Example 3.1.6 The quadratic mapping

S(x) = 4x(1− x), ∀ x ∈ [0, 1]

preserves the absolutely continuous probability measure μ of the interval [0, 1]
given by

μ(A) =
∫
A

1
π
√
x(1 − x)

dx, ∀ A ∈ B.
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Proof. We use Proposition 3.1.1 since verification of (3.1) is tedious even for
A = [a, b]. A direct computation shows that

∫ 1

0

g(x)dμ(x) =
∫ 1

0

g(x)
1

π
√
x(1 − x)

dx =
2
π

∫ π
2

0

g(sin2 θ)dθ

and∫ 1

0

g(S(x))dμ(x)=
∫ 1

0

g(4x(1− x)) 1
π
√
x(1− x)

dx

=
2
π

∫ π
2

0

g(sin2(2θ))dθ=
1
π

∫ π
0

g(sin2 t)dt=
2
π

∫ π
2

0

g(sin2 t)dt,

so the result follows. �

3.2 Ergodicity, Mixing and Exactness

Chaotic discrete dynamical systems are closely related to the concept of
transitivity of orbits, which is related to the property of indecomposability of the
transformation. In this section, we shall introduce the concepts of ergodicity,
mixing, and exactness that give different levels of the chaotic behavior.

3.2.1 Ergodicity

If for a measure preserving transformation S : (X,Σ, μ)→ (X,Σ, μ), there is
a nontrivial set A ∈ Σ different from X such that S−1(A) = A, then S−1(Ac) =
Ac, and so the dynamics of S on X can be decomposed into two parts: S|A :
A→ A and S|Ac : Ac → Ac. If this cannot happen, then we have the property
of ergodicity. A set A is said to be S-invariant or an invariant set of S if it
satisfies

S−1(A) = A.

Definition 3.2.1 Let (X,Σ, μ) be a measure space. A measurable transfor-
mation S : X → X is said to be ergodic if every invariant set A ∈ Σ of S is
such that either μ(A) = 0 or μ(Ac) = 0. In other words, S is ergodic if and
only if its invariant sets or their complements are equal to the empty set almost
everywhere. Such sets are called trivial subsets of X.

Determining whether a given transformation is ergodic or not is difficult
in general from the definition. However, the following theorem may be of use
sometimes. First, we need the definition of nonsingular transformations.

Definition 3.2.2 A measurable transformation S from a measure space (X,Σ,
μ) into itself is said to be nonsingular if μ(A) = 0 implies μ(S−1(A)) = 0.
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Theorem 3.2.1 Let (X,Σ, μ) be a measure space and let S : X → X be a
nonsingular transformation. Then, S is ergodic if and only if, for every bounded
measurable function f : X → R,

f(S(x)) = f(x), ∀ x ∈ X μ-a.e. (3.3)

implies that f(x) is constant almost everywhere.

Proof Suppose that S is ergodic. If (3.3) is satisfied by a nonconstant bounded
function f , then there is some real number a such that the setsA = S−1((−∞, a])
and B = S−1((a,∞)) have positive measures. Since

S−1(A)={x : S(x) ∈ A} = {x : f(S(x)) � a}
={x : f(x) � a} = A

and a similar equality holds for B, we have a decomposition of X into nontrivial
invariant sets A and B of S, which contradicts the assumption that S is ergodic.
Conversely, assume that S is not ergodic. By Definition 3.2.1, there is a

nontrivial invariant set A ∈ Σ of S. Then, the function χA is nonconstant.
Moreover, since S−1(A) = A,

χA(S(x)) = χS−1(A)(x) = χA(x), ∀ x ∈ X μ-a.e.,

and so (3.3) is satisfied by the nonconstant function χA. �

Any function f satisfying (3.3) is called an invariant function.

Example 3.2.1 The rotation mapping of Example 3.1.5 is not ergodic if a =
eiθ, where θ/2π is rational. For example, if θ = π/3, then the union of the
arcs with end points ei(k−1)π/6 and eikπ/6 for k = 1, 2, · · · , 6 is a nontrivial
invariant set of the rotation. When θ/2π is irrational, the rotation mapping
becomes ergodic, which can be proved by using Theorem 4.3.3 (i) which will be
presented in Section 4.3 (see Example 4.4.1 in [82]).

Theorem 3.2.2 below provides another equivalent condition of ergodicity
in terms of the limit of a sequence of Cesáro averages for measure preserving
transformations.

Theorem 3.2.2 Let (X,Σ, μ) be a probability measure space and let S : X →
X be measure preserving. Then, S is ergodic if and only if for all A,B ∈ Σ,

lim
n→∞

1
n

n−1∑
i=0

μ(S−i(A) ∩B) = μ(A)μ(B). (3.4)

Proof For the sufficiency part, suppose that S is not ergodic with respect to
μ. Then, there are A, B ∈ Σ that are nontrivial disjoint invariant sets of S.
Since S−n(A) ∩B = ∅ for each n, the left-hand side of (3.4) is zero, while the
right-hand side μ(A)μ(B) > 0. The necessity of (3.4) for ergodicity is an easy
consequence of the Birkhoff pointwise ergodic theorem in the next section. �
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3.2.2 Mixing and Exactness

The characterization (3.4) of ergodicity motivates the following definitions
of mixing and weakly mixing, which give stronger notions of irregularity for the
deterministic dynamics.

Definition 3.2.3 Let (X,Σ, μ) be a probability measure space and let S : X →
X be a measure preserving transformation. S is said to be mixing if for all
A,B ∈ Σ,

lim
n→∞μ(S

−n(A) ∩B) = μ(A)μ(B). (3.5)

Definition 3.2.4 Let (X,Σ, μ) be a probability measure space and let S : X →
X be a measure preserving transformation. S is said to be weakly mixing if for
all A,B ∈ Σ,

lim
n→∞

1
n

n−1∑
i=0

∣∣μ(S−i(A) ∩B)− μ(A)μ(B)∣∣ = 0.
By using the simple fact that

lim
n→∞ an = L implies limn→∞

1
n

n−1∑
i=0

ai = L (3.6)

for any sequence {an} of numbers, we see that if S is mixing, then it is weakly
mixing which obviously implies ergodicity of S by Theorem 3.2.2. Mixing can
be interpreted as that the fraction of the points starting in B that ended up in
A after n iterations as n increases without bound is just given by the product
of the measures of A and B and is independent of where they are in X .

Example 3.2.2 The dyadic transformation S(x) = 2x (mod 1) preserves the
Lebesgue measure m. Let A = [0, a]. Then, we see easily that S−n(A) consists
of the 2n subintervals [

i

2n
,
i+ a
2n

]
, i = 0, 1, · · · , 2n − 1.

It follows that m(S−n(A) ∩ B) → m(A)m(B) as n → ∞. More generally, the
k-adic transformation is mixing.

For the dyadic transformation, since Sn(x) = 2nx (mod 1), we deduce that
Sn([0, a]) = [0, 1] eventually for any a > 0. This implies that m(Sn(A))→ 1 for
any nontrivial measurable setA ⊂ [0, 1] as n→ ∞. This property of “exactness”
is made precise by the following definition due to Rochlin [112].
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Definition 3.2.5 Let (X,Σ, μ) be a probability measure space and let S : X →
X be a measure preserving transformation such that SΣ ⊂ Σ, where SΣ ≡
{S(A) : A ∈ Σ}. S is said to be exact if for all A ∈ Σ such that μ(A) > 0,

lim
n→∞μ(S

n(A)) = 1. (3.7)

It can be shown that exactness implies mixing; see Theorem 4.3.3 in the
next chapter. Thus, the four notions of exactness, mixing, weakly mixing,
and ergodicity give a hierarchy of chaotic behaviors. The following theorem
characterizes exactness in terms of a specially defined sub-σ-algebra.

Theorem 3.2.3 Let (X,Σ, μ) be a probability measure space and let S : X →
X be a measure preserving transformation such that SΣ ⊂ Σ. Then, S is exact
if and only if the sub-σ-algebra

ΣT ≡
∞⋂
n=0

S−nΣ

consists of only the sets of μ-measure 0 or 1.

Proof Suppose that there is A ∈ ΣT with 0 < μ(A) < 1. Then, A = S−nAn,
where An ∈ Σ for each n. We have μ(A) = μ(An) since S preserves μ. The
inclusion Sn(A) = Sn(S−nAn) ⊂ An implies that μ(Sn(A)) � μ(A) < 1 for all
n. Hence, S is not exact.
Now, assume that ΣT consists of the sets of μ-measure 0 or 1. Suppose that

there is A ∈ Σ such that μ(A) > 0 and (3.7) is not true. Then, without loss of
generality, we may assume that μ(Sn(A)) � r for some r < 1 and all n. Since
the set sequence {S−n(Sn(A))} is monotonically increasing with respect to the
inclusion relation, the set B =

∞⋃
n=0

S−n(Sn(A)) ∈ ΣT. Since B ⊃ A, we have

μ(B) � μ(A) > 0, so μ(B) = 1 by the assumption. On the other hand,

μ(B) = lim
n→∞μ(S

−n(Sn(A))) = lim
n→∞μ(S

n(A)) � r < 1,

hence we are led to a contradiction. �

Remark 3.2.1 Invertible transformations cannot be exact. In fact, if S is an
invertible measure preserving transformation on a probability measure space,
then for A ∈ Σ with μ(A) < 1,

μ(S(A)) = μ(S−1(S(A))) = μ(A).

This implies by induction that μ(Sn(A)) = μ(A) for any n, which violates (3.7).

Remark 3.2.2 Exactness means that the images of any nontrivial set A ∈ Σ
will spread and completely fill the space X eventually. Mixing means that
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the images of any set B ∈ Σ under the iteration of S become independent
of any fixed set A ∈ Σ asymptotically. Weak mixing means that B becomes
independent of A if we neglect a finite number of times. Ergodicity means that
B becomes independent of A on the average.

Remark 3.2.3 It is sufficient to check the convergence properties on a π-
system generating Σ in Theorem 3.2.2, Definitions 3.2.3—3.2.5 for ergodicity,
mixing, weak mixing, and exactness.

3.3 Ergodic Theorems

Invariant measures describe the asymptotic statistical distribution of individ-
ual orbits of the iterates under the measure preserving transformation for almost
all initial points with respect to the measure. Let S : (X,Σ, μ) → (X,Σ, μ) be
a measure preserving transformation. A typical question about the statistical
properties of the dynamics is on the frequency of the iterates Sn(x) of x that
fall into a given set A ∈ Σ.
The nth iterate Sn(x) belongs to A if and only if χA(Sn(x)) = 1. Therefore,

the number of the elements among the first n iterates{
x, S(x), S2(x), · · · , Sn−1(x)

}
that visits the set A is exactly the same as

n−1∑
i=0

χA(Si(x)), and so the relative

frequency of such elements entering A is equal to the fraction n−1
n−1∑
i=0

χA(Si(x)).

The asymptotic behavior of these frequencies is indicated by the following
Birkhoff pointwise ergodic theorem published in 1931.

Theorem 3.3.1 (Birkhoff’s pointwise ergodic theorem) Let (X,Σ, μ)
be a measure space and let S : (X,Σ, μ) → (X,Σ, μ) be a measure preserving
transformation. Then, for each f ∈ L1(μ), there exists a function f̃ ∈ L1(μ)
such that f̃(S(x)) = f̃(x), x ∈ X μ-a.e. and

lim
n→∞

1
n

n−1∑
i=0

f(Si(x)) = f̃(x), ∀ x ∈ X μ-a.e.

Furthermore, if μ(X) <∞, then
∫
X

f̃dμ =
∫
X

fdμ.

While we do not intend to prove this classic result, we point out that the last
conclusion of the above theorem follows from Theorem 2.2.1 and Proposition
3.1.1.
By Theorem 3.2.1, if S is ergodic, then f ◦ S = f implies that f is constant

almost everywhere. Thus, immediately we have
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Corollary 3.3.1 If S is ergodic, then f̃ is a constant function, and if in ad-
dition μ(X) <∞, then

f̃ =
1

μ(X)

∫
X

fdμ.

Consequently, if μ(X) = 1 and S is ergodic, then

lim
n→∞

1
n

n−1∑
i=0

χA(Si(x)) = μ(A), ∀ x ∈ X μ-a.e., (3.8)

which means that the orbit of μ almost every point of X enters the set A with
an asymptotic relative frequency μ(A).

Remark 3.3.1 (3.8) gives immediately the necessity of (3.4) for the ergodicity
of a measure preserving transformation on a finite measure space.

Using functional analysis for unitary operators, von Neumann proved the
following mean ergodic theorem for p = 2 in 1931, the proof of which is referred
to [79].

Theorem 3.3.2 (von Neumann’s mean ergodic theorem) Let (X,Σ, μ)
be a finite measure space, let S : (X,Σ, μ)→ (X,Σ, μ) be a measure preserving
transformation, and let 1 � p < ∞. Then, for each f ∈ Lp(μ), there exists a
function f̃ ∈ Lp(μ) such that f̃(S(x)) = f̃(x), ∀ x ∈ X μ-a.e., and

lim
n→∞

∥∥∥∥∥ 1n
n−1∑
i=0

f ◦ Si − f̃
∥∥∥∥∥
p

= 0.

The following ergodic theorem expresses the concepts of ergodicity, weak
mixing, mixing, and exactness in functional form. This is useful for checking
whether concrete transformations have the mixing properties. It will also be
used in the proof of Theorem 3.4.9.

Theorem 3.3.3 Let (X,Σ, μ) be a probability measure space and let S : (X,Σ,
μ)→ (X,Σ, μ) be a measure preserving transformation.
(i) The following are equivalent:
(1) S is ergodic.
(2) For all f, g ∈ L2(μ),

lim
n→∞

1
n

n−1∑
i=0

∫
X

(f ◦ Si)gdμ =
∫
X

fdμ
∫
X

gdμ.

(3) For all f ∈ L2(μ),

lim
n→∞

1
n

n−1∑
i=0

∫
X

(f ◦ Si)fdμ =
(∫

X

fdμ
)2
.
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(ii) The following are equivalent:
(1) S is weakly mixing.
(2) For all f, g ∈ L2(μ),

lim
n→∞

1
n

n−1∑
i=0

∣∣∣∣
∫
X

(f ◦ Si)gdμ−
∫
X

fdμ
∫
X

gdμ
∣∣∣∣ = 0. (3.9)

(3) For all f ∈ L2(μ),

lim
n→∞

1
n

n−1∑
i=0

∣∣∣∣∣
∫
X

(f ◦ Si)fdμ−
(∫

X

fdμ
)2∣∣∣∣∣ = 0.

(4) For all f ∈ L2(μ),

lim
n→∞

1
n

n−1∑
i=0

[∫
X

(f ◦ Si)fdμ−
(∫

X

fdμ
)2]2

= 0.

(iii) The following are equivalent:
(1) S is mixing.
(2) For all f, g ∈ L2(μ),

lim
n→∞

∫
X

(f ◦ Sn)gdμ =
∫
X

fdμ
∫
X

gdμ. (3.10)

(3) For all f ∈ L2(μ),

lim
n→∞

∫
X

(f ◦ Sn)fdμ =
(∫

X

fdμ
)2
. (3.11)

(iv) Under the additional assumption that SΣ ⊂ Σ, S is exact if for all
f ∈ L2(μ),

lim
n→∞

∫
X

(
f ◦ Sn −

∫
X

fdμ
)2
dμ = 0. (3.12)

Proof (i), (ii), (iii) can be proved using similar methods. We just prove (iii)
to illustrate the ideas before proving (iv). Readers can finish the proof of (i)
and (ii) with a slight modification.

The proof of (iii):
(2) ⇒ (1). This follows by putting f = χA, g = χB in (3.10) for A, B ∈ Σ

and Definition 3.2.3 for a mixing transformation.
(1) ⇒ (3). Definition 3.2.3 means that (3.10) is valid for f = χA, g = χB

with A, B ∈ Σ. Using linear combinations of characteristic functions, we see
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that (3.10) is true for all simple functions f and g. In particular, (3.11) is
satisfied by all simple functions h.
Now, suppose that f ∈ L2(μ), and let ε > 0 be given. Choose a simple

function h such that ‖f − h‖2 < ε, and choose a positive integer n(ε) such that
n � n(ε) implies ∣∣∣∣∣

∫
X

(h ◦ Sn)hdμ−
(∫

X

hdμ
)2∣∣∣∣∣ < ε.

Then, for n � n(ε),
∣∣∣∣∣
∫
X

(f ◦ Sn)fdμ−
(∫

X

fdμ
)2∣∣∣∣∣

�
∣∣∣∣
∫
X

(f ◦ Sn)fdμ−
∫
X

(h ◦ Sn)fdμ
∣∣∣∣

+
∣∣∣∣
∫
X

(h ◦ Sn)fdμ−
∫
X

(h ◦ Sn)hdμ
∣∣∣∣

+

∣∣∣∣∣
∫
X

(h ◦ Sn)hdμ−
(∫

X

hdμ
)2∣∣∣∣∣

+

∣∣∣∣∣
(∫

X

hdμ
)2

−
∫
X

fdμ
∫
X

hdμ

∣∣∣∣∣
+

∣∣∣∣∣
∫
X

fdμ
∫
X

hdμ−
(∫

X

fdμ
)2∣∣∣∣∣

�
∣∣∣∣
∫
X

[(f − h) ◦ Sn] fdμ
∣∣∣∣+
∣∣∣∣
∫
X

(h ◦ Sn)(f − h)dμ
∣∣∣∣+ ε

+
∣∣∣∣
∫
X

hdμ
∣∣∣∣
∣∣∣∣
∫
X

(h− f)dμ
∣∣∣∣+
∣∣∣∣
∫
X

fdμ
∣∣∣∣
∣∣∣∣
∫
X

(h− f)dμ
∣∣∣∣

�‖f − h‖2‖f‖2 + ‖f − h‖2‖h‖2 + ε
+‖h‖2‖f − h‖2 + ‖f‖2‖h− f‖2

� ε‖f‖2 + ε(‖f‖2 + ε) + ε+ (‖f‖2 + ε)ε+ ε‖f‖2,

where the third inequality is from the Cauchy-Schwarz inequality. Therefore,
(3.11) holds for all f ∈ L2(μ).
(3) ⇒ (2). Let f ∈ L2(μ) and let W denote the smallest closed vector

subspace of L2(μ) that contains f and all the constant functions and satisfies
the condition that g ◦ S ∈ W for all g ∈ W . The set

V ≡
{
g ∈ L2(μ) : lim

n→∞

∫
X

(f ◦ Sn)gdμ =
∫
X

fdμ
∫
X

gdμ
}
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is a closed vector subspace of L2(μ) that contains f and all the constant func-
tions. It is clear that g ∈ V implies g ◦ S ∈ V . So V ⊃ W . On the other

hand, if g ∈ W⊥, the orthogonal complement of W in L2(μ), then
∫
X

gdμ = 0

and
∫
X

(f ◦ Sn)gdμ = 0 for all n � 0. Therefore, W⊥ ⊂ V , which implies that

V = L2(μ).

The proof of (iv):
Suppose that (3.12) is true. Let A ∈ Σ be such that μ(A) > 0 and define

fA(x) = χA(x)/μ(A) for x ∈ X . Then, lim
n→∞ ‖fA ◦ Sn − 1‖2 = 0. Since μ is

S-invariant, by Proposition 3.1.1,
∫
X

χSn(A) ◦ Sndμ =
∫
X

χSn(A)dμ, so

μ(Sn(A))=
∫
X

χSn(A)dμ

=
∫
X

fA(χSn(A) ◦ Sn)dμ−
∫
X

(fA − 1)χSn(A) ◦ Sndμ

=
∫
S−n(Sn(A))

fAdμ−
∫
S−n(Sn(A))

(fA − 1)dμ

=1−
∫
Sn(A)

(fA − 1) ◦ Sndμ = 1−
∫
Sn(A)

(fA ◦ Sn − 1)dμ

�1−
∫
X

|fA ◦ Sn − 1|dμ � 1− ‖fA ◦ Sn − 1‖2 → 1

as n→ ∞. Thus, S is exact. �

Remark 3.3.2 A subset A of a Banach space B is said to be a fundamental
set of B if all linear combinations of elements of A are dense in B. In the
above theorem, it is enough to require the convergence conditions for f and g
belonging to fundamental sets of L2(μ).

3.4 Topological Dynamical Systems

In the previous sections, we have studied the measure-theoretic properties
of measure preserving transformations of general measure spaces. The subject
of topological dynamical systems studies the asymptotic properties of contin-
uous transformations of topological spaces. In this section, we present some
basic concepts of topological dynamics and several general results concerning
invariant measures for continuous transformations on compact metric spaces.
Let (X, d(·, ·)) be a compact metric space and let C(X) be the Banach space

of all continuous functions defined onX with the max-norm ‖f‖∞ = max
x∈X

|f(x)|
for f ∈ C(X). When X = [a, b], we write C[a, b] instead of C([a, b]). Given a
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continuous transformation S : X → X , we denote by U ≡ US : C(X)→ C(X)
the composition operator defined by Uf(x) = f(S(x)). In the next chapter,
when we study Frobenius-Perron operators, this operator U will be called the
Koopman operator which is defined on L∞(X) with a given measure μ on X .
The composition operator U is clearly linear and multiplicative, i.e., U(f · g) =
(Uf)(Ug). It can also be used in the statement of the ergodic theorems in the
previous section.

Example 3.4.1 Let Y = {0, 1, · · · , k − 1} with the discrete topology. Let

X =
∞∏

n=−∞
Y with the product topology which is equivalent to the topology

induced by the metric on X given by

d(x, y) =
∞∑

n=−∞

|xn − yn|
2|n|

,

where x = {xn}∞n=−∞, y = {yn}∞n=−∞ ∈ X . Then, the two-sided shift S : X →
X , defined by S(x) = y with yn = xn+1 for all n, is a homeomorphism of X ,
that is, S is one-to-one and onto, and both S : X → X and S−1 : X → X are

continuous. If we let X =
∞∏
n=0

Y with the product topology, then the one-sided

shift S({x0, x1, x2, · · · }) = {x1, x2, x3, · · · } is a continuous transformation on
X . The inverse image under S of any point consists of k points.

Example 3.4.2 Suppose that S : X → X is the two-sided shift as above. Let
A = (aij)k−1i,j=0 be a (0, 1) matrix of order k × k, i.e., aij ∈ {0, 1} for all i, j =
0, 1, · · · , k − 1. Denote XA = {{xn}∞n=−∞ ∈ X : axnxn+1 = 1, ∀ n}. In other
words, XA consists of all the bi-sequences {xn}∞n=−∞ whose neighboring pairs
are “allowed” by the matrixA. Then, XA is a closed subset of X and S(XA) =
XA, so that S : XA → XA is a homeomorphism of XA, which is called the
sub-shift of finite type (or two-sided topological Markov chain) determined by the
matrix A. In particular, if aij ≡ 1, then XA = X , and if A = I, the identity
matrix, then XA consists of the k points {0}∞−∞, {1}∞−∞, · · · , {k − 1}∞−∞. One
can define one-sided topological Markov chains similarly. Sub-shifts of finite type
are important models in some diffeomorphisms with significant applications in
statistical physics [13].

In the following, we first study the topological properties of continuous trans-
formations, and then we explore the ergodic properties of such transformations.

Definition 3.4.1 A homeomorphism S : X → X of a compact metric space
X is said to be minimal if for any x ∈ X, the bi-sequence {Sn(x)}∞n=−∞, which
is also called the orbit of x, is dense in X.

Theorem 3.4.1 Let S : X → X be a homeomorphism of a compact metric
space X. Then, the following are equivalent:
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(i) S is minimal.
(ii) If F is a closed subset of X such that S(F ) = F, then F = ∅ or F = X.

(iii)
∞⋃

n=−∞
Sn(G) = X for any nonempty open subset G of X.

Proof (i) ⇒ (ii). Suppose that S is minimal and let F be a nonempty closed
subset of X such that S(F ) = F . Let x ∈ F . Since the orbit of x is contained
in F and is dense in X , it is clear that F = X .
(ii) ⇒ (iii). If G is a nonempty open subset of X , then the set F =( ∞⋃
−∞
Sn(G)

)c
is closed and S(F ) = F . Since F �= X , we have F = ∅.

(iii) ⇒ (i). Given x ∈ X . Let G be any nonempty open subset of X . By
(iii), x ∈ Sn(G) for some integer n. So, S−n(x) ∈ G, and thus the orbit of x is
dense in X . �

Theorem 3.4.1 (ii) means that a minimal transformation of a compact metric
space is “indecomposable” like an ergodic transformation of a measure space.
The following theorem shows that it has no invariant nonconstant continuous
function, similar to Theorem 3.2.1 for ergodic transformations.

Theorem 3.4.2 Suppose that S : X → X is a minimal homeomorphism of a
compact metric space X. If USf = f for some f ∈ C(X), then f is a constant
function.

Proof The condition f ◦S = f implies that f ◦Sn = f for all integers n. Since
S is minimal, we know that f is constant on the dense orbit of any x ∈ X . The
fact that f is continuous ensures that it must be a constant function. �

Now we introduce topological transitivity, a concept which is a bit weaker
than minimality.

Definition 3.4.2 A continuous transformation S : X → X on a compact
metric space X is called one-sided topologically transitive if there exists some
x ∈ X such that the orbit {Sn(x)}∞n=0 is dense in X. A homeomorphism
S : X → X is said to be topologically transitive if there is some x ∈ X such
that the orbit {Sn(x)}∞n=−∞ is dense in X.

Theorem 3.4.3 Let S : X → X be a homeomorphism of a compact metric
space X. Then, the following are equivalent:
(i) S is topologically transitive.
(ii) If F is a closed subset of X such that S(F ) = F, then either F = X or

F is nowhere dense.
(iii) If G1 and G2 are nonempty open subsets of X, then there exists some

integer n such that Sn(G1) ∩G2 �= ∅.
(iv) The set of all points x ∈ X whose orbit {Sn(x)}∞n=−∞ is dense in X is

a dense intersection of a countable collection of open sets.
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Proof (i) ⇒ (ii). Suppose that {Sn(x0)}∞n=−∞ is dense in X and let F ⊂ X
be closed with S(F ) = F . If F has no interior, then there is a nonempty open
set G ⊂ F . Thus, there is an integer n with Sn(x0) ∈ G. It follows from G ⊂ F
that the orbit of x0 is contained in F . Since the orbit of x0 is dense in X, we
must have F = X .
(ii) ⇒ (iii). Suppose that G1 and G2 are nonempty open subsets of X .

Then,
∞⋃

n=−∞
Sn(G1) is open and S-invariant, so it is dense by condition (ii).

Thus,
∞⋃

n=−∞
Sn(G1) ∩ G2 �= ∅, which implies that Sn(G1) ∩ G2 �= ∅ for some

integer n.
(iii) ⇒ (iv). Let G1, G2, · · · , Gn, · · · be a countable base for X . Then,

∞⋂
n=1

∞⋃
i=−∞

Si(Gn) is the set of all points x ∈ X whose orbit is dense in X . Since
∞⋃

i=−∞
Si(Gn) is dense for each n by condition (iii), we have (iv).

(iv) ⇒ (i). This is obvious. �

Similarly, we can prove the following theorem for one-sided topological tran-
sitivity.

Theorem 3.4.4 Let S : X → X be a continuous transformation of a compact
metric space X with S(X) = X. Then, the following are equivalent:
(i) S is one-sided topologically transitive.
(ii) If F is a closed subset of X such that S(F ) ⊂ F, then either F = X or

F is nowhere dense.
(iii) If G1 and G2 are nonempty open subsets of X, then there exists an

integer n � 1 such that S−n(G1) ∩G2 �= ∅.
(iv) The set of all points x ∈ X whose orbit {Sn(x)}∞n=0 is dense in X is a

dense intersection of a countable collection of open sets.

The following theorem indicates that ergodicity implies topological transi-
tivity in some sense.

Theorem 3.4.5 Let S : X → X be a homeomorphism of a compact metric
space X and let μ be a probability measure on the Borel σ-algebra of X such that
μ(G) > 0 for every nonempty open subset G of X. If S is an ergodic measure
preserving transformation with respect to μ, then the orbit {Sn(x)}∞n=−∞ of x
is dense in X for x ∈ X μ-a.e. Consequently, S is topologically transitive.

Proof As in the proof of Theorem 3.4.3, letG1, G2, · · · , Gn, · · · be a countable
base for X . Then,

∞⋂
n=1

∞⋃
i=−∞

Si(Gn) is the set of all points x ∈ X whose orbit is



3.4 Topological Dynamical Systems 51

dense in X . For each n the open set
∞⋃

i=−∞
Si(Gn) is S-invariant, so by ergodicity

it has the measure 0 or 1. But, since this set contains Gn and since μ(Gn) > 0

by assumption, we have μ
( ∞⋃
i=−∞

Si(Gn)
)
= 1 for every n. Therefore,

μ

( ∞⋂
n=1

∞⋃
i=−∞

Si(Gn)

)
= 1. �

We turn to the study of invariant measures for continuous transformations
on compact metric spaces. Let B(X) be the σ-algebra of Borel subsets of a
compact metric space X generated by the family of all the open subsets of X
(also by the family of all the closed subsets of X). We denote byM(X) the col-
lection of all probability measures defined on the measurable space (X,B(X)).
Any μ ∈ M(X) is called a Borel probability measure on X . The following
Riesz’s representation theorem [57] basically gives an isomorphic relation be-
tween M(X) and the collection of all normalized positive linear functionals on
C(X).

Theorem 3.4.6 (Riesz’s representation theorem) Let X be a compact
metric space and let w be a continuous linear functional on C(X) such that
w(f) � 0 for f � 0 and w(1) = 1. Then, there exists a unique μ ∈M(X) such

that w(f) =
∫
X

fdμ for all f ∈ C(X).

A direct corollary of Theorem 3.4.6 is

Corollary 3.4.1 If μ and ν are two Borel probability measures on X such that∫
X

fdμ =
∫
X

fdν for all f ∈ C(X), then μ = ν.

From Theorem 3.4.6, M(X) can be identified with a convex subset of the
unit closed ball in the dual space C(X)∗ of all continuous linear functionals on
C(X). The induced topology of M(X) is called the weak*-topology of M(X)
inherited from C(X)∗, which is the smallest topology ofM(X) that makes each

of the functionals f(μ) =
∫
X

fdμ, ∀ μ ∈M(X) continuous for all f ∈ C(X).

Thus, a sequence {μn} of measures in M(X) converges to a measure μ ∈
M(X) under the weak*-topology if and only if

lim
n→∞

∫
X

fdμn =
∫
X

fdμ

for each f ∈ C(X). Moreover, this topology is induced by the metric

d(μ, ν) =
∞∑
n=1

∣∣∫
X fndμ−

∫
X fndν

∣∣
2n‖fn‖∞

,
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where {fn}∞n=1 is a dense subset of C(X) [123].
By functional analysis [57], the unit ball of C(X)∗ is compact in the weak*-

topology. Therefore, we have the following important result which plays a key
role in the proof of the existence theorem of invariant measures in this section.

Theorem 3.4.7 If X is a compact metric space, then M(X) is compact under
the weak*-topology.

We shall show that for any continuous transformation S of a compact metric
space X , there exists an S-invariant probability measure. For this purpose, we
define an operator P ≡ PS :M(X)→M(X) by Pμ = μ ◦ S−1, i.e.,

(Pμ)(A) = μ(S−1(A)), ∀ A ∈ B(X), ∀ μ ∈M(X).

The correspondence from μ to Pμ is called the Frobenius-Perron operator on
measures (in contrast with Frobenius-Perron operators on functions defined in
the next chapter), which is well-defined since S is continuous implies that S
is measurable with respect to B(X). Furthermore, it is easy to show that
P :M(X)→M(X) is continuous in the weak*-topology.

Lemma 3.4.1 For any f ∈ C(X),∫
X

fd(PSμ) =
∫
X

f ◦ Sdμ. (3.13)

Proof By the definition of PS we have
∫
X

χAd(PSμ) =
∫
X

χA ◦ Sdμ for any

A ∈ B(X). Thus, (3.13) is valid for simple functions. By Lebesgue’s monotone
convergence theorem, (3.13) holds when f is a nonnegative measurable function
via choosing a monotonically increasing sequence of simple functions converging
to f . It follows that (3.13) is true for any f ∈ C(X). �

Corollary 3.4.2 μ ∈M(X) is S-invariant if and only if
∫
X

fdμ =
∫
X

f ◦Sdμ
for all f ∈ C(X).

We are ready to prove the following existence theorem due to Krylov and
Bogolioubov .

Theorem 3.4.8 (Krylov-Bogolioubov theorem) If S : X → X is a con-
tinuous transformation of a compact metric space X, then there is an S-invariant
measure μ ∈M(X).

Proof Let P : M(X)→ M(X) be the corresponding Frobenius-Perron oper-
ator on measures. Choose μ ∈ M(X) and define a sequence {μn} of measures
in M(X) by

μn =
1
n

n−1∑
i=0

P iμ.
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By the compactness of M(X) in the weak*-topology, there is a subsequence
{μnj} of {μn} such that lim

j→∞
μnj = μ∗ ∈M(X). For any f ∈ C(X),∣∣∣∣

∫
X

f ◦ Sdμ∗ −
∫
X

fdμ∗
∣∣∣∣

= lim
j→∞

∣∣∣∣
∫
X

f ◦ Sdμnj −
∫
X

fdμnj

∣∣∣∣
= lim
j→∞

∣∣∣∣∣ 1nj
∫
X

nj−1∑
i=0

(
f ◦ Si+1 − f ◦ Si

)
dμ

∣∣∣∣∣
= lim
j→∞

∣∣∣∣ 1nj
∫
X

(f ◦ Snj − f) dμ
∣∣∣∣

� lim
j→∞

2‖f‖∞
nj

= 0.

By Corollary 3.4.2, μ∗ is S-invariant. �

Let μ ∈ M(X) be an invariant measure of S : X → X . We say that μ is
ergodic, weakly mixing, or mixing if the measure preserving transformation S of
the measure space (X,B(X), μ) has the corresponding property, respectively.
Theorem 3.3.3 says that μ is ergodic if and only if ∀ f, g ∈ L2(μ),

lim
n→∞

1
n

n−1∑
i=0

∫
X

(f ◦ Si)gdμ =
∫
X

fdμ
∫
X

gdμ,

and that μ is weakly mixing or mixing if and only if (3.9) or (3.10) is valid,
respectively. The following Theorem 3.4.9 characterizes such properties in the
context of topological dynamics. For its proof, a modification of Theorem 3.3.3
is needed here.

Lemma 3.4.2 Let S : X → X be a continuous transformation of a compact
metric space X and let μ ∈M(X) be an invariant measure of S. Then,
(i) μ is ergodic if and only if for all f ∈ C(X) and g ∈ L1(μ),

lim
n→∞

1
n

n−1∑
i=0

∫
X

(f ◦ Si)gdμ =
∫
X

fdμ
∫
X

gdμ.

(ii) μ is weakly mixing if and only if there exists a set J of positive integers
of density zero, i.e.,

lim
n→∞

cardinality(J ∩ {0, 1, · · · , n− 1})
n

= 0,

such that for all f ∈ C(X) and g ∈ L1(μ),

lim
J 	̄n→∞

∫
X

(f ◦ Sn)gdμ =
∫
X

fdμ
∫
X

gdμ.
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(iii) μ is mixing if and only if for all f ∈ C(X) and g ∈ L1(μ),

lim
n→∞

∫
X

(f ◦ Sn)gdμ =
∫
X

fdμ
∫
X

gdμ.

Proof (i) Suppose that the convergence condition holds. Let F, G ∈ L2(μ).
Then, G ∈ L1(μ), so

lim
n→∞

1
n

n−1∑
i=0

∫
X

(f ◦ Si)Gdμ =
∫
X

fdμ
∫
X

Gdμ, ∀ f ∈ C(X).

Now, approximate F in L2(μ) by continuous functions to get

lim
n=∞

1
n

n−1∑
i=0

∫
X

(F ◦ Si)Gdμ =
∫
X

Fdμ
∫
X

Gdμ,

which, by means of Theorem 3.3.3 (i), implies that μ is ergodic.
Conversely, suppose that μ is ergodic. Let f ∈ C(X). Then f ∈ L2(μ). So,

if h ∈ L2(μ), we have

lim
n→∞

1
n

n−1∑
i=0

∫
X

(f ◦ Si)hdμ =
∫
X

fdμ
∫
X

hdμ.

If g ∈ L1(μ), then by approximating g with h ∈ L2(μ) under the L1-norm, we
obtain

lim
n→∞

1
n

n−1∑
i=0

∫
X

(f ◦ Si)gdμ =
∫
X

fdμ
∫
X

gdμ.

The proofs of (ii) and (iii) are similar by using Theorem 3.3.3 (ii) and (iii),
respectively. And in the proof of (ii) we also need the following proposition
about sequences of real numbers whose proof is referred to [123] (Theorem
1.20). �

Proposition 3.4.1 If {an} is a bounded sequence of real numbers, then the
following are equivalent:

(i) lim
n→∞n

−1 n−1∑
i=0

|ai| = 0.

(ii) lim
n→∞n

−1 n−1∑
i=0

|ai|2 = 0.

(iii) There exists a subset J of positive integers of density zero such that
lim

J 	̄n→∞
an = 0.
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Theorem 3.4.9 Let S : X → X be a continuous transformation of a com-
pact metric space X, let P be the corresponding Frobenius-Perron operator on
measures, and let μ ∈M(X) be an S-invariant measure. Then,
(i) μ is ergodic if and only if for any ν ∈M(X) and ν � μ,

lim
n→∞

1
n

n−1∑
i=0

P iν = μ. (3.14)

(ii) μ is weakly mixing if and only if there exists a set J of positive integers
of density zero such that

lim
J 	̄n→∞

Pnν = μ

for any ν ∈M(X) and ν � μ.
(iii) μ is mixing if and only if for any ν ∈M(X) and ν � μ, we have

lim
n→∞P

nν = μ.

Proof (i) Suppose that μ is ergodic. Let ν ∈ M(X) and ν � μ. Then,
g = dν/dμ ∈ L1(μ) and is a density function. If f ∈ C(X), then Lemma 3.4.2
(i) implies that

∫
X

fd

(
1
n

n−1∑
i=0

P iν

)
=
1
n

n−1∑
i=0

∫
X

f ◦ Sidν

=
1
n

n−1∑
i=0

∫
X

(f ◦ Si)gdμ→
∫
X

fdμ
∫
X

gdμ

=
∫
X

fdμ
∫
X

1dν =
∫
X

fdμ.

Therefore, (3.14) is true.
Conversely, suppose that the convergence condition (3.14) holds. Let g ∈

L1(μ) and g � 0. Define ν ∈M(X) by

ν(A) =

∫
A
gdμ∫

X gdμ
, ∀ A ∈ B(X).

Then, for f ∈ C(X), (3.14) implies that

lim
n→∞

1
n

n−1∑
i=0

∫
X

(f ◦ Si)gdμ =
∫
X

fdμ
∫
X

gdμ. (3.15)

Let g ∈ L1(μ). Then, g = g+ − g− and g+, g− � 0. Applying the above to g+
and g−, we see that (3.15) is satisfied by all f ∈ C(X) and g ∈ L1(μ). Hence,
μ is ergodic thanks to Lemma 3.4.2 (i).
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The proofs of (ii) and (iii) are similar and use the corresponding parts of
Lemma 3.4.2. �

The following theorem strengthens Birkhoff’s pointwise ergodic theorem in
the case of topological dynamical systems.

Theorem 3.4.10 Let S : X → X be a continuous transformation of a compact
metric space X and let μ ∈M(X) be S-invriant and ergodic. Then, there exists
Y ∈ B(X) with μ(Y ) = 1 such that

lim
n→∞

1
n

n−1∑
i=0

f(Si(x)) =
∫
X

fdμ, ∀ x ∈ Y, ∀ f ∈ C(X). (3.16)

Proof Let {fk}∞k=1 be a countable dense subset of C(X). By Birkhoff’s point-
wise ergodic theorem, for each k there exists Xk ∈ B(X) such that μ(Xk) = 1
and

lim
n→∞

1
n

n−1∑
i=0

fk(Si(x)) =
∫
X

fkdμ, ∀ x ∈ Xk.

Denote Y =
∞⋂
k=1

Xk. Then, μ(Y ) = 1 and

lim
n→∞

1
n

n−1∑
i=0

fk(Si(x)) =
∫
X

fkdμ, ∀ x ∈ Y, ∀ k � 1.

Thus, (3.16) follows from approximating a given f ∈ C(X) by members of
{fk}∞k=1. �

Theorem 3.4.10 implies another characterization of ergodicity.

Theorem 3.4.11 Let S : X → X be a continuous transformation of a compact
metric space X and let μ ∈ M(X) be S-invariant. Then, μ is ergodic if and
only if

lim
n→∞

1
n

n−1∑
i=0

δSi(x) = μ, ∀ x ∈ X μ-a.e.

Proof The necessity part is from Theorem 3.4.10 immediately. For the suffi-
ciency part, suppose that there is Y ∈ B(X) with μ(Y ) = 1 such that

lim
n→∞

1
n

n−1∑
i=0

δSi(x) = μ, ∀ x ∈ Y.

Then, for all x ∈ Y, f ∈ C(X), and g ∈ L1(μ), we have

lim
n→∞

1
n

n−1∑
i=0

f(Si(x))g(x) =
∫
X

fdμ · g(x).
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Lebesgue’s dominated convergence theorem now yields

lim
n→∞

1
n

n−1∑
i=0

∫
X

f(Si(x))g(x)dμ(x) =
∫
X

fdμ
∫
X

gdμ,

which implies that μ is ergodic. �

To end this section, we study the situation when there is only one invariant
measure for the given S.

Definition 3.4.3 A continuous transformation S : X → X of a compact
metric space X is called uniquely ergodic if there is only one S-invariant Borel
probability measure.

Unique ergodicity is closely related to minimality as the following result
shows.

Theorem 3.4.12 Let S : X → X be a homeomorphism of a compact met-
ric space X. Suppose that S is uniquely ergodic with the invariant probability
measure μ. Then, S is minimal if and only if μ(G) > 0 for all nonempty open
subsets G of X.

Proof Suppose that S is minimal. If G is nonempty and open, then X =
∞⋂

n=−∞
Sn(G) by Theorem 3.4.1 (iii). So μ(G) > 0.

Conversely, suppose that μ(G) > 0 for all nonempty open sets G. If S is
not minimal, then by Theorem 3.4.1 (ii), there is a nonempty closed set F such
that S(F ) = F and F �= X . By Theorem 3.4.8, the homeomorphism S : F → F
has an invariant Borel probability measure μF . Then, the measure ν on X
defined by ν(A) = μF (F ∩A) for all Borel subsets A of X is S-invariant. Since
F c is nonempty and open, μ(F c) > 0 by the assumption. Thus, ν �= μ since
ν(F c) = 0. This contradicts the unique ergodicity of S. �

If S is uniquely ergodic, then the conclusion of Theorem 3.4.10 can be
strengthened.

Theorem 3.4.13 Let S : X → X be a continuous transformation of a compact
metric space X. Then, the following are equivalent:
(i) S is uniquely ergodic.

(ii) For each f ∈ C(X), the sequence
{
n−1

n−1∑
i=0

f(Si(x))
}

converges uni-

formly to a constant for all x ∈ X.

(iii) For each f ∈ C(X), the sequence
{
n−1

n−1∑
i=0

f(Si(x))
}

converges point-

wisely to a constant for all x ∈ X.
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(iv) There exists an invariant probability measure μ such that for all f ∈
C(X) and all x ∈ X,

lim
n→∞

1
n

n−1∑
i=0

f(Si(x)) =
∫
X

fdμ.

Proof (i) ⇒ (ii). Let μ be the unique invariant Borel probability measure of
S. If (ii) is false, then there exists a function g ∈ C(X) and a number ε > 0
such that for any positive integer n0 there is n > n0 and xn ∈ X with∣∣∣∣∣ 1n

n−1∑
i=0

g(Si(xn))−
∫
X

gdμ

∣∣∣∣∣ � ε. (3.17)

In other words,
∣∣∣∣
∫
X

gdμn −
∫
X

gdμ
∣∣∣∣ � ε, where

μn =
1
n

n−1∑
i=0

δSi(xn) =
1
n

n−1∑
i=0

P iSδxn .

Since the sequence {μn} is precompact in the weak*-topology, it has a sub-
sequence {μni} that converges to some ν ∈ M(X). Moreover, the proof of
Theorem 3.4.8 implies that ν is an invariant probability measure. Taking limit

ni → ∞ in (3.17) gives
∣∣∣∣
∫
X

gdν −
∫
X

gdμ
∣∣∣∣ � ε, so ν �= μ. This contradicts the

unique ergodicity of S.
(ii) ⇒ (iii). It is obvious.
(iii) ⇒ (iv). The given condition defines a linear functional

w(f) = lim
n→∞

1
n

n−1∑
i=0

f(Si(x)), ∀ f ∈ C(X).

This functional is continuous since for all n,∣∣∣∣∣ 1n
n−1∑
i=0

f(Si(x))

∣∣∣∣∣ � ‖f‖∞.

It is clear that w(1) = 1 and w(f) � 0 if f � 0. Thus, by the Riesz
representation theorem there exists a Borel probability measure μ such that

w(f) =
∫
X

fdμ, ∀ f ∈ C(X). Since w(f ◦ S) = w(f) by a direct computation,∫
X

f ◦ Sdμ =
∫
X

fdμ for all f ∈ C(X), which implies that μ is S-invariant by

Corollary 3.4.2.
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(iv) ⇒ (i). Suppose that ν is an S-invariant Borel probability measure.
Since

lim
n→∞

1
n

n−1∑
i=0

f(Si(x)) = f̃ , ∀ x ∈ X,

where f̃ =
∫
X

fdμ. Integrating the above equality with respect to ν and using

Lebesgue’s dominated convergence theorem give∫
X

fdν =
∫
X

f̃dν = f̃ =
∫
X

fdμ.

Hence, ν = μ by Corollary 3.4.1. Therefore, S is uniquely ergodic. �

Exercises

3.1 Show that
(i) S−1(A) ∩ S−1(B) = S−1(A ∩B).
(ii) S−1(A) ∪ S−1(B) = S−1(A ∪B).
(iii) S(S−1(A)) ⊂ A and S−1(S(A)) ⊃ A.

Give examples with strict inclusions. Prove: if S is one-to-one, then the first
inclusion is reduced to equality, and if S is onto, then equality holds in the
second inclusion.
3.2 Show by examples that S−1(S(A)) �= A in general for a measurable trans-
formation S.
3.3 Let (X,Σ, μ) be a measure space, let S : X → X be a measurable trans-
formation, and let A ∈ Σ. Prove that:
(i) If either A ∩ (S−1(A))c or S−1(A) ∩ Ac has measure 0, then A is S-

invariant.
(ii) If μ(X) < ∞ and μ(A) � μ(S−1(A)) for all A ∈ Σ, then μ is invariant

with respect to S. Is the assumption μ(X) <∞ essential?
(iii) A is S-invariant if and only if χA ◦ S = χA.
(iv) If S is nonsingular and if either μ(A) = 0 or μ(Ac) = 0, then A is

S-invariant.
3.4 Let S : [0, 1]→ [0, 1] be the Gauss map defined by

S(x) =

⎧⎪⎨
⎪⎩

0, if x = 0,{
1
x

}
, if x �= 0,

where {t} is the fractional part of t. Show that the probability measure μ
defined by

μ(A) =
1
ln 2

∫
A

1
1 + x

dx
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is S-invariant.
3.5 Let S(x) = 2x, ∀ x ∈ R. Show that S is not measure preserving with
respect to the Lebesgue measure on R. If we let S(x, y) = (2x, y/2), then S is
measure preserving with respect to the Lebesgue measure on R2.
3.6 Let S : [0, 1]2 → [0, 1]2 be the baker transformation defined by

S(x, y) =

⎧⎪⎪⎨
⎪⎪⎩

(
2x,
1
2
y

)
, x ∈

[
0,
1
2

)
,(

2x− 1, 1
2
y +
1
2

)
, x ∈

[
1
2
, 1
]
.

Show that S preserves the Lebesgue measure m on [0, 1]2.
3.7 Let S : X → X be a measurable transformation on a measure space
(X,Σ, μ). Show that the set function defined by ν(A) = μ(S−1(A)), ∀ A ∈ Σ
defines a measure on X .
3.8 Let S : X → X be a measurable transformation on a measure space
(X,Σ, μ). Show that if μ is Sn-invariant for some positive integer n, then the

measure η = n−1
n−1∑
i=0

μ ◦ S−i is S-invariant.
3.9 Let S : X → X and A ⊂ X . Define

B = lim
n→∞S

−n(A) ≡
∞⋂
i=1

( ∞⋃
n=i

S−n(A)

)
.

Prove that
(i) B = {x ∈ X : x ∈ S−n(A) for infinitely many n}.
(ii) S−1(B) = B.
(iii) If S is measure preserving, and if A is measurable and S-invariant, then

μ(B) = μ(A).
3.10 Let S : [0, 1] → [0, 1] be the translation mapping defined in Example
3.1.4. Show that S is ergodic with respect to the Lebesgue measure m if and
only if a is irrational.
3.11 Let S be an ergodic transformation on a measure space (X,Σ, μ). Let
A0 ∈ Σ and define An = S−n(A0) for n = 1, 2, · · · . Denote Bn = Acn. Show
that the set

∞⋂
n=0

Bn is S-invariant.

3.12 Show that the tent function T of Example 3.1.2 is ergodic with respect to
the Lebesgue measure m on [0, 1]. Moreover, let S : [0, 1]2 → [0, 1]2 be defined
by S(x, y) = (T (x), T (y)). Show that S is ergodic.
3.13 Consider the measure space (X,Σ, μ), where X is the set of all integers,
Σ is the family of all subsets of X , and μ is the counting measure. Let S(x) =
x+ k, x ∈ X , where k is an integer. For what values of k is the transformation
S ergodic?
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3.14 Show that the baker transformation of Exercise 3.6 is ergodic.
3.15 Let (X,Σ, μ) be a probability measure space and let S : X → X be
measure preserving. Suppose that Σ0 is an algebra (i.e., Σ0 is closed under finite
union of its elements) that generates Σ. Show that if lim

n→∞μ(S
−n(A) ∩ B) =

μ(A)μ(B) for all A, B ∈ Σ0, then the same is true for all A, B ∈ Σ.
3.16 Show that S(x) = 2x (mod 1) is mixing on [0, 1].
3.17 Let S : X → X be a measurable transformation on a measurable space
(X,Σ). Suppose that μ and ν are two S-invariant probability measures such
that S is ergodic with respect to both μ and ν. Show that there exist sets
A, B ∈ Σ such that A ∩B = ∅ and μ(A) = ν(B) = 1.
3.18 Let S : X → X be a measurable transformation on a measurable space
(X,Σ). Suppose that μ is the unique measure on X with respect to which S is
measure preserving. Prove that S is ergodic with respect to μ.
3.19 Let S be a measure preserving transformation on a probability measure
space (X,Σ, μ). For any A ∈ Σ and x ∈ X , define

χ∗A(x) = limn→∞
1
n

n−1∑
i=0

χA(Si(x))

if the limit exists. Show that S is ergodic if and only if χ∗A(x) = μ(A) for almost
every x ∈ X .
3.20 Let S be an ergodic measure preserving transformation on a probability
measure space (X,Σ, μ). Show that the set

B =
∞⋂
i=0

(
S−i(A)

)c
is an invariant set under S.
3.21 Discuss Birkhoff’s pointwise ergodic theorem applied to a finite space
X = {a1, a2, · · · , ak} with counting measure μ.
3.22 Let Y = {0, 1, · · · , k−1} and let μ be a measure on Y such that μ({i}) =

pi, i = 0, 1, · · · , k − 1, and
k−1∑
i=0

pi = 1. Define X =
∞∏

n=−∞
Y installed with the

product measure μ̂. Show that the two-sided (p0, · · · , pk−1)-shift S : X → X ,
defined by S

(
{xn}∞n=−∞

)
= {yn}∞n=−∞ with yn = xn+1 for all integers n,

preserves μ̂.

3.23 Let Y be as in the previous problem, and letX =
∞∏
n=0

Y with the product

measure μ̂. Let the one-sided (p0, · · · , pk−1)-shift S : X → X be defined by
S({x0, x1, · · · }) = {x1, x2, · · · }. Show that μ̂ is S-invariant.
3.24 Prove that the two-sided shift S in Problem 3.23 is ergodic with respect
to μ̂.
3.25 Show that the Frobenius-Perron operator on measures P : M(X) →
M(X) is continuous under the weak∗-topology.
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From the Birkhoff pointwise ergodic theorem in the previous chapter, we
know that absolutely continuous invariant probability measures determine the
statistical properties of the underlying deterministic system for almost all initial
points. Now a natural question arises: given a measurable transformation on
a measure space, can we determine one or all absolutely continuous probability
measures preserved by the given transformation so that we can apply ergodic
theorems to the statistical study of the deterministic dynamical system? Trying
to answer this question leads to the introduction of the concept of Frobenius-
Perron operators. Exploring the existence of fixed density functions of this
linear operator and developing efficient numerical methods for computing them
are the two main topics of this book.
Since Frobenius-Perron operators constitute a special class of Markov oper-

ators, we first study general properties of Markov operators in Section 4.1.
Section 4.2 is exclusively devoted to the definition and basic properties of
Frobenius-Perron operators. The dual operator of the Frobenius-Perron op-
erator, the Koopman operator named after Koopman was first presented it in
1931 [78], is introduced in Section 4.3, and with this operator notion we refor-
mulate Birkhoff’s pointwise ergodic theorem and von Neumann’s mean ergodic
theorem. We use Frobenius-Perron operators and Koopman operators to further
study ergodicity, mixing, and exactness of chaotic transformations in Section
4.4. A decomposition theorem for general Frobenius-Perron operators and its
application to the spectral analysis is presented in the final section.
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4.1 Markov Operators

Let (X,Σ, μ) be a measure space which is σ-finite by assumption. As before,
if not indicating explicitly, we always assume that all the function spaces are
real. Since density functions will be used frequently in the sequel, we need a
notation for all of them. Denote

D ≡ D(X,Σ, μ) = {f ∈ L1(X,Σ, μ) : f � 0, ‖f‖ = 1}.

Any function f ∈ D will be called a density. If a probability measure μf is

defined by μf (A) =
∫
A

fdμ, ∀ A ∈ Σ for some f ∈ D, then we say that f is the
density of μf with respect to μ.

Definition 4.1.1 A linear operator P : L1(μ) → L1(μ) is called a Markov
operator if PD ⊂ D.

Thus, P is a Markov operator if and only if P satisfies the condition that
Pf � 0 and ‖Pf‖ = ‖f‖ for all f � 0, f ∈ L1.
Remark 4.1.1 Since f and Pf are L1 functions, f � 0 and Pf � 0 are
understood to hold almost everywhere with respect to μ. In the following,
equalities and inequalities among Lp functions are in the above sense without
adding the phrase “almost everywhere” when it is clear.

Since a Markov operator is a positive operator, that is, it maps nonnegative
functions to nonnegative functions, so it is monotone in the sense that

Pf(x) � Pg(x), ∀ x ∈ X if f(x) � g(x), ∀ x ∈ X.

Some more properties of P defined on the real L1 space are contained in the
following proposition.

Proposition 4.1.1 Let P : L1→L1 be a Markov operator. Then, for every
f ∈ L1,
(i) (Pf)+ � Pf+;
(ii) (Pf)− � Pf−;
(iii) |Pf | � P |f |;
(iv) ‖Pf‖ � ‖f‖.

Proof (i) and (ii) are obtained from

(Pf)+(x)= (Pf+ − Pf−)+(x) = max{0, (Pf+ − Pf−)(x)}
�max{0, Pf+(x)} = Pf+(x);

(Pf)−(x)= (Pf+ − Pf−)−(x) = max{0,−(Pf+ − Pf−)(x)}
=max{0, Pf−(x)− Pf+(x)} � max{0, Pf−(x)}
=Pf−(x).
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(iii) follows from (i) and (ii), namely,

|Pf |=(Pf)+ + (Pf)− � Pf+ + Pf−

=P (f+ + f−) = P |f |.

Finally, using (iii), we have

‖Pf‖ =
∫
X

|Pf |dμ �
∫
X

P |f |dμ =
∫
X

|f |dμ = ‖f‖,

which is (iv). �

Property (iv) above means that P is a (weak) contraction and it is still true
when P is defined on a complex L1 space (Exercise 4.31). In Section 4.4, we
will give conditions under which P is actually an isometry (i.e., ‖Pf‖ = ‖f‖
for all f ∈ L1) on L1 for Frobenius-Perron operators. For a given f ∈ L1, to
obtain an equivalent condition for the actual equality ‖Pf‖ = ‖f‖, we need the
concept of the support of a function.

Definition 4.1.2 Let f be a measurable function with domain X. The sup-
port of f is defined to be

supp f = {x ∈ X : f(x) �= 0},

which holds in the sense of modulo zero, that is, A = B modulo zero means that
the measure of the symmetric difference A�B ≡ (A ∩Bc) ∪ (B ∩Ac) is zero.

Proposition 4.1.2 Let f ∈ L1 and let P : L1 → L1 be a Markov operator.
Then, ‖Pf‖ = ‖f‖ if and only if Pf+ and Pf− have disjoint supports.

Proof Using the fact that for two nonnegative real numbers a and b, |a−b| <
a+ b if and only if both a > 0 and b > 0, and the obvious inequality

|Pf+(x)− Pf−(x)| � Pf+(x) + Pf−(x), ∀ x ∈ X,

we have that ∫
X

|Pf+ − Pf−|dμ =
∫
X

Pf+dμ+
∫
X

Pf−dμ

if and only if there is no setA ∈ Σ of positive measure such that Pf+(x) > 0 and
Pf−(x) > 0 for x ∈ A, in other words, Pf+ and Pf− have disjoint supports.
Since f = f+ − f− and |f | = f+ + f−, the left-hand side integral is simply
‖Pf‖, and the right-hand side is ‖Pf+‖ + ‖Pf−‖ = ‖f+‖ + ‖f−‖ = ‖f‖, so
the proposition is proved. �

The above proposition has the following useful consequence.
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Proposition 4.1.3 Let f ∈ L1 and let P : L1 → L1 be a Markov operator.
Then, Pf = f if and only if Pf+ = f+ and Pf− = f−.

Proof We only need to prove the necessity part of the proposition. Suppose
that Pf = f . Then,

f+ = (Pf)+ � Pf+ and f− = (Pf)− � Pf−.

Hence, ∫
X

(Pf+ − f+)dμ+
∫
X

(Pf− − f−)dμ

=
∫
X

(Pf+ + Pf−)dμ−
∫
X

(f+ + f−)dμ

=
∫
X

P |f |dμ−
∫
X

|f |dμ = ‖P |f |‖ − ‖|f |‖ � 0.

Since both the integrands Pf+ − f+ and Pf− − f− are nonnegative, it follows
that Pf+ = f+ and Pf− = f−. �

Definition 4.1.3 Let (X,Σ, μ) be a measure space and let P be a Markov
operator on L1(X). Any fixed density function f of P , that is, f ∈ D and
Pf = f , is called a stationary density of P .

The concept of stationary densities of Markov operators is extremely im-
portant in ergodic theory, stochastic analysis, partial differential equations, and
many applied fields [7, 14, 82]. We give four examples of Markov operators to
end this section. More examples will be given in the exercise set at the end of
this chapter.

Example 4.1.1 (solutions of evolution equations) A continuous dynamical
system is often described by a differential equation defined on a region or man-
ifold. The solution of an evolution equation can sometimes be expressed in
terms of a semigroup of Markov operators {Pt}t�0 depending on the continuous
time t, that is, Pt is a Markov operator for each fixed t and PtPs = Pt+s for all
t, s � 0. A simple example is the heat equation

∂u

∂t
=
σ2

2
∂2u

∂x2
, t > 0, x ∈ R

with the initial value condition

u(0, x) = f(x), x ∈ R,

for which the solution u(t, x) can be written as

u(t, x) = Ptf(x) =
∫ ∞
−∞

K(t, x, y)f(y)dy, P0f(x) = f(x),
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where the stochastic kernel is

K(t, x, y) =
1√
2πσ2t

exp
(
− (x− y)

2

2σ2t

)
.

Example 4.1.2 (dynamical geometry) We consider a dynamical system prob-
lem in Euclidean geometry. Given an inscribed N -sided polygon on the unit
circle ∂D of the complex plane C with vertices z1, z2, · · · , zN ∈ ∂D. This cyclic
polygon is determined by the correspondingN -dimensional vector (θ1, θ2,· · · ,θN )
of the central angles subtended by each side. If by some rule we choose a point
on each side of the polygon and join the center of the circle to each chosen point
and extend them to meet the circle at the points w1,w2, · · · ,wN , then we ob-
tain a new cyclic polygon, determined by its N central angles (φ1, φ2, · · · , φN ).
Repeating this process we have a sequence of cyclic N -sided polygons. What
interests us is the asymptotic behavior of the sequence. Since the sum of the
N central angles of a polygon is always the same constant 2π, the rule to get
the polygon (φ1, φ2, · · · , φN ) from the polygon (θ1, θ2, · · · , θN ) is given by a
Markov operator on RN for linear processes. For example, the rule given by the
following process

⎡
⎢⎢⎢⎢⎢⎢⎣

φ1

φ2

...

φN

⎤
⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1− λ1 λ2 0 · · · 0

0 1− λ2 λ3 · · · 0

...
...

...
...

0 0 · · · 1− λN−1 λn

λ1 0 · · · 0 1− λN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

θ1

θ2

...

θN

⎤
⎥⎥⎥⎥⎥⎥⎦
,

where λi’s are real numbers between 0 and 1, corresponds to a column stochastic
matrix which represents a Markov operator on RN . In this case, we could
expect a regular eventual behavior for the dynamics. In particular, if N = 3
and λ1 = λ2 = λ3 = 1/2, we have the following process: given any scalene
triangle T0, which is always cyclic since any triangle can be inscribed by a
circle, and construct the inscribed circle. The points of tangency form the
second triangle T1. Then, construct the inscribed circle for T1. The points
of tangency on the three sides of T1 form the third triangle T2. Continuing
this process, one gets a sequence {Tn} of triangles. Although such triangles will
shrink to a point eventually, the shape of Tn will approach that of an equilateral
triangle. However, the sequence of pedal triangles, which is obtained from the
process of constructing the three altitudes of the three sides of the current
triangle, is chaotic [85]. We note that the corresponding operator is no longer
a Markov operator, but a nonlinear operator that can be represented by four
3× 3 matrices with all the column sums 1 (such matrices are said to be column
quasi-stochastic). See [34, 65] for more details about the dynamic geometry of
polygons.
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Example 4.1.3 (fractal geometry) In the measure theory of fractal geometry,
the Gibbs measure [4, 13] is perhaps the most important measure. Let

X =
∞∏
n=0

{0, 1, · · · , k − 1}

be the one-sided symbolic space with the product topology of the discrete topol-
ogy of {0, 1, · · · , k − 1}, as given in Example 3.4.1. Let a function φ ∈ C(X)
satisfy some conditions. Then, the existence of a Gibbs measure on the com-
pact spaceX is closely related to the maximum eigenvalue problem of the Ruelle
operator Lφ : C(X)→ C(X) defined by

Lφf(x) =
∑

y∈S−1({x})
exp(φ(x))f(y), ∀ f ∈ C(X),

where S : X → X is the one-sided shift , that is,

S({x0, x1, x2, · · · }) = {x1, x2, x3, · · · }.

Clearly, Lφ is a positive operator.
Let L∗φ be the dual operator of Lφ, which is defined on the space of all

Borel measures on X . The famous Ruelle theorem [113] asserts that there is a
constant ζ > 0, a positive function f∗ ∈ C(X), and an S-invariant probability
measure μ such that

Lφf
∗ = ζf∗, L∗φμ = ζμ,

∫
X

f∗dμ = 1.

Denote P = ζ−1Lφ and extend its domain from C(X) to L1(ν) by a continuous
extension. Then, for all f ∈ L1(μ),∫

X

Pfdμ= ζ−1
∫
X

Lφfdμ = ζ−1
∫
X

fd(L∗φμ)

= ζ−1ζ
∫
X

fdμ =
∫
X

fdμ.

Hence, P : L1(μ)→ L1(μ) is a Markov operator and f∗ is a stationary density
of P .

Example 4.1.4 (wavelets construction) The so-called scaling equation in the
theory of wavelets is the function equation of the form:

φ(x) =
∑
n∈I

anφ(2x − n), ∀ x ∈ R,

where φ is a scaling function called the father wavelet for the multi-resolution
analysis in the wavelets theory, the index set I is either {1, 2, · · · , k}, {1, 2, 3,· · · },
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or {0, 1, 2, · · · }, and all an’s are real numbers such that
∑
n∈I

an = 2. If we define

a linear operator P by

Pf(x) =
∑
n∈I

anf(2x− n), ∀ x ∈ R,

then the solution φ of the above scaling equation is just a fixed point of P . If
an � 0 for all n ∈ I, then from∫ ∞

−∞
Pf(x)dx=

∑
n∈I

an

∫ ∞
−∞

f(2x− n)dx

=
1
2

∑
n∈I

an

∫ ∞
−∞

f(x)dx =
∫ ∞
−∞

f(x)dx,

the operator P : L1(R)→ L1(R) is a Markov operator.

In the next section, we shall introduce a subclass of Markov operators, the
class of Frobenius-Perron operators which are induced by measurable transfor-
mations of measure spaces and which constitute the main topic of this book.
For more extensive studies of Markov operators, see monographs [58, 82].

4.2 Frobenius-Perron Operators

Let (X,Σ, μ) be a measure space. For a given measurable transformation
S : X → X , the corresponding Frobenius-Perron operator to be defined below
gives the evolution of probability density functions governed by the deterministic
dynamical system. First we recall the definition of nonsingular transformations.

Definition 4.2.1 A measurable transformation S : X → X on a measure
space (X,Σ, μ) is nonsingular if μ(S−1(A))=0 for all A∈Σ such that μ(A)=0.

Note that every measure preserving transformation is necessarily nonsingular
with respect to the invariant measure. For a nonsingular transformation S :
(X,Σ, μ) → (X,Σ, μ), the problem that we are concerned with is the one of
finding an invariant finite measure which is absolutely continuous with respect
to μ. To motivate the definition of the Frobenius-Perron operator, we use the
idea of the Frobenius-Perron operator on measures introduced in Section 3.4
that maps a measure ν to the measure ν ◦ S−1 which is defined as

(ν ◦ S−1)(A) = ν(S−1(A)), ∀ A ∈ Σ.

It is clear that every fixed point of this operator is an invariant measure of
S. Since we are more interested in absolutely continuous invariant measures
which are important measures in many applications, we restrict the domain of
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the operator to the set of all probability measures on X which are absolutely
continuous with respect to μ. By the Radon-Nikodym theorem, such a set is
equivalent to D, the set of all densities of L1(X,Σ, μ). This observation leads
to the following definition of Frobenius-Perron operators on functions.
Let (X,Σ, μ) be a measure space and let S : X → X be a nonsingular

transformation. For a given function f ∈ L1, define a real measure

μf (A) =
∫
S−1(A)

fdμ, ∀ A ∈ Σ.

Since S is nonsingular, μ(A) = 0 implies μf (A) = 0. Thus, Theorem 2.2.5
implies that there exists a unique function f̂ ∈ L1, denoted as Pf , such that

μf (A) =
∫
A

f̂dμ, ∀ A ∈ Σ.

Definition 4.2.2 The operator P : L1(μ)→ L1(μ) defined by∫
A

Pfdμ =
∫
S−1(A)

fdμ, ∀ A ∈ Σ, ∀ f ∈ L1(μ) (4.1)

is called the Frobenius-Perron operator associated with S.

Sometimes we write PS for P to emphasize the dependence of the operator P
on the transformation S. It is straightforward to show that P has the following
properties:
(i) P is linear, that is, for all a, b ∈ R and f1, f2 ∈ L1,

P (af1 + bf2) = aPf1 + bPf2;

(ii) P is a positive operator, that is, Pf � 0 if f � 0;
(iii) 〈Pf, 1〉 = 〈f, 1〉, that is,

∫
X

Pfdμ =
∫
X

fdμ; and

(iv) PS1◦S2 = PS1PS2 for nonsingular transformations S1 and S2 from X
into itself. In particular, PSn = (PS)n.
The properties (i)−(iii) above show that Frobenius-Perron operators are also

Markov operators. The importance of introducing the concept of Frobenius-
Perron operators is evidenced from the following theorem.

Theorem 4.2.1 Let P be the Frobenius-Perron operator associated with a non-
singular transformation S : X → X and let f ∈ L1 be nonnegative. The finite
measure μf defined by

μf (A) =
∫
A

fdμ, ∀ A ∈ Σ

is invariant under S if and only if f is a fixed point of P .
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Proof Assume that μf is S-invariant, that is,

μf (A) = μf (S−1(A)), ∀ A ∈ Σ.

Then, by the definition of μf ,∫
A

fdμ =
∫
S−1(A)

fdμ, ∀ A ∈ Σ.

So, from the definition (4.1) of P , we have∫
A

fdμ =
∫
A

Pfdμ, ∀ A ∈ Σ.

Hence, Pf = f by Proposition 2.1.1 (v). The converse is also true from the
above. �

Remark 4.2.1 Note from the above theorem that the original measure μ is
invariant under S if and only if P1 = 1, where 1 is the constant 1 function.

The following proposition provides a relationship between the supports of f
and Pf .

Proposition 4.2.1 Let A ∈ Σ and f � 0. Then, f(x) = 0 for all x ∈ S−1(A)
if and only if Pf(x) = 0 for all x ∈ A, and in particular,

S−1(supp Pf) ⊃ supp f.

Proof By the definition (4.1) of the Frobenius-Perron operator P ,∫
X

χAPfdμ =
∫
X

χS−1(A)fdμ.

Suppose that f ∈ L1(X) is nonnegative. Then, Pf = 0 on A implies that f = 0
on S−1(A) and vice versa. Since∫

supp f

fdμ =
∫
supp Pf

Pfdμ =
∫
S−1(supp Pf)

fdμ,

we have S−1(supp Pf) ⊃ supp f . �

We give examples of Frobenius-Perron operators associated with several
kinds of transformations. First we consider one dimensional mappings. Suppose
that X = [a, b] and μ is the Lebesgue measure m. From Definition 4.2.2 of the
Frobenius-Perron operator, for all x ∈ [a, b]∫ x

a

Pfdm =
∫
S−1([a,x])

fdm.
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Then, taking derivatives to both sides above with respect to x and using the
fundamental theorem of calculus give an explicit expression of Frobenius-Perron
operators associated with interval mappings:

Pf(x) =
d
dx

∫
S−1([a,x])

fdm, x ∈ [a, b] a.e. (4.2)

Thus, the Frobenius-Perron operator can be viewed as the composition of a kind
of integral operator and a differential operator. Although integral operators are
usually compact, differential operators are not bounded in general. This pro-
vides an indication that Frobenius-Perron operators are generally not compact
on its natural domain.
If S : [a, b] → [a, b] is differentiable and monotonic, then it is easy to see

from (4.2) that

Pf(x) = f(S−1(x))
∣∣∣∣ ddxS−1(x)

∣∣∣∣ .
Example 4.2.1 (the logistic model) Let S : [0, 1]→ [0, 1] be the logistic model
S(x) = 4x(1− x). Then,

S−1([0, x]) =
[
0,
1
2
− 1
2

√
1− x

]
∪
[
1
2
+
1
2

√
1− x, 1

]
,

thus the Frobenius-Perron operator P has the expression

Pf(x) =
1

4
√
1− x

{
f

(
1
2
− 1
2
√
1− x

)
+ f

(
1
2
+
1
2
√
1− x

)}
.

In 1947, Ulam and von Neumann [121] showed that the unique stationary den-
sity of P is given by

f∗(x) =
1

π
√
x(1 − x)

.

Hence, the absolutely continuous probability measure

μf∗(A) =
∫
A

1
π
√
x(1 − x)

dx

is invariant under the quadratic mapping S(x) = 4x(1− x).

Now, let X be an N -dimensional rectangle
N∏
i=1

[ai, bi]. Then, taking partial

derivatives to both sides of the equality∫ x1

a1

· · ·
∫ xN

aN

Pf(s1, s2, · · · , sN )dt1 · · ·dtN

=
∫
S−1([a1,x1]×···×[aN ,xN ])

f(s1, s2, · · · , sN )dt1 · · ·dtN
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with respect to x1, x2 · · · , xN successively, we obtain

Pf(x1, x2, · · · , xN ) =
∂N

∂x1 · · · ∂xN

∫
S−1([a1,x1]×···×[aN ,xN ])

fdm. (4.3)

Example 4.2.2 (the baker transformation) Let X = [0, 1]2. Define S :
[0, 1]2 → [0, 1]2 by

S(x, y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
2x,
1
2
y

)
, 0 � x < 1

2
, 0 � y � 1,

(
2x− 1, 1

2
y +
1
2

)
,
1
2

� x � 1, 0 � y � 1.

Since S−1([0, x]× [0, y]) = [0, x/2]× [0, 2y] for 0 � y < 1/2, using (4.3), we have

Pf(x, y) =
∂2

∂x∂y

∫ x
2

0

ds
∫ 2y

0

f(s, t)dt = f
(
1
2
x, 2y

)
, 0 � y < 1

2
.

For 1/2 � y � 1,

S−1([0, x]× [0, y]) =
([
0,
1
2
x

]
× [0, 1]

)
∪
([
1
2
,
1
2
+
1
2
x

]
× [0, 2y − 1]

)
,

hence, (4.3) gives that

Pf(x, y)=
∂2

∂x∂y

{∫ x
2

0

ds
∫ 1

0

f(s, t)dt+
∫ 1

2+
x
2

0

ds
∫ 2y−1

0

f(s, t)dt

}

= f
(
1
2
+
1
2
x, 2y − 1

)
,
1
2

� y � 1.

In summary, we have

Pf(x, y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
f

(
1
2
x, 2y

)
, 0 � y < 1

2
,

f

(
1
2
+
1
2
x, 2y − 1

)
,
1
2

� y � 1.

Since P1 = 1, the Lebesgue measure m is invariant under the baker transfor-
mation.

Example 4.2.3 (Hénon’s map) Let β > 0. The mapping S : [0, 1]2 → [0, 1]2
defined by

S(x, y) = (4x(1 − x) + y, βx) (mod 1)
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is called a Hénon’s map. In Exercise 4.28, the reader is asked to find the
expression of the Frobenius-Perron operator associated with a Hénon’s map.

Example 4.2.4 (the Anosov diffeomorphism) The mapping

S(x, y) = (x+ y, x+ 2y) (mod 1)

is called an Anosov diffeomorphism. It is invertible and

S−1(x, y) = (2x− y, y − x) (mod 1).

So,
Pf(x, y) = f(2x− y (mod 1), y − x (mod 1)),

thus the Anosov diffeomorphism preserves the Lebesgue measure.

Example 4.2.5 This example is from the book “Chaos in Electronics” [122].
The periodic switching nature of the switched-mode DC-to-DC converter (back
converter) lead Hamill et al. in 1988 and 1989 to study a three-segment piecewise
linear mapping S : R→ R, called the zigzag map, given by

S(x) =

⎧⎪⎪⎨
⎪⎪⎩
x+ b− c, if x � 1− 1

a
,

(1 − ab)x+ ab− c, if 1− 1
a
< x < 1,

x− c, if 1 � x,

where a, b, c are positive constants. The iteration xn+1 = S(xn), ∀ n of the
zigzag map relates the output currents of two consecutive switching cycles. We
assume that these parameters are chosen such that

b > 2c, a � 1
c
, ab = k,

where k � 3 is an integer. The corresponding Frobenius-Perron operator P has
the expression

Pf(x) =
1

k − 1f
(
k − x− c
k − 1

)
χ[1−c,1+(k−2)c](x)

+ f(x+ c)χ[1−c,1+(k−3)c](x).

It can be shown (see [122] for more details) that the stationary density f∗ of P
is given by

f∗(x) =
k−1∑
i=1

2(k − i)
c(k − 1)kχ[1+(i−2)c,1+(i−1)c](x). �

The remaining three examples are related to Examples 4.1.1, 4.1.3, and 4.1.4
in the previous section, respectively.
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Example 4.2.6 (solutions of evolution equations) For each integer i=1, 2,· · · ,
N , let the functionFi(x1, x2, · · · ,xN )have continuous partial derivatives∂Fi/∂xj
on its domain RN , j = 1, 2, · · · , N . For the partial differential equation (called
the continuity equation)

∂u

∂t
+

N∑
i=1

∂(uFi)
∂xi

= 0, t > 0, x = (x1, x2, · · · , xN )T ∈ RN ,

its solution u(t,x), which satisfies the initial value condition u(0,x) = f(x), is
given by the semigroup of Frobenius-Perron operators

u(t,x) = Ptf(x),

where Pt is defined by∫
A

Ptfdm =
∫

S−1t (A)

fdm, ∀ A ∈ B

associated with the semigroup of transformations {St}t�0 which are defined
by St(x0) = x(t), where x(t) is the solution of the corresponding system of
ordinary differential equations

dxi
dt
= Fi(x), i = 1, 2, · · · , N

with the initial value conditions xi(0) = x0i for i = 1, 2, · · · , N . See Section 7.6
of [82] for a proof of this fact.
As a special case of the above system of ordinary differential equations,

consider the following Hamiltonian system

dqi
dt
=
∂H

∂pi
,
dpi
dt
= −∂H

∂qi
, i = 1, 2, · · · , N,

where the Hamiltonian H(p, q) is the energy of the system, and q and p are re-
ferred to as the generalized positions and the generalized momenta, respectively.
In this case, the continuity equation takes the form

∂u

∂t
+ [u,H ] = 0,

where the Poisson bracket

[u,H ] ≡
N∑
i=1

(
∂u

∂qi

∂H

∂pi
− ∂u

∂pi

∂H

∂qi

)
.
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For Hamiltonian systems, the change with time of an arbitrary function g of
the variables q1, q2, · · · , qN ,p1,p2, · · · ,pN is given by

dg
dt
=

N∑
i=1

(
∂g

∂qi

∂H

∂pi
− ∂g

∂pi

∂H

∂qi

)
= [g,H ].

In particular, if we take g to be a function of the energy H , then

dg
dt
=
dg
dH
dH
dt
=
dg
dH
[H,H ] = 0.

Thus, any function of the energy H is a constant of the motion. We shall come
back to Hamiltonian systems in Section 9.3.

Example 4.2.7 (fractal geometry) Many fractals are generated by the so-
called “iterated functions system” (IFS), i.e., S = {S1, S2, · · · , Sr} is a finite
family of r contraction mappings with r corresponding probabilities {p1, p2, · · · ,
pr} on a compact metric space (X, d(·, ·)). Such an IFS gives a random dynam-
ical system: in the orbit

x0, x1, x2, · · · , xn, · · · ,
xn+1 = Sαn(xn) for some 1 � αn � r is determined with probability pαn for
each n. The asymptotic statistical properties of such orbits can be described
with an invariant probability measure μ∗ of the “Markov operator on measures”

M ≡
r∑
i=1

piMi, where for each i the Frobenius-Perron operator on measures

Miμ = μ ◦ S−1i maps a Borel measure μ to a Borel measure μ ◦ S−1i . Using
Banach’s contraction fixed point theorem to the so-called Hutchinson metric [6]
introduced for the IFS, one can prove the existence and the uniqueness of an
invariant probability measure μ∗ whose support, supp μ∗, satisfies the equality

supp μ∗ =
r⋃
i=1

Si(supp μ∗),

where the support of a probability measure μ is the minimal set A ⊂ X with
μ(A) = μ(X). In other words, the support is exactly the invariant set or
the attractor of the IFS. The invariant set of an IFS is often a fractal set.
For example, the well known Sierpiński gasket in the theory of fractals is the
invariant set of the IFS consisting of three simple affine contraction mappings.
In many cases, the invariant measure of an IFS is absolutely continuous, and so

its density function is a fixed point of the Markov operator P =
r∑
i=1

piPSi , where

PSi is the Frobenius-Perron operator associated with Si for i = 1, 2, · · · , r.
Example 4.2.8 (wavelets construction) If we let

Sn(x) =
x+ n
2
, pn =

an
2
, ∀ n ∈ I
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in Example 4.1.4, then {Sn}n∈I is a sequence of nonsingular transformations on
R with a sequence of probability distributions {pn}n∈I . The Frobenius-Perron
operator PSn : L1(R)→ L1(R) associated with Sn has the expression

PSnf(x) = 2f(2x− n), ∀ x ∈ R.

Therefore, the Markov operator defined in Example 4.1.4 has the representation
of

P =
∑
n∈I

pnPSn .

A sequence {Sn} of nonsingular transformations with the corresponding se-
quence {pn} of probability distributions defines random transformations or cou-
pled maps, in which the mapping Sn in the iteration process is chosen with the
probability pn (see Example 4.2.7 above). The coupled maps are often studied
in statistical physics (see, e.g., [96]). For the current example from the wavelets
theory, an absolutely continuous invariant measure of the random transforma-
tion is obtained as a stationary density of the Markov operator defined above.
See [119] for more discussions.

For a general invertible transformation S, based on the following change
of variables formula, the corresponding Frobenius-Perron operator P has an
explicit expression.

Lemma 4.2.1 Let (X,Σ, μ) be a finite measure space and let S : X → X
be a nonsingular transformation. Suppose that f is a nonnegative measurable
function or f ∈ L1(μ). Then, for every A ∈ Σ,∫

S−1(A)
f ◦ Sdμ =

∫
A

fd(μ ◦ S−1) =
∫
A

fhdμ,

where h = d(μ◦S−1)/dμ is the Radon-Nikodym derivative of μ◦S−1 with respect
to μ, that is,

(μ ◦ S−1)(A) =
∫
A

hdμ, ∀ A ∈ Σ.

Proof First let f = χB with B ∈ Σ. Then, f ◦ S = χS−1(B), and∫
S−1(A)

χB ◦ Sdμ=
∫
X

χS−1(A)χS−1(B)dμ

=μ(S−1(A) ∩ S−1(B)) = μ(S−1(A ∩B)).

The second integral in the lemma may be written as∫
A

χBd(μ ◦ S−1) =
∫
X

χAχBd(μ ◦ S−1) = μ(S−1(A ∩B)),
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while the last integral of the lemma becomes∫
A

χBhdμ =
∫
A∩B

hdμ = μ(S−1(A ∩B)).

Thus, the lemma is true for all simple functions, and a limit process gives the
required result. �

Proposition 4.2.2 Let (X,Σ, μ) be a finite measure space, let S : X → X be
an invertible nonsingular transformation such that S−1 is also nonsingular, and
let P be the corresponding Frobenius-Perron operator. Then, for every f ∈ L1,

Pf(x) = f(S−1(x))h(x),

where h = d(μ ◦ S−1)/dμ.

Proof Let A ∈ Σ. Then, from the definition of P ,∫
A

Pf(x)dμ(x) =
∫
S−1(A)

f(x)dμ(x).

Changing the variable x to y = S(x) to the right-hand side integral, we have∫
S−1(A)

f(x)dμ(x) =
∫
A

f(S−1(y))h(y)dμ(y).

Thus, ∫
A

Pf(x)dμ(x) =
∫
A

f(S−1(x))h(x)dμ(x).

Since A ∈ Σ is arbitrary, it follows that

Pf(x) = f(S−1(x))h(x). �

4.3 Koopman Operators

In this section, we introduce the Koopman operator which is the dual oper-
ator of the Frobenius-Perron operator.

Definition 4.3.1 Let (X,Σ, μ) be a measure space and let S : X → X be a
nonsingular transformation. The linear operator U : L∞(X)→ L∞(X) defined
by

Uf(x) ≡ USf(x) = f(S(x)), ∀ x ∈ X, ∀ f ∈ L∞(X)

is called the Koopman operator with respect to S.
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Because of the nonsingularity assumption of S, the Koopman operator is well-
defined since f1(x) = f2(x), x ∈ X μ-a.e. implies that f1(S(x)) = f2(S(x)), x ∈
X μ-a.e. Some basic properties of U are listed below:
(i) U is a positive operator;
(ii) U is a (weak) contraction on L∞, that is, ‖Uf‖∞ � ‖f‖∞ for all f ∈ L∞;
(iii) US1◦S2 = US2US1 . In particular, USn = (US)n.

Proposition 4.3.1 The Koopman operator U is the dual of the Frobenius-
Perron operator P , that is,

〈Pf, g〉 = 〈f, Ug〉, ∀ f ∈ L1, g ∈ L∞.

Proof Given f ∈ L1. First, let g = χA with A ∈ Σ. Then,

〈Pf, g〉=
∫
X

(Pf)χAdμ =
∫
A

Pfdμ =
∫
S−1(A)

fdμ

=
∫
X

f(χA ◦ S)dμ =
∫
X

f UχAdμ = 〈f, Ug〉.

Thus, 〈Pf, g〉 = 〈f, Ug〉 for all simple functions g ∈ L∞. Now let g ∈ L∞.
Then, g = lim

n→∞ gn for a sequence {gn} of simple functions in L
∞. Therefore,

〈Pf, g〉 = lim
n→∞〈Pf, gn〉 = limn→∞〈f, Ugn〉 = 〈f, Ug〉. �

Using the notion of Koopman operators, we can restate Birkhoff’s point-
wise ergodic theorem and von Neumann’s mean ergodic theorem, the two most
important classic ergodic theorems, as follows, in which the domain of the Koop-
man operator associated with a measure preserving transformation can be the
space Lp(X,Σ, μ) for 1 � p � ∞. It can be shown (see Exercise 4.29) that
when S is measure preserving, US : Lp → Lp is well-defined and is actually an
isometry, that is, ‖USf‖p = ‖f‖p for all f ∈ Lp.
Remark 4.3.1 The claim that US : L∞(μ) → L∞(μ) is isometric if S pre-
serves μ is a consequence of Remark 4.4.2 in Section 4.4.

Theorem 4.3.1 (Birkhoff’s pointwise ergodic theorem) Let S : (X,Σ,
μ)→ (X,Σ, μ) be measure preserving and let U be the corresponding Koopman
operator. Then, U : L1 → L1 is well-defined and is isometric. For any f ∈ L1,
we have

lim
n→∞

1
n

n−1∑
i=0

U if(x) = f̃(x), ∀ x ∈ X μ-a.e.,

where f̃ ∈ L1 satisfies that Uf̃ = f̃ . Moreover, if μ(X) < ∞, then
∫
X

f̃dμ =∫
X

fdμ. Furthermore, if S is ergodic, then f̃ is a constant function.
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Theorem 4.3.2 (von Neumann’s mean ergodic theorem) Let S : (X,Σ,
μ)→ (X,Σ, μ) be measure preserving on a probability measure space (X,Σ, μ),
let U be the corresponding Koopman operator, and let p ∈ [1,∞). Then, U :
L∞ → L∞ can be extended as an isometry from Lp into itself. Moreover, if
f ∈ Lp, then there is f̃ ∈ Lp such that Uf̃ = f̃ and

lim
n→∞

∥∥∥∥∥ 1n
n−1∑
i=0

U if − f̃
∥∥∥∥∥
p

= 0.

Similarly, one can restate the ergodic theorems for the topological dynamical
systems of Section 3.4 in terms of the notation of Koopman operators. In this
case, naturally, US : C(X)→ C(X) is well-defined.

4.4 Ergodicity and Frobenius-Perron Operators

We can employ Frobenius-Perron operators to study different versions of
chaos via density evolutions of the dynamical system. We first prove a theorem
about the equivalence of ergodicity of a transformation and uniqueness of a sta-
tionary density of the corresponding Frobenius-Perron operator, which will also
be used to characterize ergodic transformations via Frobenius-Perron operators.

Theorem 4.4.1 Let (X,Σ, μ) be a measure space, let S : X → X be a non-
singular transformation, and let P be the Frobenius-Perron operator associated
with S. If S is ergodic with respect to μ, then P has at most one stationary
density. Conversely, if P has a unique stationary density f∗ and f∗ is strictly
positive on X , then S is ergodic with respect to both μ and the invariant measure
μf∗ whose density with respect to μ is f∗.

Proof If P has two different stationary densities f1 and f2, then for g = f1−f2
we have Pg = g, g+ �= 0, and g− �= 0. Proposition 4.1.3 ensures that

Pg+ = g+ and Pg− = g−. (4.4)

Denote A = supp g+ and B = supp g−. Then, μ(A) > 0 and μ(B) > 0. From
Proposition 4.2.1 and (4.4), we have

A ⊂ S−1(A) and B ⊂ S−1(B),

from which
A ⊂ S−1(A) ⊂ S−2(A) ⊂ · · · ⊂ S−n(A) ⊂ · · ·

and
B ⊂ S−1(B) ⊂ S−2(B) ⊂ · · · ⊂ S−n(B) ⊂ · · ·
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by induction. Since A ∩ B = ∅, we see that S−n(A) ∩ S−n(B) = ∅ for all
n = 0, 1, 2, · · · . Now, define two sets

Ā =
∞⋃
n=0

S−n(A) and B̄ =
∞⋃
n=0

S−n(B).

Then, Ā ∩ B̄ = ∅ and both of them have positive measures. Since

S−1(Ā) =
∞⋃
n=0

S−n−1(A) =
∞⋃
n=0

S−n(A) = Ā

and the same equality is true for B̄ in place of Ā, we have found two nontrivial
S-invariant sets, so S is not ergodic.
Conversely, suppose that f∗ > 0 μ-a.e. is the unique stationary density

of P . If S is not ergodic with respect to μ ∼= μf∗ , then there is a nontrivial
S-invariant set A ∈ Σ. So B = Ac is also a nontrivial S-invariant set. Since
f∗ = χAf∗ + χBf∗,

χAf
∗ + χBf∗ = f∗ = Pf∗ = P (χAf∗) + P (χBf∗). (4.5)

Since f∗ is positive everywhere, supp χAf∗ = A and supp χBf∗ = B, Hence,
Propositions 4.2.1 and (4.5) imply that

χAf
∗ = P (χAf∗) and χBf∗ = P (χBf∗).

Since χAf∗ and χBf∗ are nonzero, dividing them by their respective L1-norm
gives two distinct stationary densities of P , which is a contradiction to the
assumption. �

Frobenius-Perron operators and Koopman operators may be used to re-
formulate the concepts of ergodicity, mixing, and exactness in the following
theorem.

Theorem 4.4.2 Let (X,Σ, μ) be a probability measure space, let S : X →
X be a measure preserving transformation, and let P be the Frobenius-Perron
operator associated with S. Then,
(i) S is ergodic if and only if

lim
n→∞

1
n

n−1∑
i=0

〈P if, g〉 = 〈f, 1〉〈1, g〉, ∀ f ∈ L1, g ∈ L∞. (4.6)

(ii) S is mixing if and only if

lim
n→∞〈P

nf, g〉 = 〈f, 1〉〈1, g〉, ∀ f ∈ L1, g ∈ L∞. (4.7)

(iii) Assume further that SΣ ⊂ Σ. Then S is exact if and only if

lim
n→∞ ‖Pnf − 〈f, 1〉‖ = 0, ∀ f ∈ L1. (4.8)
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Proof Before we prove the theorem we note that P1 = 1 since S preserves μ.
(i) If S is ergodic, then, the constant function f∗ = 1 is the unique stationary

density of P from Theorem 4.4.1. We show that the strong limit

lim
n→∞

1
n

n−1∑
i=0

P if = 1, ∀ f ∈ D (4.9)

holds in L1. Let An = n−1
n−1∑
i=0

P i. First assume that f ∈ D is such that

f(x) � c, ∀ x ∈ X for some constant c > 0. Then, Pnf � Pnc = c for all

n, so Anf = n−1
n−1∑
i=0

P if � c. Thus, the sequence {Anf} is precompact by
Proposition 2.5.1, and it follows from Theorem 5.1.1 in the next chapter that
{Anf} converges to a stationary density of P . Since 1 is the unique stationary
density, lim

n→∞Anf = 1. This proves (4.9) for bounded densities.

If f ∈ D is not uniformly bounded on X , we define a function fc(x) =
min{f(x), c} on X for each c > 0. Then,

lim
c→∞ fc(x) = f(x), ∀ x ∈ X.

Since fc � f for all c, by Lebesgue’s dominated convergence theorem, lim
c→∞ ‖fc−

f‖ = 0 and lim
c→∞ ‖fc‖ = ‖f‖. Write

f =
1

‖fc‖
fc + hc, (4.10)

where hc = f − ‖fc‖−1fc → 0 strongly as c→ ∞. In other words, given ε > 0,
there is c > 0 such that ‖hc‖ < ε/2. It follows that

‖Anhc‖ � ‖hc‖ <
ε

2
. (4.11)

On the other hand, for the fixed c, the function fc/‖fc‖ ∈ D is bounded by the
number c/‖fc‖, so by what we have proved above, there is an integer n0 > 0
such that for all n � n0, ∥∥∥∥An

(
fc

‖fc‖

)
− 1
∥∥∥∥ � ε

2
. (4.12)

Combining inequalities (4.11) and (4.12) with the decomposition (4.10), we
obtain

‖Anf − 1‖ � ε, ∀ n � n0.
Since ε > 0 is arbitrary, (4.9) is valid, which implies (4.6) immediately. This
proves the necessity part of (i).
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Conversely, if (4.6) holds, then the sequence {Anf} converges to 1 weakly for
any f ∈ D, so (4.9) is valid by Theorem 5.1.1. Applying (4.9) to any stationary
density f of P gives f = 1. Thus, 1 is the unique stationary density of P . By
Theorem 4.4.1, S is ergodic.
(ii) Assume that S is mixing. Then, the definition of mixing means that for

all A ∈ Σ and B ∈ Σ,

lim
n→∞

∫
X

χA(χB ◦ Sn)dμ =
∫
X

χAdμ
∫
X

χBdμ,

which, via using the notion of the Koopman operator, is

lim
n→∞〈χA, U

nχB〉 = 〈χA, 1〉〈1, χB〉. (4.13)

Since the Koopman operator is the dual of the Frobenius-Perron operator, (4.13)
can be written as

lim
n→∞〈P

nχA, χB〉 = 〈χA, 1〉〈1, χB〉.

Thus, (4.7) is true for f = χA and g = χB, and so it is true for all simple
functions f =

∑
i

aiχAi and g =
∑
j

bjχBj . Since every function f ∈ L1 is the

strong limit of a sequence of simple functions and each function g ∈ L∞ is the
uniform limit of simple functions, and since ‖Pn‖ � 1 for all n, the convergence
(4.7) is satisfied for all f ∈ L1 and g ∈ L∞ by a limit argument.
Conversely, if (4.7) is satisfied, then by letting f = χA and g = χB with

A,B ∈ Σ, we get the mixing condition (3.5).
(iii) We only prove the sufficiency part. A proof to the necessity of (4.8) for

an exact transformation can be seen from [91].
Suppose that (4.8) is true. Assume μ(A) > 0 for some A ∈ Σ. Let fA(x) =

χA(x)/μ(A) for x ∈ X . Then fA ∈ D, so (4.8) ensures that lim
n→∞ ‖PnfA− 1‖ =

0. We have

μ(Sn(A))=
∫
X

χSn(A)dμ

=
∫
Sn(A)

PnfAdμ−
∫
Sn(A)

(PnfA − 1)dμ

�
∫
Sn(A)

PnfAdμ− ‖PnfA − 1‖

=
∫
S−n(Sn(A))

fAdμ− ‖PnfA − 1‖

=1− ‖PnfA − 1‖ → 1 as n→ ∞,

where the last two equalities are from the definition of the Frobenius-Perron
operator and the fact that A ⊂ S−n(Sn(A)) and supp fA = A. Thus, S is
exact. This completes the proof of the theorem. �
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Remark 4.4.1 As in Remark 3.3.2, the convergence equalities (4.6), (4.7),
and (4.8) of Theorem 4.4.2 can be satisfied by f in a fundamental set of L1 and
g in a fundamental set of L∞ only.

Using the dual relation of the Koopman operator and the Frobenius-Perron
operator, part (i) and part (ii) of the above theorem can also be expressed by

Corollary 4.4.1 Let (X,Σ, μ) be a probability measure space, let S : X → X
be a measure preserving transformation, and let U be the Koopman operator
corresponding to S. Then,
(i) S is ergodic if and only if

lim
n→∞

1
n

n−1∑
i=0

〈f, U ig〉 = 〈f, 1〉〈1, g〉, ∀ f ∈ L1, g ∈ L∞;

(ii) S is mixing if and only if

lim
n→∞〈f, U

ng〉 = 〈f, 1〉〈1, g〉, ∀ f ∈ L1, g ∈ L∞.

Exactly the same idea of the proof to the necessary condition (4.9) of er-
godicity in Theorem 4.4.2 (i) can establish the more general result for Markov
operators as follows.

Theorem 4.4.3 Let (X,Σ, μ) be a measure space and let P : L1 → L1 be
a Markov operator with a unique stationary density f∗. If f∗(x) > 0 for all
x ∈ X , then

lim
n→∞

1
n

n−1∑
i=0

P if = f∗, ∀ f ∈ D.

Remark 4.4.2 Theorem 4.4.2 basically says that
(i) S is ergodic if and only if the sequence {Pnf} is Cesáro convergent to 1

for all f ∈ D;
(ii) S is mixing if and only if the sequence {Pnf} is weakly convergent to 1

for all f ∈ D;
(iii) S is exact if and only if the sequence {Pnf} is strongly convergent to 1

for all f ∈ D.
This motivates the extension of the notions of ergodicity, mixing, and exact-

ness for transformations to general Markov operators in the following definition.

Definition 4.4.1 Let (X,Σ, μ) be a probability measure space and let P : L1 →
L1 be a Markov operator with stationary density 1. Then, we say:
(i) P is ergodic if the sequence {Pnf} is Cesáro convergent to 1 for all

f ∈ D;
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(ii) P is mixing if the sequence {Pnf} is weakly convergent to 1 for all
f ∈ D;
(iii) P is exact if the sequence {Pnf} is strongly convergent to 1 for all

f ∈ D.

4.5 Decomposition Theorem and Spectral Analysis

We are going to present some general results on the structure of Frobenius-
Perron operators P : L1(X,Σ, μ) → L1(X,Σ, μ). It will be shown [35] that a
Frobenius-Perron operator is partially isometric on its domain L1(Σ), that is,
it is isometric on a vector subspace of L1(Σ). More specifically, it is isometric
on the subspace L1(S−1Σ) which is a topological complement of its null space
in L1(Σ).
Let (X,Σ, μ) be a measure space and let S : X → X be a nonsingular

transformation such that the measure space (X,S−1Σ, μ) is also σ-finite. The
nonsingularity assumption about S just says that the measure ν ≡ μ ◦ S−1 is
absolutely continuous with respect to the measure μ. By the Radon-Nikodym
theorem, there is a nonnegative Σ-measurable function h such that

ν(A) =
∫
A

hdμ, ∀ A ∈ Σ.

Given any f ∈ L1(X,Σ, μ), the set function

μf (B) =
∫
B

fdμ, ∀ B ∈ S−1Σ

defines a finite measure on the measurable space (X,S−1Σ), which is absolutely
continuous with respect to μ. The Radon-Nikodym theorem ensures that there
is a function f̃ ∈ L1(X,S−1Σ, μ) ⊂ L1(X,Σ, μ) such that∫

B

f̃dμ = μf (B) =
∫
B

fdμ

for all B ∈ S−1Σ. This f̃ is unique by Proposition 2.1.1 (v), and is denoted as
Ef . The operator E : L1(X,Σ, μ) → L1(X,Σ, μ), which is obviously linear, is
well-defined.

Definition 4.5.1 The operator E : L1(X,Σ, μ) → L1(X,Σ, μ) defined above
is referred to as the conditional expectation associated with the sub-σ-algebra
S−1Σ.

If f � 0, then Ef � 0 and ‖Ef‖ = ‖f‖. Hence, E is a Markov operator,
and so ‖Ef‖ � ‖f‖ for all f ∈ L1. Moreover, Ef = f if and only if f ∈ L1 is
S−1Σ-measurable. Thus, E is a positive projection operator from L1(X,Σ, μ)
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onto L1(X,S−1Σ, μ) with operator norm 1. We thus have the direct sum de-
composition L1(X,Σ, μ) = R(E) ⊕ N(E), where R(E) is the range of E and
N(E) is the null space of E. More properties of E are referred to [14, 123].

Lemma 4.5.1 f ∈ L1(X,S−1Σ, μ) if and only if f = g ◦ S for some g ∈
L1(X,Σ, ν). Moreover, if f = g ◦ S, then ‖f‖μ = ‖g‖ν. In other words, the
correspondence f �−→ g is an isometric isomorphism between L1(X,S−1Σ, μ)
and L1(X,Σ, ν).

Proof First we show that each f ∈ L1(X,S−1Σ, μ) can be written as g ◦ S
with g ∈ L1(X,Σ, ν). This is true since if f = χS−1(A), then g = χA, and the
general case follows from a limit process.
Suppose that f = g ◦ S. Then it is easy to see that f is S−1Σ-measurable if

and only if g is Σ-measurable. ‖f‖μ = ‖g‖ν since∫
X

|f |dμ =
∫
X

|g| ◦ Sdμ =
∫
X

|g|dν. �

Theorem 4.5.1 (Ding-Hornor’s decomposition theorem) Let (X,Σ, μ)
be a measure space, let S : X → X be a nonsingular transformation such that
the measure space (X,S−1Σ, μ) is σ-finite, and let P : L1(μ) → L1(μ) be the
Frobenius-Perron operator associated with S. Then,

L1(X,Σ, μ) = N(P )⊕ L1(X,S−1Σ, μ) (4.14)

and P is isometric on L1(X,S−1Σ, μ), i.e., P is a partial isometry.

Proof Let f ∈ L1(X,Σ, μ). Then, by the definition of Ef ,∫
A

P (f − Ef)dμ =
∫
S−1(A)

fdμ−
∫
S−1(A)

Efdμ = 0

for all A ∈ Σ. Hence, P (f − Ef) = 0 by Proposition 2.1.1 (v). Thus, N(E) ⊂
N(P ).
Now we show that ‖Pf‖ = ‖f‖ for all f ∈ R(E) = L1(X,S−1Σ, μ). Let

f ∈ L1(X,S−1Σ, μ). From Lemma 4.5.1, there is g ∈ L1(X,Σ, ν) such that
f = g ◦ S and ‖f‖μ = ‖g‖ν. Hence, by Lemma 4.5.1,∫

A

Pfdμ=
∫
A

P (g ◦ S)dμ =
∫
S−1(A)

g ◦ Sdμ

=
∫
A

gdν =
∫
A

ghdμ

for every A ∈ Σ. It follows from Proposition 2.1.1 (v) that

Pf = gh. (4.15)
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Therefore, ‖Pf‖μ = ‖gh‖μ = ‖g‖ν = ‖f‖μ. Thus, ‖Pf‖ = ‖f‖ for all f ∈
L1(X,S−1Σ, μ). Since L1(X,Σ, μ) = N(E)⊕L1(X,S−1Σ, μ), we have N(P ) =
N(E) and the decomposition (4.14). �

Corollary 4.5.1 P : L1(μ)→ L1(μ) is isometric if and only if S−1Σ = Σ.

Corollary 4.5.2 R(P ) is a closed vector subspace of L1(X,Σ, μ).

Remark 4.5.1 (4.15) gives an explicit definition of the Frobenius-Perron op-
erator in terms of the sub-σ-algebra S−1Σ; see [35] for more details.

Remark 4.5.2 A general decomposition theorem for Koopman operators has
been obtained in [30], which basically says that the Koopman operator U is
isometric on the subspace L∞(supp h) which is a topological complement of
N(U), and U is isometric on L∞(X) if and only if the two measures μ and
μ ◦ S−1 are equivalent.
Using the above results and Banach’s closed range theorem [57], we can get

more relations between P and U .

Theorem 4.5.2 Let (X,Σ, μ) be a measure space, let S : X → X be a nonsin-
gular transformation such that the measure space (X,S−1Σ, μ) is σ-finite, and
let P : L1 → L1 and U : L∞ → L∞ be the Frobenius-Perron operator and the
Koopman operator associated with S, respectively. Then,
(i) P is one-to-one if and only if U is onto.
(ii) U is one-to-one if and only if P is onto.

Proof Since U is the dual of P , the fact R(P ) is closed implies that R(U)
is closed. Thus, the theorem follows from a standard argument in functional
analysis. �

Corollary 4.5.3 Under the same conditions of the above theorem,
(i) P is an isometry if and only if U is onto.
(ii) U is an isometry if and only if P is onto.

Finally, we give an application of the decomposition theorem to the spectral
analysis of Frobenius-Perron operators [33, 35]. Let P be a Frobenius-Perron
operator associated with S. We extend the definition (4.1) of P to the complex
L1 space in the natural way. Then, it is still true that ‖P‖ = 1 (see Exercise
4.31). The spectrum σ(P ) of P is defined to be the set of all the complex
numbers λ such that the linear operator P−λI does not have a bounded inverse
defined on L1(μ), where I is the identity operator. The complement of σ(P )
in the complex plane C is called the resolvent set of P and is denoted by ρ(P ).
Since ‖P‖ = 1, the spectrum σ(P ) is a compact subset of the closed unit disk
D ≡ {λ ∈ C : |λ| � 1} and is a disjoint union of the point spectrum σp(P ), the
continuous spectrum σc(P ), and the residual spectrum σr(P ). The boundary of
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σ(P ) is denoted by ∂σ(P ). A number λ ∈ C is said to be in the approximate
point spectrum σa(P ) if there exists a sequence {fn} in L1 such that ‖fn‖ = 1
for all n and ‖(P − λP )fn‖ → 0 as n → ∞. Obviously, σa(P ) ⊂ σ(P ). The
following lemma is a standard result concerning σa(P ) (see [17]).

Lemma 4.5.2 σa(P ) ⊃ σp(P ) ∪ σc(P ) ∪ ∂σ(P ).

Denote ∂D = {λ ∈ C : |λ| = 1} to be the unit circle. The following general
result is a basis of our spectral analysis.

Lemma 4.5.3 Let B be a Banach space and let T : B → B be an isometry.
Then, 0 ∈ σ(T ) implies that σ(T ) = D and 0 ∈ ρ(T ) implies that σ(T ) ⊂ ∂D.

Proof Let λ be such that |λ| < 1. From

‖Tx− λx‖ � ‖Tx‖ − |λ|‖x‖ = (1− |λ|)‖x‖,

we see that T − λ is bounded from below, and thus λ �∈ σa(T ). Hence, for
|λ| < 1, λ �∈ ∂σ(T ) by Lemma 4.5.2. In particular, 0 �∈ ∂σ(T ).
Consider first the case 0 ∈ σ(T ). If there exists |λ| < 1 such that λ �∈ σ(T ),

then it is easy to see that there exists λ̃ ∈ ∂σ(T ) such that |λ̃| < 1, which is a
contradiction to the fact that λ �∈ ∂σ(T ) for |λ| < 1. Therefore,

|λ| < 1⇒ λ ∈ σ(T ).

Since σ(T ) is a closed subset of D, we have that σ(T ) = D.
Consider now the case 0 ∈ ρ(T ). If there exists |λ| < 1 such that λ ∈ σ(T ),

then there exists a λ̃ ∈ ∂σ(T ) with |λ̃| < 1, which also contradicts the fact that
λ �∈ ∂σ(T ) for |λ| < 1. Therefore,

|λ| < 1⇒ λ �∈ σ(T ).

In this case, σ(T ) ⊂ ∂D. �

Combining the above lemma, Corollary 4.5.1, and Remark 4.5.2, we imme-
diately have

Theorem 4.5.3 If S−1Σ = Σ or μ ◦ S−1 ∼= μ, then 0 ∈ σ(P ) implies that
σ(P ) = D and 0 ∈ ρ(P ) implies that σ(P ) ⊂ ∂D.

Proof If S−1Σ = Σ, then P is an isometry. If μ ◦ S−1 ∼= μ, then U is an
isometry. Now the theorem follows from Lemma 4.5.3. �

Remark 4.5.3 S−1Σ = Σ if and only if S is one-to-one, and μ ◦ S−1 ∼= μ if
and only if S is onto. See [33] and [35] for more details.

Corollary 4.5.4 If S : X → X is a measure preserving transformation, then
0 ∈ σ(P ) implies that σ(P ) = D and 0 ∈ ρ(P ) implies that σ(P ) ⊂ ∂D.
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Proof μ(S−1(A)) = μ(A) for all A ∈ Σ imply that μ ◦ S−1 ∼= μ. �

Corollary 4.5.5 If P has a stationary density f̃ such that supp f̃ = X , then
0 ∈ σ(P ) implies that σ(P ) = D and 0 ∈ ρ(P ) implies that σ(P ) ⊂ ∂D.

Proof Define μ̃(A) =
∫
A

f̃dμ for all A ∈ Σ. Then, the measure μ̃ is invariant

under S. Let A ∈ Σ be such that μ(A) > 0. Since supp f̃ =X, μ̃(A) > 0. So
μ̃(S−1(A))= μ̃(A)>0, which implies thatμ(S−1(A))>0. Hence, μ◦S−1∼=μ. �

Remark 4.5.4 See [53] for some extensions of Theorem 4.5.3.

Exercises

4.1 The boundary value problem

−u′′ + u = f(x), 0 � x � 1, u′(0) = u′(1) = 0

has a unique solution u = u(x) defined on [0, 1] for every f ∈ L1(0, 1). Show
that the correspondence from f to u is a Markov operator on L1(0, 1).
4.2 Consider the finite setX = {1, 2, · · · , k} with the counting measure. Prove
that any Markov operator P : L1(X)→ L1(X) can be written as

(Pf)j =
k∑
i=1

pijfi, j = 1, 2, · · · , k,

where (pij) is a k × k stochastic matrix, i.e.,

pij � 0,
k∑
j=1

pij = 1, ∀ i = 1, 2, · · · , k.

This discrete Markov operator is called a Markov chain and will be used in the
finite approximation of Frobenius-Perron operators in the later chapters.
4.3 Let (X,Σ, μ) be a measure space and let K(x, y) be a nonnegative mea-

surable function on X × X such that
∫
X

K(x, y)dμ(y) = 1 for each x ∈ X .

Show that the linear operator P : L1(X)→ L1(X) defined by

Pf(y) =
∫
X

K(x, y)f(x)dμ(x)

is a Markov operator. This is called a Markov operator with a stochastic kernel.
4.4 Let P : L1(X,Σ, μ) → L1(X,Σ, μ) be a Markov operator and let P ∗ :
L∞(X)→ L∞(X) be its dual operator. Define the transition function P (x,A) =
P ∗χA(x) for all x ∈ X and A ∈ Σ. Show that this function satisfies
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(i) 0 � P (x,A) � 1;
(ii) P (·, A) is Σ-measurable for each fixed A ∈ Σ;
(iii) P (x, ·) is a measure for each x ∈ X , and it is absolutely continuous with

respect to μ.
4.5 Let (X,Σ, μ) be a measure space and suppose that P (x,A), satisfying
(i)−(iii) of the previous problem, is given. Using the Radon-Nikodym theorem
to show that there is a unique Markov operator P : L1(X) → L1(X) that
induces the given transition function P (·, ·).
4.6 Let (X,Σ, μ) be a measure space, let S : X → X be nonsingular, and let
P : L1(X) → L1(X) be the corresponding Frobenius-Perron operator. Show
that the associated transition function P (x,A) = χS−1(A)(x) and Ug(x) =

P ∗g(x) =
∫
X

g(y)P (x,dy) = g(S(x)).

4.7 Let (X,Σ, μ) be a measure space and let Σ0 be a sub-σ-algebra of Σ.
Show that the conditional expectation E(· |Σ0) with respect to Σ0 is a Markov
operator on L1(X).
4.8 Show that any convex combination of Markov operators on L1(X) is a
Markov operator.
4.9 Let P : L1(X)→ L1(X) be a Markov operator. Let B ∈ Σ with μ(B) > 0
be such that P ∗χBc = 0 on B. Show that supp f ⊂ B implies that supp
Pf ⊂ B. As a consequence, P : L1(B)→ L1(B) is a Markov operator.
4.10 Find the Frobenius-Perron operator corresponding to the following map-
pings:
(i) S : [0, 1]→ [0, 1], S(x) = 4x2(1− x2);
(ii) S : [0, 1]→ [0, 1], S(x) = sinπx;
(iii) S : [0, 1]→ [0, 1], S(x) = a tan(bx+ c);
(iv) S : [0, 1]→ [0, 1], S(x) = rx(1 − x), 0 < r < 4;
(v) S : [0, 1]→ [0, 1], S(x) = kx(mod 1), k � 2 is an integer;
(vi) S : [0, 1]→ [0, 1], S(x) = rxe−bx, r, b > 0.

4.11 Prove property (iv) of Frobenius-Perron operators in Section 4.2.
4.12 Let (X,Σ) be a measurable space with two equivalent σ-finite measures
μ and ν, let S : X → X be a nonsingular transformation, and let Pμ : L1(μ)→
L1(μ) and Pν : L1(ν) → L1(ν) be the Frobenius-Perron operator with respect
to μ and ν, respectively. Show that for any f ∈ L1(μ),

Pμf =
Pν(h · f)

h
,

where h ∈ L1(ν) is the Radon-Nikodym derivative of μ with respect to ν.
4.13 Let E(·|S−1Σ) be the conditional expectation with respect to the sub-
σ-algebra S−1Σ. Show that the Frobenius-Perron operator PS satisfies the
equality

(PSf) ◦ S = E(f |S−1Σ).
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4.14 A mapping S : [0, 1] → [0, 1] is called a generalized tent function if
S(x) = S(1 − x) for 0 � x � 1 and if S is strictly increasing on [0, 1/2]. Show
that there is a unique generalized tent function for which the standard Lebesgue
measure is invariant.
4.15 Show that for any absolutely continuous measure μ such that dμ/dm > 0
on [0, 1] a.e., there exists a unique generalized tent function S that preserves μ.
4.16 A Markov operator P : L1(X)→ L1(X) is called deterministic if its dual
operator P ∗ has the following property: for every A ∈ Σ, there is B ∈ Σ such
that P ∗χA = χB. Show that the Frobenius-Perron operator is deterministic.
4.17 Describe a general form of the matrix (pij) in Exercise 4.2 which corre-
sponds to a deterministic Markov operator.
4.18 If P1 and P2 are both deterministic Markov operators, are the operators
P1P2 and αP1 + (1− α)P2, 0 < α < 1 also deterministic?
4.19 Show that P : L1(0, 1)→ L1(0, 1) defined by

Pf(x) =
1
2
f(x) +

1
4
f
(x
2

)
+
1
4
f

(
x

2
+
1
2

)

is not a deterministic Markov operator.
4.20 Let P : L1 → L1 be a Markov operator. Prove that for any two non-
negative functions f, g ∈ L1 the condition supp f ⊂ supp g implies that supp
Pf ⊂ supp Pg.
4.21 Show that the mapping S : [0, 1]→ [0, 1] defined by

S(x) =

⎧⎪⎨
⎪⎩
x

a
, 0 � x � a,

1− x
1− a , a � x � 1

preserves the Lebesgue measure on [0, 1].
4.22 Show that the function f(x) = 4/[π(1 + x2)] is a stationary density for
S : [0, 1]→ [0, 1] given by

S(x) =

⎧⎪⎪⎨
⎪⎪⎩

2x
1− x2 , 0 � x �

√
2− 1,

1− x2
2x

,
√
2− 1 � x � 1.

4.23 Show that the function f(x) = 2x/(1 + x)2 is a stationary density for
S : [0, 1]→ [0, 1] given by

S(x) =

⎧⎪⎪⎨
⎪⎪⎩

2x
1− x, 0 � x � 1

3
,

1− x
2x

,
1
3

� x � 1.
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4.24 Show that the function f(x) = pxp−1 with p > 1 is a stationary density
for S : [0, 1]→ [0, 1] given by

S(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
2
1
p x, 0 � x �

(
1
2

) 1
p

,

2
1
p (1− xp) 1p ,

(
1
2

) 1
p

� x � 1.

4.25 Show that the function f(x) = 12(x − 1/2)2 is a stationary density for
S : [0, 1]→ [0, 1] given by

S(x) =

(
1
8
− 2

∣∣∣∣x− 12
∣∣∣∣
3
) 1
3

+
1
2
.

4.26 Show that the function f(x) = (1 − x)/2 is a stationary density for the
cusp map S : [−1, 1]→ [−1, 1] given by

S(x) = 1− 2|x| 12 .

4.27 Show that the Frobenius-Perron operator P : L1 → L1 is continuous
under the weak topology on L1.
4.28 Find the expression of the Frobenius-Perron operator associated with the
Hénon map in Example 4.2.3.
4.29 Let S : (X,Σ, μ) → (X,Σ, μ) be a measure preserving transformation
and let U : L∞ → L∞ be the corresponding Koopman operator. Show that
U : Lp → Lp is well-defined and is an isometry, where 1 � p � ∞.
4.30 Show that the converse of Corollary 4.1.1 is not true by providing a
counter example.
4.31 Let L1(X) be a complex L1-space and let P : L1(X) → L1(X) be a
Markov operator. Show that ‖P‖ = 1.
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constrictiveness. A powerful spectral decomposition theorem for constrictive Markov
operators will be given. Then we prove the existence results for three concrete classes
of transformations. They are the class of piecewise C2 and stretching interval map-
pings, the class of piecewise convex mappings with a weak repellor, and the class of
multi-dimensional piecewise C2 and expanding transformations.

Keywords Kakutani-Yosida abstract ergodic theorem, quasi-compactness, constric-

tiveness, spectral decomposition theorem, piecewise C2 and stretching mapping, piece-

wise convex mapping, piecewise C2 and expanding transformation.

We turn to the theoretical problem on the existence of absolutely continu-
ous invariant finite measures for some classes of nonsingular transformations.
We first give an abstract approach to the general existence problem of sta-
tionary densities of Markov operators in Section 5.1 which gives three general
existence results for stationary densities of Markov operators and an important
spectral decomposition theorem concerning the asymptotic periodicity of the
iteration sequence {Pnf} for the class of constrictive Markov operators. Then,
the existence results for several concrete classes of one or higher dimensional
nonsingular transformations are presented in the subsequent sections. The pre-
sentation of the existence results in this chapter is by no means complete, but
we shall show how to employ the variation technique to prove several important
existence theorems, including the now classic Lasota-Yorke’s theorem. For a
more complete coverage and discussion of various approaches to the existence
problem, see Chapters 5 and 6 of the monograph [82] by Lasota and Mackey
and the textbook [14] by Boyarsky and Góra.

5.1 General Existence Results

Let (X,Σ, μ) be a measure space. As shown in Chapter 4, the problem of
the existence of an absolutely continuous invariant probability measure with
respect to a given nonsingular transformation S : X → X is equivalent to that
of a density solution to the fixed point equation Pf = f for the Frobenius-
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Perron operator P associated with S. But, finding a stationary density of P is
in general difficult except for some simple or special cases.
Since P : L1 → L1 is continuous in both the strong topology and the weak

topology, if the sequence {Pnf} of the iterates converges to some function f∗
strongly or weakly, then f∗ must be a fixed point of P . However, because the
L1-space is not reflexive, the theory of Hilbert space is not applicable. On the
other hand, since ‖P‖ = 1, we simply cannot use some standard techniques in
functional analysis, such as Banach’s contraction fixed point theorem, to prove
the convergence of {Pnf}. As a matter of fact, the sequence {Pnf} does not
converge in most situations of interest. Instead, we must seek appropriate com-
pactness arguments and special techniques for L1 spaces to prove the existence
of a stationary density. One successful approach is based on the ergodic theory
of linear operators with uniformly bounded powers (e.g., see the last chapter
of [57]). In this section, we present two general results for the existence of
stationary densities of more general Markov operators along this direction.
We first state and prove a special version of the classic Kakutani-Yosida

abstract ergodic theorem [57] that is adapted to the case of Markov operators.
This fundamental result is an important tool for determining the convergence
of a sequence of the iterates of Markov operators. Suppose that P : L1 → L1 is
a Markov operator. The following proposition about the sequence of the Cesáro
averages

Anf ≡ An(P )f =
1
n

n−1∑
i=0

P if (5.1)

for the iterates of f ∈ L1 under repeated iterations of P will be used for the
proof of Theorem 5.1.1.

Lemma 5.1.1 Let f ∈ L1. Then,

lim
n→∞ ‖Anf −AnPf‖ = 0. (5.2)

Proof By the definition (5.1) of Anf , we have

Anf −AnPf =
1
n
(f − Pnf),

which together with the fact that ‖Pn‖ � 1 uniformly gives that

‖Anf −AnPf‖ � 2
n
‖f‖ → 0

as n→ ∞. This completes the proof. �
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Proposition 5.1.1 If, for some f ∈ L1, there is a subsequence {Ank
f} of the

sequence {Anf} of the Cesáro averages that converges weakly to some f∗ ∈ L1,
then Pf∗ = f∗.

Proof Since PAnk
f = Ank

Pf and P is weakly continuous, the sequence
{Ank

Pf} converges weakly to Pf∗. Since {Ank
Pf} has the same limit as

{Ank
f} by Lemma 5.1.1, we have Pf∗ = f∗. �

Theorem 5.1.1 (Kakutani-Yosida’s abstract ergodic theorem) Let (X,
Σ, μ) be a measure space and let P : L1 → L1 be a Markov operator. If for a
given f ∈ L1, the sequence {Anf} of the Cesáro averages given by (5.1) is weakly
precompact in L1, then it converges strongly in L1 to some f∗ ∈ L1 which is a
fixed point of P , that is,

lim
n→∞ ‖Anf − f∗‖ = 0 (5.3)

and Pf∗ = f∗. Furthermore, if f ∈ D, then f∗ ∈ D, so that f∗ is a stationary
density of P .

Proof The assumption that the sequence {Anf} is weakly precompact means
that there exists a subsequence {Ank

f} of {Anf} such that {Ank
f} converges

weakly to some f∗ ∈ L1 as k → ∞. By Proposition 5.1.1, we have Pf∗ = f∗.
If f is a density, then f∗ is a density since P preserves the positivity and the
L1-norm of f .
In order to show (5.3), we first prove that f − f∗ ∈ R(P − I), the closure of

the range R(P − I) of the operator P − I. If this were not the case, then, by
the Hahn-Banach theorem [57], there must exist a function g∗ ∈ L∞ such that

〈f − f∗, g∗〉 �= 0 (5.4)

and
〈h, g∗〉 = 0, ∀ h ∈ R(P − I).

It follows that
〈(P − I)P jf, g∗〉 = 0, j = 0, 1, · · · ,

which implies that

〈P j+1f, g∗〉 = 〈P jf, g∗〉, j = 0, 1, · · · ,

and so we obtain
〈P jf, g∗〉 = 〈f, g∗〉, j = 1, 2, · · · .

As a consequence, for any n,

〈Anf, g∗〉 = 〈f, g∗〉.
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Since the sequence {Ank
f} converges weakly to f∗, we have

〈f − f∗, g∗〉 = 0,

which contradicts (5.4).
Thus, for any ε > 0, there exists g, h ∈ L1 such that

f − f∗ = Pg − g + h,

where ‖h‖ � ε/2. Thus, ‖Anh‖ � ε/2 for all n. The equality Pf∗ = f∗ implies
Anf

∗ = f∗, so
Anf = An(Pg − g) +Anh+ f∗,

from which we obtain

‖Anf − f∗‖ � ‖An(Pg − g)‖+ ‖Anh‖.

However, (5.2) implies that there exists an integer n0 � 1 such that

‖An(Pg − g)‖ � ε

2
, ∀ n � n0.

Therefore, we have
‖Anf − f∗‖ � ε, ∀ n � n0.

This completes the proof. �

Remark 5.1.1 The general Kakutani-Yosida abstract ergodic theorem (The-
orem .5.1 of [57]) says that, if T is a bounded linear operator from a Ba-
nach space B into itself such that lim

n→∞ ‖T nx‖/n = 0 and the sequence of the

Cesáro averages Anx = n−1
n−1∑
i=0

T ix is weakly precompact for some x ∈ B, then

lim
n→∞ ‖Anx − x∗‖ = 0 for some fixed point x∗ ∈ B of T . This remark will be
used in the proof of Theorem 5.1.2 below.

Several corollaries follow immediately by the criteria for the weak precom-
pactness in Section 2.5.

Corollary 5.1.1 If for some density f ∈ D there is a nonnegative function
g ∈ L1 and a positive integer n0 such that

Pnf � g, ∀ n � n0,

then there exists a stationary density f∗ for P .

Corollary 5.1.2 If for some density f ∈ D there are two real numbers p > 1
and M > 0 and a positive integer n0 such that

‖Pnf‖p �M, ∀ n � n0,

then there exists a stationary density f∗ for P .
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Another way to investigate the stationary density problem of Markov oper-
ators is based on the quasi-compactness argument.

Theorem 5.1.2 Let (X,Σ, μ) be a measure space and let P : L1 → L1 be a
Markov operator. Suppose that V is a dense vector subspace of L1 which is also
invariant under P , and suppose that V is a Banach space under the norm ‖·‖V .
If P : (V, ‖ · ‖V ) → (V, ‖ · ‖V ) is quasi-compact and the sequence {‖Pn‖V } is
uniformly bounded, then for any density f ∈ V , there exists a stationary density
f∗ ∈ V of P such that

lim
n→∞ ‖Anf − f∗‖V = 0.

Proof By the definition of quasi-compactness, there is a positive integer r
and a compact operator K : (V, ‖ · ‖V )→ (V, ‖ · ‖V ) such that ‖P r −K‖V < 1.
Denote T = P r−K. Then, ‖T ‖V < 1 implies that the bounded linear operator
I−T is invertible and its inverse (I−T )−1 : (V, ‖·‖V )→ (V, ‖·‖V ) is a bounded
linear operator with the Neumann series expression

(I − T )−1 =
∞∑
n=0

T n.

It is easy to see that

An = (I − T )−1KAn + (I − T )−1(An − P rAn) (5.5)

and

An − P rAn =
I + P + · · ·+ P r−1

n
(I − Pn).

Since the sequence {‖Pn‖V } is uniformly bounded,

lim
n→∞ ‖An − P rAn‖V

� lim
n→∞

1 + ‖P‖V + · · ·+ ‖P r−1‖V
n

(1 + ‖Pn‖V ) = 0.

Thus, for any density f ∈ V , we have

lim
n→∞(I − T )

−1(An − P rAn)f = 0.

On the other hand, since (I − T )−1K is a compact operator and the sequence
{‖Anf‖V } is uniformly bounded, the set {(I−T )−1KAnf}∞n=0 has a limit point
f∗ in V , which together with (5.5) means that the set {Anf}∞n=0 also has f∗ as
its limit point. Therefore, the Kakutani-Yosida abstract ergodic theorem (see
Remark 5.1.1) applied to (V, ‖ · ‖V ) gives the result. �

Remark 5.1.2 Furthermore, one can show that under the conditions of The-
orem 5.1.2, lim

n→∞ ‖An − E(P )‖V = 0, where E(P ) is a positive projection from
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V onto the vector subspace of all the fixed points of P in V ; see Corollary
.8.4 of [57]. A more extensive analysis of this property of uniform ergodicity
is contained in Section .8 of [57].

Corollary 5.1.3 Let (X,Σ , μ) be a measure space and let P : L1 → L1 be
a Markov operator. Suppose that V is a dense vector subspace of L1 and is a
Banach space under the norm ‖ · ‖V such that ‖f‖ � c‖f‖V for all f ∈ V and
some constant c. If there exist two positive numbers α < 1 and β and a positive
integer k such that

‖P kf‖V � α‖f‖V + β‖f‖, ∀ f ∈ V,

then there exists a density f∗ ∈ V such that Pf∗ = f∗, and the conclusion of
Theorem 5.1.2 is true.

Proof By the Ionescu-Tulcea and Marinescu theorem, P : V → V is quasi-
compact. For any f ∈ V , write n = ik + j with 0 � j < k, then

‖Pnf‖V =‖P ik+jf‖V � ‖(P k)if‖V + ‖P jf‖V

�αi‖f‖V + β
i−1∑
l=0

αl‖f‖+ ‖P jf‖V

�‖f‖V +
β

1− α‖f‖+ ‖P jf‖V

�
(
1 +

βc

1− α + max0�j<k
‖P j‖V

)
‖f‖V .

Hence, the sequence {‖Pn‖V } is uniformly bounded, and so the conditions of
Theorem 5.1.2 are satisfied. �

Now we focus on a special class of Markov operators for the investigation of
the asymptotic behavior of the sequence {Pnf}, the evolution of a density f ∈ D
under the repeated action of P . This class of Markov operators contains the
Frobenius-Perron operators associated with the classes of the transformations
to be studied in the next three sections. First, we give the definition of such
operators.

Definition 5.1.1 Let (X,Σ, μ) be a finite measure space. A Markov operator
P : L1 → L1 is said to be constrictive if there exist two positive numbers δ and
ε < 1 with the property that for each f ∈ D, there is a positive integer n0(f)
such that ∫

A

Pnfdμ � ε, ∀ n � n0(f)

for all A ∈ Σ with μ(A) � δ.
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Remark 5.1.3 A Markov operator P : L1 → L1 is constrictive if and only if
there exists a compact set F ⊂ L1 such that

lim
n→∞dist (P

nf,F) = 0

for any f ∈ D, where dist (g,F) = min{‖g − h‖ : h ∈ F} is the distance of
g ∈ L1 to F [14].
A simple sufficient condition for constrictiveness is given by the following

proposition.

Proposition 5.1.2 Let (X,Σ, μ) be a finite measure space and let P : L1 → L1

be a Markov operator. If there are two numbers p > 1 and K > 0 such that
for every f ∈ D, there is a positive integer n1(f) such that Pnf ∈ Lp for all
n � n1(f) and

lim sup
n→∞

‖Pnf‖p � K,

then P is constrictive.

Proof Given f ∈ D, there is a positive integer n0(f) such that ‖Pnf‖p � K+1
for all n � n0(f). By Proposition 2.5.2, the set

{Pnf : f ∈ D, n � n0(f)}

is weakly precompact. Then, for any chosen ε ∈ (0, 1), Theorem 2.5.2 implies
that there is δ > 0 such that∫

A

Pnfdμ � ε, ∀ n � n0(f), ∀ A ∈ Σ with μ(A) < δ.

So, P is constrictive by Definition 5.1.1. �

We state without proof an important spectral decomposition theorem for
constrictive Markov operators due to Komornic and Lasota [77].

Theorem 5.1.3 (Komornic-Lasota’s spectral decomposition theorem)
Let (X,Σ, μ) be a finite measure space and let P : L1 → L1 be a constrictive
Markov operator. Then, there are an integer k > 0 and functions gi ∈ D and
hi ∈ L∞ for i = 1, 2, · · · , k such that the bounded linear operator R defined by

Rf = Pf −
k∑
i=1

(∫
X

fhidμ
)
gi, ∀ f ∈ L1 (5.6)

satisfies the following properties:
(i) lim

n→∞ ‖PnRf‖ = 0 for every f ∈ L1;
(ii) supp gi ∩ supp gj = ∅ for all i �= j;
(iii) Pgi = gji for each i = 1, 2, · · · , k, where (j1, j2, · · · , jk) is a permutation

of (1, 2, · · · , k).



5.2 Piecewise Stretching Mappings 99

The above theorem provides another existence result for stationary densities
of Markov operators.

Corollary 5.1.4 Let (X,Σ, μ) be a finite measure space and let P : L1 → L1

be a constrictive Markov operator. Then, P has a stationary density.

Proof Let a density f be defined by

f =
1
k

k∑
i=1

gi,

where k and gi, i = 1, 2, · · · , k are as in Theorem 5.1.3. Because of property
(iii) in that theorem, we have

Pf =
1
k

k∑
i=1

gji =
1
k

k∑
i=1

gi = f,

and thus P has a stationary density. �

Remark 5.1.4 The decomposition equality (5.6) implies the asymptotic peri-
odicity of the sequence {Pnf} for a constrictive Markov operator P : L1 → L1.
See [77, 81, 82] for more details on the asymptotic periodicity of constrictive
Markov operators. Furthermore, the above spectral decomposition theorem can
be used to study ergodicity, mixing, and exactness of constrictive Markov opera-
tors. In particular, applying the spectral decomposition theorem to constrictive
Frobenius-Perron operators gives conditions for ergodic, mixing, or exact trans-
formations, respectively. See Section 5.3 of [82] for more information.

Remark 5.1.5 The spectral decomposition of Theorems 5.1.3 for constrictive
Markov operators is similar to that for quasi-compact Markov operators as
described by Theorem 2.5.3, but the relationship between constrictiveness and
quasi-compactness for Markov operators is still an open question [14].

In the remaining sections of this chapter, we shall study several classes of
concrete transformations satisfying some conditions that guarantee the existence
of absolutely continuous invariant finite measures. We start with Lasota-Yorke’s
classic result on interval mappings in the next section.

5.2 Piecewise Stretching Mappings

In 1973, Lasota and Yorke [83] proved a fundamental existence result for a
class of piecewise C2 and stretching mappings of the interval [0, 1], thus they
answered a question posed by Ulam in [120] on the existence of absolutely
continuous invariant probability measures for “simple” interval mappings such
as the line-broken ones. In this section, we state the Lasota-Yorke theorem and
give its proof.
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Theorem 5.2.1 (Lasota-Yorke’s existence theorem) Suppose that a map-
ping S : [0, 1]→ [0, 1] satisfies the following conditions:
(i) there is a partition 0 = a0 < a1 < · · · < ar = 1 of the interval [0, 1]

such that for i = 1, 2, · · · , r, the restriction S|(ai−1,ai) of S to the open interval
(ai−1, ai) can be extended to the closed interval [ai−1, ai] as a C2-function;
(ii) there is a constant λ > 1 such that

inf {|S′(x)| : x ∈ [0, 1] \ {a1, a2, · · · , ar−1}} � λ;

(iii) there is a constant s such that

sup
{
S′′(x)
[S′(x)]2

: x ∈ [0, 1] \ {a1, a2, · · · , ar−1}
}

� s.

Then, the corresponding Frobenius-Perron operator P has a stationary density.

Proof For i = 1, 2, · · · , r let Si = S|(ai−1,ai), gi = S−1i , and Ii = S((ai−1, ai)),
and denote

Δi(x) =

⎧⎨
⎩
(ai−1, gi(x)), x ∈ Ii, g′i(x) > 0,
(gi(x), ai), x ∈ Ii, g′i(x) < 0,
(ai−1, ai), x �∈ Ii.

Then, for x ∈ [0, 1],

S−1((0, x)) =
r⋃
i=1

Δi(x),

and so from the explicit formula (4.2) for the Frobenius-Perron operator, we
have

Pf(x) =
d
dx

∫
S−1([0,x])

f(t)dt =
r∑
i=1

d
dx

∫
Δi(x)

f(t)dt,

where

d
dx

∫
Δi(x)

f(t)dt =

⎧⎨
⎩
g′i(x)f(gi(x)), x ∈ Ii, g′i(x) > 0,
−g′i(x)f(gi(x)), x ∈ Ii, g′i(x) < 0,
0, x �∈ Ii.

It follows from the above that

Pf(x) =
r∑
i=1

σi(x)f(gi(x))χIi (x), (5.7)

where for each i, σi(x) = |g′i(x)| = 1/|S′(gi(x))| � 1/λ for all x ∈ Ii and σ′i
satisfies

|σ′i(x)| =
| − S′(gi(x))g′i(x)|
[S′(gi(x))]2

� sσi(x), ∀ x ∈ Ii. (5.8)
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Let f ∈ D ∩ BV (0, 1). Then, from the expression (5.7), Proposition 2.3.1,
Yorke’s inequality (2.5), and the inequality (5.8),

1∨
0

Pf �
r∑
i=1

1∨
0

[σi(f ◦ gi)χIi ]

� 2
r∑
i=1

∨
Ii

[σi(f ◦ gi)] +
r∑
i=1

2
m(Ii)

∫
Ii

σi(f ◦ gi)dm

� 2
r∑
i=1

(
sup
x∈Ii

σi(x)
∨
Ii

f ◦ gi +
∫
Ii

|σ′i|(f ◦ gi)dm
)

+
r∑
i=1

2
m(Ii)

∫
Ii

σi(f ◦ gi)dm

� 2
λ

r∑
i=1

∨
Ii

f ◦ gi + 2
r∑
i=1

[
s+

1
m(Ii)

] ∫
Ii

σi(f ◦ gi)dm

=
2
λ

r∑
i=1

ai∨
ai−1

f + 2
r∑
i=1

[
s+

1
m(Ii)

] ∫ ai

ai−1
f(y)dy

=
2
λ

1∨
0

f + β
∫ 1

0

f(y)dy = α
1∨
0

f + β,

where the constants α = 2/λ and β = max
i=1,··· ,r

2 (s+ 1/m(Ii)).

First, we assume that λ > 2. Then, 0 < α < 1. With an induction argument,
we have

1∨
0

Pnf � αn
1∨
0

f + β
n−1∑
k=0

αk �
1∨
0

f +
β

1− α, ∀ n,

and hence, for every f ∈ D ∩BV (0, 1),

1∨
0

Anf =
1∨
0

1
n

n−1∑
k=0

P kf � 1
n

n−1∑
k=0

1∨
0

P kf �
1∨
0

f +
β

1− α, ∀ n.

By Helly’s lemma, the sequence {Anf} is precompact, therefore by Theorem
5.1.1,

lim
n→∞Anf = f

∗

in L1(0, 1), where f∗ is a stationary density of P .
Next, we assume only that 2 � λ > 1. Then, 1 � α < 2. Choose a positive

integer k such that γ = λk > 2. Then, for φ = Sk we have inf
x∈[0,1]

|φ′(x)| � γ > 2.
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So, from what we have proved, for any f ∈ D∩BV (0, 1), there is a constantM
such that

1∨
0

(Pφ)nf �M, ∀ n.

Write n = jk + l where 0 � l < k. Then,

1∨
0

Pnf =
1∨
0

P l(P k)jf =
1∨
0

P l(Pφ)jf

�αl
1∨
0

(Pφ)
j
f + β

k∑
i=0

αi

�αk−1M + β
k∑
i=0

αi, ∀ n.

So, the same argument implies that P has a stationary density. �

Remark 5.2.1 In fact, every stationary density of P in the above theorem
belongs to BV (0, 1) (see [82]).

Remark 5.2.2 The proof of the Lasota-Yorke theorem implies that the cor-
responding Frobenius-Perron operator P is constrictive, so that the sequence
{Pnf} is asymptotically periodic.
Remark 5.2.3 The assumptions of the Lasota-Yorke theorem can be relaxed
to that the mapping S is piecewise C1 and stretching, and the function 1/|S′|
is of bounded variation (see [14, 124]). It was shown that there exist constants
0 < η < 1, C1, and C2 such that for any f ∈ BV (0, 1) and all integers n � 1,

‖Pnf‖BV � C1ηn‖f‖BV + C2‖f‖,

where the BV -norm ‖ · ‖BV is defined by (2.6).
Remark 5.2.4 If, in addition, S is piecewise onto in Theorem 5.2.1, then it
is easy to see from the proof of the theorem that

1∨
0

Pf � 1
λ

1∨
0

f + s‖f‖, ∀ f ∈ BV (0, 1),

which will be used in Section 7.2.

Remark 5.2.5 The structure of the fixed point space of the Frobenius-Perron
operator P under the conditions of Theorem 5.2.1 has been explored in [90], and
in particular it is shown that if r = 2 in the theorem, then P has exactly one
stationary density, which also implies the ergodicity of S by Theorem 4.4.1.
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Remark 5.2.6 See [66] for more general existence results of absolutely con-
tinuous invariant measures on piecewise monotonic mappings of totally ordered
sets.

Remark 5.2.7 The assumption inf
x∈[0,1]\{a1,··· ,ar−1}

|S′(x)| > 1 in Theorem
5.2.1 is essential for the conclusion of that theorem since it cannot be weak-
ened to |S′(x)| > 1 on (0, 1). Even if |S′(x)| = 1 for only one point in the
interval, the corresponding Frobenius-Perron operator may not have a nontriv-
ial fixed point. This can be demonstrated by the following example from [88].
Let S : [0, 1]→ [0, 1] be defined by

S(x) =

⎧⎪⎪⎨
⎪⎪⎩

x

1− x, x ∈
[
0,
1
2

]
,

2x− 1, x ∈
(
1
2
, 1
]
.

Then, S′(x) > 1 for all x ∈ (0, 1] and S′(0) = 1. A detailed analysis (see Remark
6.2.1 of [82]) shows that for any ε > 0,

lim
n→∞

∫ 1

ε

|PnS f(x)|dx = 0

for all f ∈ L1(0, 1). Hence, the sequence {PnS f} converges to 0 under the L1-
norm in L1(ε, 1) for each ε > 0. Thus, the only solution to the operator equation
PSf = f is the trivial solution f = 0, and so there is no absolutely continuous

S-invariant measure at all. For each f ∈ D, since lim
n→∞

∫ ε

0

PnS f(x)dx = 1,

starting with many initial points to iterate the above mapping, eventually we
can see the cluster of more and more iterates near zero. This phenomenon is
called the paradox of the weak repellor which is further discussed at the end of
Section 1.3 of the book [82] by Lasota and Mackey. Note that the given S is
a piecewise convex mapping with 0 as a weak repellor. In the next section, we
will show that for piecewise convex mappings with 0 as a strong repellor at 0,
the mentioned paradox disappears.

5.3 Piecewise Convex Mappings

Remark 5.2.7 at the end of the previous section tells us that the condition
inf

x∈[0,1]\{a1,··· ,ar−1}
|S′(x)| > 1 in the Lasota-Yorke theorem is important for the

existence of a stationary density of the Frobenius-Perron operator P correspond-
ing to a piecewise monotonic mapping S, but it is not necessary, as the example
S(x) = 4x(1−x) indicates. Indeed, it has been shown (see, e.g., [5, 104]) that for
the family of mappings Sp(x) = px(1− x), there is an uncountable set Λ of the
parameter values p near 4 such that for each p ∈ Λ, there is a stationary density
of the corresponding Frobenius-Perron operator, even though S′p(1/2) = 0 for
every p.
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In this section, we prove the existence of an absolutely continuous invariant
probability measure for a class of mappings that are piecewise convex with a
strong repellor. The result is also due to Lasota and Yorke [84].

Theorem 5.3.1 (Lasota-Yorke) Suppose that S : [0, 1]→ [0, 1] satisfies the
conditions:
(i) there is a partition 0 = a0 < a1 < · · · < ar = 1 of [0, 1] such that the

restriction S|[ai−1,ai) of S to [ai−1, ai) is a C2-function for each i = 1, 2, · · · , r;
(ii) S′(x) > 0 and S′′(x) � 0 for all x ∈ [0, 1), where S′(ai) and S′′(ai) are

understood to be the right derivatives for each i;
(iii) S(ai) = 0 for each integer i = 0, 1, · · · , r − 1; and
(iv) λ ≡ S′(0) > 1.

Let P : L1(0, 1) → L1(0, 1) be the corresponding Frobenius-Perron operator.
Then, there exists a stationary density f∗ of P . Moreover, f∗ is a monotonically
decreasing function.

Proof Denote Si = S|[ai−1,ai) and let

gi(x) =
{
S−1i (x), x ∈ [0, S(a−i )),
ai, x ∈ [S(a−i ), 1]

for i = 1, 2, · · · , r, where S(a−i ) is the left limit of S as x approaches ai. Then,

S−1([0, x]) =
r⋃
i=1

[ai−1, gi(x)],

from which and (4.2)

Pf(x) =
r∑
i=1

g′i(x)f(gi(x)).

Since Si is monotonically increasing, so is gi. And, g′i is monotonically decreas-
ing since g′′i (x) = −S′′(x)/S′(x)2 � 0 on [0, 1]. Thus, Pf is a monotonically
decreasing nonnegative function if f is nonnegative and monotonically decreas-
ing, and

Pf(x)=
r∑
i=1

g′i(x)f(gi(x)) �
r∑
i=1

g′i(0)f(gi(0))

=g′1(0)f(0) +
r∑
i=2

g′i(0)f(ai−1).

Now, let f ∈ D ∩ L1(0, 1) be monotonically decreasing. Then,

1 �
∫ x

0

f(t)dt �
∫ x

0

f(x)dt = xf(x), ∀ x ∈ [0, 1],
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which implies that

f(x) � 1
x
, ∀ x ∈ (0, 1].

Hence, for 2 � i � r,

g′i(0)f(ai−1) �
g′i(0)
ai−1

.

Let α = 1/λ. Then, g′1(0) = 1/S
′(0) = 1/λ = α < 1, so we have

Pf(x) � 1
λ
f(0) +

r∑
i=2

g′i(0)
ai−1

= αf(0) +M,

where the constant

M =
r∑
i=2

g′i(0)
ai−1

.

It follows that

Pnf(x) � αnf(0) + M

1− α � f(0) +K,

where the constant K = M/(1 − α) is independent of the choice of f . Since
‖P‖ = 1, the set

{
h ∈ L1(0, 1) : 0 � h(x) � f(0) +K, x ∈ [0, 1]

}
is weakly compact in L1(0, 1) from Proposition 2.5.1. By Theorem 5.1.1, under
the L1 norm,

lim
n→∞

1
n

n−1∑
k=0

P kf = f∗,

where f∗ is a stationary density of P . It is obvious that f∗ is monotonically
decreasing on [0, 1] since f is monotonically decreasing on [0, 1], and f∗ is the
limit of a sequence of monotonically decreasing functions. �

Remark 5.3.1 The point x = 0 is called a strong repellor since the orbit {x0,
S(x0), S2(x0), · · · }, starting from a point x0 ∈ [0, a1), will eventually leave
[0, a1). Also see Remark 5.2.7.

Remark 5.3.2 It can be shown [84] that f∗ is the unique stationary density
of P and that the sequence {Pn} of the iterates of P is asymptotically stable in
the sense that

lim
n→∞P

nf = f∗

for all f ∈ D.
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5.4 Piecewise Expanding Transformations

In this section, we generalize the existence result in Section 5.2 to multi-
dimensional transformations. Such generalizations are based on the modern
notion of variation for functions of several variables, as developed in Section
2.4.
Historically, the first existence result for multi-dimensional transformations

was obtained by Krzyzewski and Szlenk [80] in 1969 by demonstrating the exis-
tence of a unique, absolutely continuous invariant probability measure for a C1

expanding transformation S on a smooth manifold. For more general piecewise
expanding transformations, the first partial result appeared in [73]. There, ex-
panding and piecewise analytic transformations on the unit square partitioned
by smooth curves were considered. A complicated definition of bounded vari-
ation is used and the method cannot be extended beyond dimension 2. Two
generalizations were obtained later on. In [70], Jabloński proved the existence of
absolutely continuous invariant measures for a special class of transformations
on [0, 1]N with a rectangular partition, using the classic Tonnelli definition of
bounded variation (Definition 2.4.4). Góra and Boyarsky [64] seem to be the
first to have used the modern definition of bounded variation (Definition 2.4.1)
to prove an existence result for piecewise C2 and expanding transformations on
a bounded region of RN . Their result has been generalized in [2] and [108].
Here, for the sake of avoiding technical difficulties of presentation, we give

a unified approach [52] to the multi-dimensional existence problem, using the
variation notion and the trace theorem for weakly differentiable functions. First,
we prove a preliminary result.

Proposition 5.4.1 Let Ω = Ω1 ∪Ω2 ∪Γ be a bounded open region of RN with
Γ = ∂Ω1 ∩ ∂Ω2. Then, for any f ∈ BV (Ω), there hold∫

Γ

‖Df‖ =
∫
Γ

|trΩ1f − trΩ2f |dH, (5.9)

V (f ;Ω) = V (f ;Ω1) + V (f ;Ω2) +
∫
Γ

|trΩ1f − trΩ2f | dH. (5.10)

Proof Let g ∈ C10 (Ω ;RN ). Then, from Theorem 2.4.3,∫
Ω1

f div g dm = −
∫
Ω1

〈Df, g〉+
∫
∂Ω1

trΩ1f〈g,n1〉dH,

∫
Ω2

f div g dm = −
∫
Ω2

〈Df, g〉+
∫
∂Ω2

trΩ2f〈g,n2〉dH,

where ni is the unit outward normal vector to ∂Ωi, i = 1, 2. From the above
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and using the fact that n1 = −n2 along Γ , we have∫
Ω

f div g dm=−
∫
Ω1

〈Df, g〉 −
∫
Ω2

〈Df, g〉

+
∫
Γ

(trΩ1f − trΩ2f)〈g,n1〉dH.

On the other hand,∫
Ω

f div g dm=−
∫
Ω

〈Df, g〉

=−
∫
Ω1

〈Df, g〉 −
∫
Ω2

〈Df, g〉 −
∫
Γ

〈Df, g〉.

Hence,

−
∫
Γ

〈Df, g〉 =
∫
Γ

(trΩ1f − trΩ2f)〈g,n1〉dH.

Taking supremum over all g ∈ C10 (Ω ;RN ) such that ‖g(x)‖2 � 1 for all x ∈ Ω ,
we obtain ∫

Γ

‖Df‖ =
∫
Γ

|trΩ1f − trΩ2f |dH,

which is (5.9). Now, from Remark 2.4.3, we see that∫
Ω

‖Df‖=
∫
Ω1

‖Df‖+
∫
Ω2

‖Df‖+
∫
Γ

‖Df‖

=
∫
Ω1

‖Df‖+
∫
Ω2

‖Df‖+
∫
Γ

|trΩ1f − trΩ2f | dH.

Hence, we have (5.10). �

Corollary 5.4.1 Let Ω0 ⊂ Ω. If f ∈ BV (Ω), then

V (fχΩ0 ;Ω) = V (f ;Ω0) +
∫
∂Ω0\∂Ω

|trΩ0f | dH.

Remark 5.4.1 Corollary 5.4.1 can be viewed as a generalization of the Yorke
inequality (2.5) to multi-variable functions.

Now, we apply the above results to a class of multi-dimensional transfor-
mations. For a differentiable transformation S, we denote by JS the Jacobian
matrix of S and |JS| the absolute value of the determinant of JS. IfA = (aij) is
an N ×N matrix, then ‖A‖2 is defined to be the Euclidean 2-norm of A. Note
that ‖A‖2 =

√
λmax(ATA). We need the following lemma, which is basically a

generalization of the familiar change of variables formula for smooth functions
to weakly differentiable functions.
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Lemma 5.4.1 Let Ω1,Ω2, Ω̃1, Ω̃2 be bounded open sets in RN ,Ω1 ⊂ Ω̃1,Ω2 ⊂
Ω̃2, let S = (S1, S2, · · · , SN )T : Ω̃1 → Ω̃2 be a diffeomorphism of class C2 with
S(Ω1) = Ω2, and let f ∈ BV (Ω1). Then, the following are valid:
(i) For g = (g1, g2, · · · , gN )T ∈ C1(Ω2;RN ),∫

Ω2

(f ◦ S−1)|JS−1 | div g dm

=
∫
Ω1

f

⎧⎨
⎩[div(JS−1 · g)] ◦ S −

N∑
j,i=1

(gj ◦ S)
∂

∂xi

[
∂(S−1)i
∂yj

◦ S
]⎫⎬
⎭dm, (5.11)

∫
Ω2

〈D
[
(f ◦S−1)|JS−1 |

]
, g〉=

∫
Ω1

〈Df, (JS−1 ·g)◦S〉

+
∫
Ω1

f
N∑

j,k=1

(gj ◦S)
∂

∂xk

[
∂(S−1)k
∂yj

◦S
]
dm, (5.12)

where (S−1)k is the kth component function of S−1.
(ii) For any H-measurable set ω ⊂ ∂Ω2,∫

ω

∣∣trΩ2 [(f ◦ S−1) |JS−1 |
]∣∣ dH

� sup
z∈Ω2

‖JS−1(z)‖2
∫

S−1(ω)
|trΩ1f | dH. (5.13)

Proof (i) Since (JS−1 · g) ◦ S = (JS−1 ◦ S) · (g ◦ S),

[div (JS−1 · g)] ◦ S =
N∑

i,j=1

∂

∂xi

[(
∂(S−1)i
∂yj

◦ S
)
(gj ◦ S)

]
.

Since, for each pair of i, j = 1, 2, · · · , N ,

∂

∂xi

[(
∂(S−1)i
∂yj

◦ S
)
(gj ◦ S)

]

=
[
∂(S−1)i
∂yj

◦ S
]
∂

∂xi
(gj ◦ S) + (gj ◦ S)

∂

∂xi

[
∂(S−1)i
∂yj

◦ S
]
,

∫
Ω1

f

⎧⎨
⎩[div(JS−1 · g)] ◦ S −

N∑
i,j=1

(gj ◦ S)
∂

∂xi

[
∂(S−1)i
∂yj

◦ S
]⎫⎬
⎭ dm

=
∫
Ω1

N∑
i,j=1

f

[
∂(S−1)i
∂yj

◦ S
]
∂

∂xi
(gj ◦ S)dm
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=
∫
Ω1

f

N∑
j=1

(
∂gj
∂yj

◦ S
)
dm.

However, for a fixed j by change of variables, we obtain∫
Ω1

f

(
∂gj
∂yj

◦ S
)
dm =

∫
Ω2

(
f ◦ S−1

)
|JS−1 |

∂gj
∂yj
dm.

Hence, by summing up, we have
∫
Ω1

f
N∑
j=1

(
∂gj
∂yj

◦ S
)
dm =

∫
Ω2

(
f ◦ S−1

)
|JS−1 | div g dm

for g ∈ C1(Ω2;RN), which gives (5.11).
If g ∈ C10 (Ω2;RN ), then by Theorem 2.4.3 we obtain∫

Ω2

(
f ◦ S−1

)
|JS−1 | div g dm = −

∫
Ω2

〈D
(
f ◦ S−1

)
|JS−1 | , g〉dm,

∫
Ω1

f [div (JS−1 · g) ◦ S] dm = −
∫
Ω1

〈Df, (JS−1 · g) ◦ S〉dm.

Thus, by (5.11), we get (5.12) for g ∈ C10 (Ω2;RN ).
Note that for any g∈C1(Ω2;RN), there exists a sequence{gn} in C10 (Ω2;RN )

such that ‖gn − g‖1,∞ → 0, which implies that (5.12) is also true for g ∈
C1(Ω2;RN ).
(ii) Given ε > 0, there exists g ∈ C1(Ω2;RN) such that ‖g(x)‖2 � 1 for all

x ∈ Ω2, g(x) = 0 for all x ∈ ∂Ω2 \ ω, and∫
ω

∣∣trΩ2 [(f ◦ S−1) |JS−1 |
]∣∣ dH

�
∣∣∣∣
∫
∂Ω2

trΩ2
[(
f ◦ S−1

)
|JS−1 |

]
〈g,n〉dH

∣∣∣∣+ ε.
Applying Theorem 2.4.3 to the right-hand side of the above inequality, we have∫

ω

∣∣trΩ2 [(f ◦ S−1) |JS−1 |
]∣∣ dH

�
∣∣∣∣
∫
Ω2

(
f ◦ S−1

)
|JS−1 | div g dm+

∫
Ω2

〈D
(
f ◦ S−1

)
|JS−1 | , g〉dm

∣∣∣∣+ ε.
Changing variables gives∫

ω

∣∣trΩ2 [(f ◦ S−1) |JS−1 |
]∣∣ dH

�
∣∣∣∣
∫
Ω1

f {[div (|JS−1 | · g)] ◦ S} dm+
∫
Ω1

〈Df, [|JS−1 | · g] ◦ S〉dm
∣∣∣∣+ ε.
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Therefore, after applying Theorem 2.4.3 again to the right-hand side above, we
obtain ∫

ω

∣∣trΩ2 [(f ◦ S−1) |JS−1 |
]∣∣ dH

�
∫
∂Ω1

|trΩ1f〈[|JS−1 | · g] ◦ S,n〉| dH + ε.

Hence, ∫
ω

∣∣trΩ2 [(f ◦ S−1) |JS−1 |
]∣∣ dH

� sup
‖g‖∞�1

‖JS−1 · g‖∞
∫
S−1(ω)

|trΩ1f | dH + ε,

which implies (5.13). �

Definition 5.4.1 Let S : Ω → Ω and let {Ω1,Ω2, · · · ,Ωr} be a partition of Ω.
Denote Si = S|Ωi for each i. We say that S is piecewise C2 and λ-expanding
if each Si is C2 and one-to-one on Ωi, can be extended as a C2 transformation
on Ωi, i.e., C2 on an open neighborhood of Ωi, and satisfies

sup
x∈S(Ωi)

∥∥∥JS−1i
(x)
∥∥∥
2

� 1
λ
, ∀ i = 1, 2, · · · , r.

Lemma 5.4.2 If S : Ω → Ω is piecewise C2 and λ-expanding, then for any
f ∈ BV (Ω),

V (Pf ;Ω) � 1
λ
V (f ;Ω) + C′‖f‖+ 1

λ

r∑
i=1

∫
∂Ωi\S−1i (∂Ω)

|trΩif | dH,

where C′ > 0 is a constant independent of f .

Proof By the definition of P ,

Pf =
r∑
i=1

(
f ◦ S−1i

) ∣∣∣JS−1i

∣∣∣χS(Ωi),

from which and Corollary 5.4.1,

V (Pf ;Ω) �
r∑
i=1

V
[(
f ◦ S−1i

) ∣∣∣JS−1i

∣∣∣χS(Ωi);Ω
]

�
r∑
i=1

{
V
[(
f ◦ S−1i

) ∣∣∣JS−1i

∣∣∣ ;S(Ωi)]

+
∫
∂(S(Ωi))\∂Ω

∣∣∣trS(Ωi)

[(
f ◦ S−1i

) ∣∣∣JS−1i

∣∣∣]∣∣∣ dH
}
. (5.14)
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From the definition of variation, we have

V [(f ◦ S−1i )|JS−1i
|;S(Ωi)]

= sup

{
−
∫

S(Ωi)

〈D[(f ◦ S−1i )|JS−1i
|], g〉 : g ∈ C10 (S(Ωi);RN ),

‖g(x)‖2 � 1,x ∈ S(Ωi)

}
.

By (ii) of Lemma 5.4.1, for g ∈ C10 (S(Ωi);RN ) such that ‖g(x)‖2 � 1, ∀ x ∈
S(Ωi),∫

S(Ωi)

〈D[(f ◦ S−1i )|JS−1i
|], g〉

=
∫
Ωi

〈Df, (JS−1i
g) ◦ Si〉+

∫
Ωi

f

N∑
j,k=1

(gj ◦ Si)
∂

∂xk

[
∂(S−1i )k
∂yj

◦ Si
]
dm.

Let φ = λg. Then, the above two equalities give

V [(f ◦ S−1i )|JS−1i
|;S(Ωi)]

= sup

{
− 1
λ

∫
Ωi

〈Df, (JS−1i
φ) ◦ Si〉

−
∫
Ωi

f

N∑
j,k=1

(gj ◦ Si)
∂

∂xk

[
∂(S−1i )k
∂yj

◦ Si
]
dm :

g ∈ C10 (S(Ωi);RN ), ‖g(x)‖2 � 1, x ∈ S(Ωi)

}
. (5.15)

If we let C′ be the L∞-norm of
N∑

j,k=1

(gj ◦ Si)
∂

∂xk

[
∂(S−1i )k
∂yj

◦ Si
]
,

then

−
∫
Ωi

f

N∑
j,k=1

(gj ◦ Si)
∂

∂xk

[
∂(S−1i )k
∂yj

◦ Si
]
dm � C′

∫
Ωi

|f |dm. (5.16)

On the other hand, since ‖(JS−1i
φ)(x)‖2 � ‖JS−1i

‖2 ‖φ(x)‖2 � 1,∫
Ωi

〈Df, (JS−1i
φ) ◦ Si〉 � V (f ;Ωi). (5.17)
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Therefore, combining (5.15), (5.16), and (5.17), we obtain

V
[(
f ◦ S−1i

) ∣∣∣JS−1i

∣∣∣ ;S(Ωi)] � 1
λ
V (f ;Ωi) + C′

∫
Ωi

|f |dm. (5.18)

It follows from (5.14), (5.18), and (ii) of Lemma 5.4.1 that

V (Pf ;Ω)�
r∑
i=1

(
1
λ
V (f ;Ωi) + C′

∫
Ωi

|f | dm
)

+
r∑
i=1

1
λ

∫
∂Ωi\S−1i (∂Ω)

|trΩif | dH

� 1
λ
V (f ;Ω) + C′‖f‖+ 1

λ

r∑
i=1

∫
∂Ωi\S−1i (∂Ω)

|trΩif | dH.

Here we have used the fact that
r∑
i=1

V (f ;Ωi) � V (f ;Ω), based on the equality
(5.10). This completes the proof of the lemma. �

Lemma 5.4.3 If S : Ω → Ω is piecewise C2 and λ-expanding, then

V (Pf ;Ω) � 1 + κΩ (S)
λ

V (f ;Ω) + C‖f‖, ∀ f ∈ BV (Ω),

where κΩ(S) = max
1�i�r

κ(Ωi), κ(Ωi) is as defined in Theorem 2.4.4, and C > 0 is

a constant which is independent of the choice of f .

Proof From Lemma 5.4.2, we have

V (Pf ;Ω)� 1
λ
V (f ;Ω) + C′‖f‖+ 1

λ

r∑
i=1

∫
∂Ωi\S−1i (∂Ω)

|trΩif | dH

� 1
λ
V (f ;Ω) + C′‖f‖+ 1

λ

r∑
i=1

∫
∂Ωi

|trΩif | dH.

Note that Theorem 2.4.4 and Lemma 5.4.1 imply
r∑
i=1

∫
∂Ωi

|trΩif | dH�
r∑
i=1

κ(Ωi)
(
V (f ;Ωi) +

∫
Ωi

|f |dm
)

�κΩ (S) (V (f ;Ω) + ‖f‖) .
Thus, we get

V (Pf ;Ω)� 1
λ
V (f ;Ω) + C′‖f‖+ κΩ(S)

λ
(V (f ;Ω) + ‖f‖)

� 1 + κΩ (S)
λ

V (f ;Ω) + C‖f‖,

where C = C′ + κΩ (S)/λ. �
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Theorem 5.4.1 Let S : Ω → Ω ⊂ RN be piecewise C2 and λ-expanding. If
(1 + κΩ(S))/λ < 1, where κΩ(S) is as defined in Lemma 5.4.3, then S admits
an absolutely continuous invariant probability measure.

Proof From Lemma 5.4.3, the assumption implies that the sequence
{‖Pn1‖BV } is uniformly bounded. Hence, the sequence {Pn1} is precompact
in L1(Ω) by Theorem 2.5.1, and it follows from the Kakutani-Yosida abstract
ergodic theorem (Theorem 5.1.1) that P has a stationary density which is the
density of an absolutely continuous invariant probability measure. �

Corollary 5.4.2 Let S : Ω → Ω ⊂ RN be piecewise C2. If some iterated
transformation Sk is piecewise λ-expanding and satisfies (1 + κΩ (Sk))/λ < 1,
then S admits an absolutely continuous invariant probability measure.

Remark 5.4.2 Under the conditions of Theorem 5.4.1, P is quasi-compact on
BV (Ω) and an application of the Ionescu-Tulcea and Marinescu theorem will
give a spectral decomposition of P . See [64] for more details.

Remark 5.4.3 The difficult part in applying Theorem 5.4.1 is the determi-
nation or an estimation of the geometric quantity κΩ(S). The existence results
obtained under different assumptions on Ω and S, e.g. [2, 64], can be viewed as
consequences of the general framework after giving an upper bound for κΩ(S)
in different cases.

Exercises

5.1 Let (X,Σ, μ) be a finite measure space and let P : L1 → L1 be a Markov
operator. Show that if there exists a function h ∈ L1 and a positive number
γ < 1 such that

lim sup
n→∞

‖(Pnf − h)+‖ � γ, ∀ f ∈ D,

then P is constrictive.
5.2 Let S : [0, 1] → [0, 1] be a nonsingular transformation, and let {Sn} be a
sequence of nonsingular transformations from [0, 1] into itself that converges to
S uniformly on [0, 1]. Suppose that fn is a stationary density of PSn associated
with Sn for each n. If fn → f weakly in L1, show that PSf = f .
5.3 A nonsingular transformation S on a measure space (X,Σ, μ) is said to
be statistically stable if there exists f∗ ∈ D such that for any f ∈ D we have
lim
n→∞ ‖Pnf − f∗‖ = 0, where P is the associated Frobenius-Perron operator.
Let k � 1 be an integer. Show that Sk is statistically stable if and only if S is
statistically stable.
5.4 Let S : [0, 1]→ [0, 1] be a nonsingular transformation and let h : [0, 1] →
[0, 1] be a homeomorphism. Denote T = h ◦S ◦ h−1 and g = (f ◦ h−1) · |(h−1)′|.
Prove:
(i) PSf = f if and only if PT g = g.
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(ii) f is a stationary density for S if and only if g is a stationary density
for T .
5.5 Let S : [0, 1]→ [0, 1] be defined by

S(x) = 4xχ[0, 14 )(x) +
(
3
2
− 2x

)
χ[ 14 ,

1
2 )
(x) + (2x− 1)χ[ 12 ,1](x).

Show that the corresponding Frobenius-Perron operator P has a stationary den-

sity f∗ which is constant on each of the subintervals
[
0,
1
4

)
,

[
1
4
,
1
2

)
,

[
1
2
, 1
]
.

Find the expression of f∗.
5.6 Let T : [0, 1]→ [0, 1] be defined by T = h ◦S ◦h−1, where h(x) =

√
x and

S is as in Exercise 5.5. Find a stationary density g for T .
5.7 Let S : [0, 1]→ [0, 1] be the logistic model S(x) = 4x(1− x). Define

h(x) =
1
π

∫ x

0

dx√
t(1− t)

=
1
2
− 1
π
sin−1(1 − 2x).

Show that h : [0, 1]→ [0, 1] is a homeomorphism and T = h ◦S ◦h−1 is the tent
function (1.2). Using the fact that T preserves the Lebesgue measure m, find
the stationary density of S.
5.8 Let S : [0, 1]→ [0, 1] be a transformation satisfying property (i) of Theo-
rem 5.2.1, and let PS be the corresponding Frobenius-Perron operator. If there
exists a positive C1[0, 1] function φ ∈ L1(0, 1) such that, for some real λ > 1
and s,

|S′(x)|φ(S(x))
φ(x)

� λ, 0 < x < 1

and ∣∣∣∣ 1φ(x) ddx
(
1
p(x)

)∣∣∣∣ � s, 0 < x < 1,
then PS has a stationary density.
Hint: Define

g(x) =
1

‖φ‖

∫ x

0

φ(t)dt, ∀ x ∈ [0, 1],

apply Theorem 5.2.1 to T ≡ g ◦ S ◦ g−1, and use the result of Exercise 5.4.
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Abstract The computational problem of stationary densities of Frobenius-Perron
operators will be studied. First we introduce the classic Ulam’s piecewise constant
method and its direct extension to multi-dimensional transformations. Then we study
the piecewise linear Markov method proposed by the authors for one-and multi-
dimensional transformations. We present Li’s pioneering work solving Ulam’s con-
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Let (X,Σ, μ) be a measure space, let S : X → X be a nonsingular transfor-
mation, and let P : L1 → L1 be the Frobenius-Perron operator associated with
S. We know that any stationary density of P is the density of an S-invariant
probability measure which is absolutely continuous with respect to the measure
μ. In applications of ergodic theory to physical sciences and engineering, how-
ever, it is often the case that analytic expressions of such stationary densities
are not available, complicated if available, or difficult to obtain, even though
their existence may be guaranteed theoretically. Thus, it is important to be
able to numerically compute a stationary density efficiently to any prescribed
precision.
There are mainly two classes of numerical methods in the literature based

on different approaches to the approximation problem of Frobenius-Perron op-
erators. One kind of method is based on the idea of approximating a given
transformation by the so-called Markov transformations for which the compu-
tation of stationary densities is equivalent to a matrix eigenvector computation
problem. The other kind of method approximates directly the Frobenius-Perron
operator associated with the given transformation by finite dimensional linear
operators and then solves the fixed point problem of the approximating oper-
ators. The first approach was developed by Boyarsky and Góra together with
their collaborators in the 1980’s, and their main results have been included
in the excellent textbook [14]. The second approach, which is more natural
from the viewpoint of numerical analysis, originated with Ulam’s famous book,
“A Collection of Mathematical Problems,” published in 1960 in which he pro-
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posed a piecewise constant numerical scheme to approximate a stationary den-
sity of interval mappings. In this chapter we shall follow the second approach
by introducing some structure-preserving numerical methods for approximating
Frobenius-Perron operators, such as Ulam’s original piecewise constant approx-
imation scheme and its higher order generalizations for the computation of
absolutely continuous invariant probability measures. Such methods of Markov
finite approximations for Frobenius-Perron operators and more general Markov
operators are surveyed by, e.g., [42, 50]. Several other numerical methods, such
as the Galerkin projection method [24, 32, 40, 47, 76], the maximum entropy
method [31, 44], the Monte Carlo method [43, 46, 68], the interpolation method
[45], and the minimal energy method [12], have been proposed in the literature.
Except for the maximum entropy method and the minimal energy method which
will be briefly introduced in the exercises of Chapter 8 on entropy, we do not
study them in this book. The reader is also referred to [93] for a more delicate
numerical analysis of Frobenius-Perron operators and to [37, 71, 93] for some
new developments.
In Section 6.1 we introduce Ulam’s original method for one dimensional map-

pings. We also prove its convergence for the two classes of interval mappings for
which the existence problem of a stationary density has been investigated in Sec-
tions 5.2 and 5.3 respectively, based on Li’s pioneering work [86] on Ulam’s con-
jecture for the Lasota-Yorke class of piecewise C2 and stretching mappings and
Miller’s paper [104] for the convergence of Ulam’s method for the class of piece-
wise convex mappings, respectively. Its natural extension to multi-dimensional
transformations will be treated in Section 6.2, in which Ulam’s conjecture will
be proved for the Góra-Boyarsky class of multi-dimensional transformations
that were studied in Section 5.4, following the presentation of [49]. Sections
6.3 and 6.4 are devoted to the piecewise linear Markov approximation method
for one-dimensional interval mappings and multi-dimensional transformations,
respectively. The convergence rate analysis for all such numerical methods will
be studied in the next chapter.

6.1 Ulam’s Method for One-Dimensional Mappings

In his inspiring monograph [120] “A Collection of Mathematical Problems,”
Stanislaw Ulam proposed a piecewise constant approximation scheme for com-
puting a stationary density of the Frobenius-Perron operator P associated with
one-dimensional mappings. He also conjectured that, if P has a stationary
density, then his method will produce a sequence of piecewise constant density
functions that converges to a stationary density of P as the partition of the
domain interval of the mapping becomes finer and finer. About fifteen years
later, Tien-Yien Li[86] proved Ulam’s conjecture for the class of piecewise C2

and stretching interval mappings, for which the existence of a stationary density
was proved in Section 5.2.
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Let S : [0, 1]→ [0, 1] be a nonsingular transformation and let P : L1(0, 1)→
L1(0, 1) be the corresponding Frobenius-Perron operator. Our purpose is to
compute an absolutely continuous invariant probability measure μ under S.
From Birkhoff’s pointwise ergodic theorem, if S is ergodic with respect to μ,
then for x ∈ [0, 1] μ-a.e., the time average

lim
n→∞

1
n

n−1∑
k=0

χA(Sk(x)) (6.1)

equals μ(A), where A is any Borel measurable subset of [0, 1]. Although in prin-
ciple computing this average can be easily carried out on a computer by means
of the direct iteration involved in the expression (6.1) and so the probability
measure value μ(A) can be obtained numerically to any precision, practically
the computer’s round-off errors can dominate the calculation and may make
the computed result far away from the theoretical expectation, due to the fact
of sensitive dependence on initial conditions for chaotic mappings. Thus, the
primitive computational scheme based on the repeated iteration of S is not a
well-posed numerical method. An interesting and simple example, which shows
the shortage of this primitive numerical approach from the direct iteration of
points, can be seen from [86]. Therefore, instead of computing the time av-

erage via (6.1) directly to find μ(A) =
∫
A

f∗dm, where f∗ = Pf∗ ∈ D, we

approximate the stationary density f∗ of P by approximating P with a finite
dimensional linear operator. Ulam suggested in his book the following scheme
to approximate f∗ via piecewise constant functions.
For a chosen positive integer n, we divide the interval I = [0, 1] into n

subintervals Ii = [xi−1, xi] for i = 1, 2, · · · , n. If we denote

1i =
1

m(Ii)
χIi , ∀ i = 1, 2, · · · , n,

where, as usual, m stands for the Lebesgue measure on [0, 1], then each 1i is a
density function. We assume that h ≡ max

1�i�n
(xi − xi−1) is such that h → 0 as

n → ∞. Let Δn be the n-dimensional subspace of L1(0, 1) which is spanned
by 11, 12, · · · , 1n, i.e., Δn is the space of all piecewise constant functions with
respect to the partition of [0, 1]. Now we want to see how the Frobenius-Perron
operator P behaves on Δn from the probabilistic point of view. For this purpose,
we define a linear operator Pn ≡ Pn(S) : Δn → Δn by

Pn1i =
n∑
j=1

pij1j , ∀ i = 1, 2, · · · , n, (6.2)

where, for each pair of i, j = 1, 2, · · · , n,

pij =
m(Ii ∩ S−1(Ij))

m(Ii)
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is the “probability” that a point in the ith subinterval Ii is mapped into the
jth subinterval Ij under the mapping S. It is noted that the matrix (pij) is a
stochastic matrix since for each i,

n∑
j=1

pij =
n∑
j=1

m(Ii ∩ S−1(Ij))
m(Ii)

= 1.

Let f =
n∑
i=1

ai1i ∈ Δn ∩ D be a piecewise constant density function. By
the definition of the Frobenius-Perron operator, the probability distribution
defined by f is, approximately, transferred into the probability distribution de-

termined by the piecewise constant density function
n∑
j=1

bj1j , where for each

j = 1, 2, · · · , n,

bj =
n∑
i=1

aipij =
n∑
i=1

ai
m(Ii ∩ S−1(Ij))

m(Ii)
.

In Ulam’s method, one is to compute a fixed point fn ∈ Δn ∩ D of Pn
to approximate a stationary density f∗ of P . It is interesting to note that,
although the Frobenius-Perron operator P may not have a nonzero fixed point
(for example, for S(x) = x/2 with x ∈ [0, 1] the only fixed point of PS is
0; for a nontrivial example see Remark 5.2.7 in Section 5.2 or Remark 6.2.1
of [82]), its Ulam’s finite approximation Pn always has nontrivial fixed points
for any positive integer n from the Perron-Frobenius theorem on nonnegative
matrices [103] (see also the proof of Proposition 6.1.2 (ii) in the following). Let
fn ∈ D be a piecewise constant fixed point of Pn from Ulam’s method for any
n = 1, 2, · · · , which is called a stationary density of Pn in Δn. Ulam stated his
following famous conjecture [120] in 1960.

Ulam’s conjecture: If the Frobenius-Perron operator P : L1(0, 1)→ L1(0, 1)
has a stationary density, then there is a subsequence {fnk

} of {fn} such that

lim
k→∞

fnk
= f∗,

where f∗ is a stationary density of P .

Although this conjecture is still open in general, it is true for some classes
of transformations. For example, it has been proved by Li [86] in 1976 for the
class of piecewise C2 and stretching mappings and by Miller [101] in 1994 for
the class of piecewise convex mappings with s strong repellor.
We are going to present and prove their convergence results. In order

to study the convergence problem for Ulam’s method as the number of the
subintervals goes to infinity, Li [86] defined a sequence of linear operators
Qn : L1(0, 1)→ L1(0, 1) by
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Qnf =
n∑
i=1

1
m(Ii)

∫
Ii

fdm · χIi =
n∑
i=1

∫
Ii

fdm · 1i (6.3)

associated with a sequence of partitions of [0, 1].

Proposition 6.1.1 Qn is both a Markov operator and a Galerkin projection
from L1(0, 1) onto Δn for each n. Moreover, ‖Qnf‖∞ � ‖f‖∞ for any f ∈
L∞(0, 1).

Proof Qn is clearly a positive operator. Let f ∈ L1(0, 1). Then∫ 1

0

Qnf(x)dx=
n∑
i=1

∫
Ii

fdm ·
∫ 1

0

1i(x)dx

=
n∑
i=1

∫
Ii

fdm =
∫ 1

0

f(x)dx,

namely, Qn preserves the integral of a function. So Qn is a Markov operator.
Qn is also a Galerkin projection operator since for each i = 1, 2, · · · , n,

〈Qnf − f, χi〉=
∫
Ii

Qnfdm−
∫
Ii

fdm

=
∫
Ii

fdm−
∫
Ii

fdm = 0

for all f ∈ L1(0, 1). The last conclusion is obvious. �

More analytic properties of Ulam’s method are summarized in the following
proposition.

Proposition 6.1.2 Let n be a positive integer. Then
(i) QnP : L1(0, 1) → L1(0, 1) is a Markov operator and QnP = Pn on Δn,

where Pn was defined in (6.2).

(ii) Let Δ′n =
{
n∑
i=1

ai1i : ai � 0, ∀ i,
n∑
i=1

ai = 1
}
. Then Δ′n is a closed, boun-

ded, and convex subset of Δn and Pn(Δ′n) ⊂ Δ′n. Hence, there is a stationary
density fn ∈ Δn of Pn.
(iii) lim

n→∞Qnf = f under the L1-norm for any f ∈ L1(0, 1).
(iv) For any f ∈ BV (0, 1),

1∨
0

Qnf �
1∨
0

f.

(v) ‖f −Qnf‖ � h
1∨
0
f = O(h) for any f ∈ BV (0, 1).
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(vi) The subset of monotonically increasing (or decreasing) functions of
L1(0, 1) is invariant under Qn.

Proof (i) Since both Qn and P are Markov operators, their composition QnP
is obviously a Markov operator. For each i = 1, 2, · · · , n, from the definition
(4.1) of P and the definition (6.2) of Pn,

QnP 1i=
n∑
j=1

[
1

m(Ij)

∫
Ij

P1idm

]
χIj =

n∑
j=1

∫
Ij

P1idm · 1j

=
n∑
j=1

∫
S−1(Ij)

1idm · 1j =
n∑
j=1

m(Ii ∩ S−1(Ij))
m(Ii)

1j

=
n∑
j=1

pij1j = Pn1i.

Therefore Pn = QnP on Δn.
(ii) Clearly Δ′n ⊂ Δn is closed, bounded, and convex. Since Pn maps den-

sities into densities and each element of Δ′n is a density, Pn(Δ
′
n) ⊂ Δ′n. By

Brouwer’s fixed point theorem [56], Pnfn = fn for some fn ∈ Δ′n.
(iii) It is enough to assume that f ∈ C[0, 1] since ‖Qn‖ ≡ 1 and the set of all

continuous functions on [0, 1] is dense in L1(0, 1). Let ε > 0. From the uniform
continuity of f , if n is large enough,

|f̂i − f(x)| < ε

for all x ∈ Ii and all i = 1, 2, · · · , n, where

f̂i =
1

m(Ii)

∫
Ii

fdm

is the average value of f on Ii. Hence, from the definition (6.3) of Qn,

‖Qnf − f‖ =
n∑
i=1

∫ xi

xi−1
|f̂i − f(x)|dx <

n∑
i=1

∫ xi

xi−1
εdx = ε.

(iv) Since Qnf =
n∑
i=1

f̂iχIi by (6.3), we have

1∨
0

Qnf =
n−1∑
i=1

|f̂i − f̂i+1|.

Choose vi and yi in Ii such that

f(vi) � f̂i � f(yi).



6.1 Ulam’s Method for One-Dimensional Mappings 121

Let{f̂ik}sk=1 ⊂ {f̂i}ni=1 be the subsequence of all the local maxima and local
minima among all these f̂i, and we define

zk =
{
xik , if f̂ik is a local minimum,
yik , if f̂ik is a local maximum,

for k = 1, 2, · · · , s. Then it is easy to see that
1∨
0

Qnf �
s−1∑
k=1

|f(zk)− f(zk+1)| �
1∨
0

f.

(v) Since |f(x)− f̂i| �
xi∨
xi−1

f on each Ii,

‖f −Qnf‖=
n∑
i=1

∫ xi

xi−1
|f(x)− f̂i|dx �

n∑
i=1

∫
Ii

xi∨
xi−1

f dm

=
n∑
i=1

(xi − xi−1)
xi∨
xi−1

f � h
n∑
i=1

xi∨
xi−1

f = h
1∨
0

f.

(vi) SinceQnf =
n∑
i=1

f̂iχIi , it is clear that the ordered numbers f̂1, · · · , f̂n are
monotonically increasing or decreasing depending on whether f is monotonically
increasing or decreasing, respectively. �

Because of Proposition 6.1.2 (i), from now on let Pn be defined to be QnP
on the whole domain L1(0, 1) of P . Then, Proposition 6.1.2 (iii) ensures that
lim
n→∞Pnf = Pf under the L1-norm for all f ∈ L1(0, 1), i.e., lim

n→∞Pn = P

strongly.
We are ready to prove the convergence of Ulam’s method for the class of

piecewise C2 and stretching mappings and the class of piecewise convex map-
pings with a strong repellor.

Theorem 6.1.1 (Li’s convergence theorem) Let S : [0, 1] → [0, 1] satisfy
the conditions of Theorem 5.2.1 with

λ ≡ inf
x∈[0,1]\{a1,··· ,ar−1}

|S′(x)| > 2,

and let P be the corresponding Frobenius-Perron operator. Then for any se-
quence {fn} of the stationary densities of Pn in Δn, there is a subsequence
{fnk

} such that
lim
k→∞

‖fnk
− f∗‖ = 0,

where f∗ is a stationary density of P. If in addition f∗ is the unique stationary
density of P, then

lim
n→∞ ‖fn − f∗‖ = 0.
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Proof From the proof of Theorem 5.2.1, for any f ∈ D ∩BV (0, 1),
1∨
0

Pf � α
1∨
0

f + β,

where 0 < α < 1 and β > 0 are two constants which are independent of f .
Thus, from Proposition 6.1.2 (iv),

1∨
0

fn =
1∨
0

QnPfn �
1∨
0

Pfn � α
1∨
0

fn + β,

which implies that
1∨
0

fn � β

1− α

uniformly for all n. Hence, from Helly’s lemma, there is a subsequence {fnk
}

of {fn} that converges to a density f∗ under the L1-norm. Since ‖Pn‖ ≡ 1 and
lim
n→∞Pn = P strongly,

‖Pf∗ − f∗‖�‖f∗ − fnk
‖+ ‖fnk

− Pnk
fnk

‖
+ ‖Pnk

fnk
− Pnk

f∗‖+ ‖Pnk
f∗ − Pf∗‖

�‖f∗ − fnk
‖+ ‖fnk

− f∗‖+ ‖Pnk
f∗ − Pf∗‖ → 0

as k → ∞. Thus f∗ is a stationary density of P . If f∗ is the unique sta-
tionary density of P , then we must have lim

n→∞ fn = f
∗ since every convergent

subsequence of {fn} converges to the same limit from the above analysis. �

Corollary 6.1.1 Theorem 6.1.1 is still true for λ > 1.

Proof Take an integer k > 0 such that λk > 2 and denote φ = Sk. For any
integer n, let f (φ)n be a stationary density of Pn(φ) = QnPφ, and let

gn =
1
k

k−1∑
j=0

P jf (φ)n .

Then the sequence {gn} converges, by the above theorem, at

g =
1
k

k−1∑
j=0

P jf (φ),

where f (φ) is a stationary density of Pφ. This g is a stationary density of P
since P kf (φ) = Pφf (φ) = f (φ) implies that

Pg =
1
k
{Pf (φ) + · · ·+ P kf (φ)} = g. �
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Theorem 6.1.2 (Miller’s convergence theorem) Suppose that S : [0, 1]→
[0, 1] is a piecewise convex mapping with a strong repellor as in Theorem 5.3.1,
let P be the corresponding Frobenius-Perron operator, and let {Pn} be a sequence
of Ulam’s approximations of P. Then for any n, there is a stationary density of
Pn which is a monotonically decreasing function, and for any sequence of the
monotonically decreasing stationary densities fn of Pn in Δn,

lim
n→∞ ‖fn − f∗‖ = 0,

where f∗ is the unique stationary density of P, which is also a monotonically
decreasing function.

Proof From the proof of Theorem 5.3.1, Pf is monotonically decreasing for
any monotonically decreasing function f ∈ D and

Pf(x) � αf(0) +K,

where α = 1/S′(0) ∈ (0, 1) and K > 0 is a constant. Let

Dn = {f ∈ Δn ∩ D : f is monotonically decreasing on [0, 1]}.

Then Dn is invariant under Pn by Proposition 6.1.2 (vi). Since Dn is a compact
convex set, by Brouwer’s fixed point theorem, Pn has a fixed point fn ∈ Dn.
Thus, from the fact that ‖Qn‖∞ = 1,

fn(0) = QnPfn(0) � max
x∈[0,1]

Pfn(x) � αfn(0) +K.

Hence, since 0 < α < 1,

fn(0) � K

1− α, ∀ n,

which implies that
1∨
0

fn = fn(0)− fn(1) � K

1− α

uniformly for all n, and the result follows from Helly’s lemma. �

Remark 6.1.1 Ulam’s method can also be used to compute absolutely con-
tinuous invariant measures for expanding circle mappings (see [72]).

6.2 Ulam’s Method for N-dimensional Transformations

We may directly extend Ulam’s original piecewise constant approximation
scheme for interval mappings to more general multi-dimensional transforma-
tions. Let Ω ⊂ RN be a bounded open region, let S : Ω → Ω be a nonsingular
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transformation, and let P be the corresponding Frobenius-Perron operator. As
usual we let m denote the Lebesgue measure on RN .
Let h > 0 be a positive discretization parameter. We partition the closed

region Ω into l subregions Ph = {Ωi : i = 1, 2, · · · , l} such that the diameter,
diam Ωi ≡ sup{‖x− y‖2 : x,y ∈ Ωi}, of each Ωi is bounded by h. We assume
that the partition is quasi-uniform in the sense that there exists a constant
γ > 0 such that

h � γ
l
min
i=1
diam BΩi ,

where BΩi is the closed ball inscribed in Ωi. In this section, we assume that
Ω is an N -dimensional rectangular region, and we simply partition Ω into N -
subrectangles.
Let 1i = χΩi/m(Ωi) for i = 1, 2, · · · , l. Then each 1i ∈ L1(Ω) is a density

function with supp 1i = Ωi. Denote by Δh the l-dimensional subspace of
L1(Ω) consisting of all the piecewise constant functions associated with Ph.
Let Qh : L1(Ω)→ L1(Ω) be defined by

Qhf =
l∑
i=1

(
1

m(Ωi)

∫
Ωi

fdm
)
χΩi
. (6.4)

Define Ph = QhP : L1(Ω)→ L1(Ω), which is clearly a Markov operator. Then,
with the same argument as in the previous section, the operator Ph|Δh

: Δh →
Δh satisfies

Ph1i =
l∑
j=1

pij1j , ∀ i = 1, 2, · · · , l,

where

pij =
m(Ωi ∩ S−1(Ωj))

m(Ωi)
, ∀ i, j = 1, 2, · · · , l.

Obviously, Proposition 6.1.2 (i) and (ii) are still true, that is,

Proposition 6.2.1 Let Ph be a quasi-uniform partition of Ω. Then,

(i) For Δ′h =
{

l∑
i=1

ai1i : ai � 0, ∀ i,
l∑
i=1

ai = 1
}
, we have Ph(Δ′h) ⊂ Δ′h.

Hence, there is a stationary density fh of Ph in Δh.
(ii) lim

h→0
Qhf = f under the L1-norm for any f ∈ L1(Ω).

Now we establish a similar stability result to Proposition 6.1.2 (iv) with the
multi-dimensional notion of variation. For this purpose, we need the following
general result, in the proof of which we shall use the notation C to represent
possibly different values of constants in different occasions.
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Lemma 6.2.1 Let Ω ⊂ R
N be an N -dimensional rectangle and let {Ph} be

a family of quasi-uniform rectangular partitions of Ω. For each Ph, let Rh :
BV (Ω)→ Δh be a bounded linear operator that satisfies

‖Rhv − v‖ � Ch
∫
Ω

‖grad v‖ dm, ∀ v ∈W 1,1(Ω) (6.5)

for some constant C that is independent of h. Then there exists a constant CBV
such that

V (Rhf ;Ω) � CBV V (f ;Ω), ∀ f ∈ BV (Ω)
uniformly with respect to h.

Proof Let f ∈ BV (Ω). By Theorem 2.4.2, there exists a sequence {fj} in
C∞(Ω) such that

lim
j→∞

‖fj − f‖ = 0 (6.6)

and

lim
j→∞

‖grad fj‖0,1 = V (f ;Ω). (6.7)

Since Rh is continuous, (6.6) implies lim
j→∞

‖Rhfj − Rhf‖ = 0. Hence, from
Theorem 2.4.1,

V (Rhf ;Ω) � lim inf
j→∞

V (Rhfj ;Ω). (6.8)

For each i = 1, 2, · · · , l denote

Qn1,n2,··· ,nN
(Ωi) = {q|Ωi

: q ∈ Qn1,n2,··· ,nN
},

where
Qn1,n2,··· ,nN

= span{xi11 · · ·xiNN : 0 � ij � nj , 1 � j � N}
with x = (x1, x2, · · · , xN )T ∈ RN . Let

Wh =
{
w ∈ H10 (Ω)N : w|Ωi ∈ Q0,1,··· ,1(Ωi)× · · · ×Q1,··· ,1,0(Ωi), ∀ Ωi ∈ Ph

}
,

and define πh : H10 (Ω)
N →Wh by requiring that∫

∂Ωi

(w − πhw) · nΩidH = 0, ∀ Ωi ∈ Ph,

where nΩi
is the unit outward normal vector to the boundary ∂Ωi of Ωi and

H is the (N − 1)-dimensional Hausdorff measure on ∂Ωi. Then, a standard
argument in the theory of finite element methods (see, e.g., [62]) gives that

‖πhw‖∞ � C‖w‖∞, ∀ w ∈ C10 (Ω ;RN ) (6.9)



126 Chapter 6 Invariant Measures—Computation

for some constant C which is independent of h. The definition of πh implies
that ∫

Ω

div(w − πhw)v dm = 0, ∀ v ∈ Δh. (6.10)

From (6.10), we have

〈Rhfj ,div w〉 = −〈grad fj ,πhw〉+ 〈Rhfj − fj ,div πhw〉.
Thus, from (6.5), (6.9), and the inverse estimate [20]

‖div πhw‖∞ � Ch−1‖πhw‖∞,
we can find a constant CBV that is independent of h and f ∈ BV (Ω) such that

|〈Rhfj ,div w〉| � CBV ‖grad fj‖0,1 ‖w‖∞,
which implies that

V (Rhfj ;Ω)=sup
{∫

Ω

Rhfj div w dm : w ∈ C10 (Ω ;RN ), ‖w(x)‖2 � 1,x ∈ Ω
}

�CBV
∫
Ω

‖grad fj‖dm. (6.11)

Combining (6.7), (6.8), and (6.11), we have proved the lemma. �

Proposition 6.2.2 Suppose that Ω ⊂ R
N is an N -dimensional rectangle.

Then there is a constant CBV which is independent of h such that

V (Qhf ;Ω) � CBV V (f ;Ω), ∀ f ∈ BV (Ω).

Furthermore, if Ω = [0, 1]N , then CBV =
√
N.

Proof For the first part of the proposition, by Lemma 6.2.1 it is sufficient to
show that

‖Qhv − v‖ � Ch‖grad v‖0,1, ∀ v ∈W 1,1(Ω)

for some constant C independent of h.
From formula (7.45) in [61], there is a constant C such that for each i =

1, 2, · · · , l, ∫
ei

∣∣∣∣v − 1
m(Ωi)

∫
Ωi

v dm
∣∣∣∣ dm � Ch

∫
Ωi

‖grad v‖ dm

for all v ∈W 1,1(Ω). Thus, the definition (6.4) of Qh gives that

‖Qhv − v‖=
l∑
i=1

∫
Ωi

∣∣∣∣ 1
m(Ωi)

∫
Ωi

v dm− v
∣∣∣∣ dm

�Ch
l∑
i=1

∫
Ωi

‖grad v‖ dm = Ch‖grad v‖0,1.

The proof of the last part is referred to [102]. �
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Theorem 6.2.1 (Ding-Zhou’s convergence theorem) Let Ω ⊂ RN be an
N -dimensional rectangle and let S : Ω → Ω satisfy the conditions of Theorem
5.4.1. If in addition

CBV (1 + κΩ (S))
λ

< 1,

where κΩ (S) and λ are given in Theorem 5.4.1 and CBV is as in Proposition
6.2.2, then for any sequence {fhn} of the stationary densities of {Phn} in Δhn
from Ulam’s method such that lim

n→∞hn = 0, there is a subsequence {fhnk
} such

that
lim
k→∞

‖fhnk
− f∗‖ = 0,

where f∗ is a stationary density of P. If in addition f∗ is the unique stationary
density of P, then

lim
n→∞ ‖fhn − f∗‖ = 0.

Proof The proof is basically the same as that of Theorem 6.1.1 if we use
the compactness argument for BV (Ω). The reader can fill the details of the
proof. �

Remark 6.2.1 The results of this section are still true if Ω is anN -dimensional
polygonal region.

Remark 6.2.2 The convergence of Ulam’s method for the Jabloński class of
transformations has been proved (see [10, 15, 16, 49]), and for more general
hyperbolic systems (see [59, 60]).

6.3 The Markov Method for One-Dimensional Mappings

Ulam’s method preserves the Markov property of the Frobenius-Perron op-
erator, that is, the finite approximation Pn of P maps densities to densities, and
so its matrix representation under any basis of Δn that consists of densities is
a stochastic matrix which must have a nonnegative left eigenvector correspond-
ing to the spectral radius 1 (usually called the maximal eigenvalue). However,
since the method uses only piecewise constant functions to approximate an inte-
grable function, fast convergence cannot be expected for this piecewise constant
method. In the next chapter we shall show that the convergence rate of Ulam’s
method under the L1-norm is only O(lnn/n) for the one-dimensional mappings,
where n is the number of the subintervals from the partition of [0, 1]. Moreover,
Bose and Murray [11] have constructed one-dimensional mappings (even piece-
wise linear ones) for which Ulam’s method has the L1-norm convergence rate
exactly the same order as lnn/n, that is, a constant multiple of lnn/n. This
means that in general we cannot expect Ulam’s method to have a convergence
rate faster than lnn/n.
In this section and the next one, we shall introduce a higher order numerical

scheme using piecewise linear function approximations. This new approach was
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first proposed in [28] (see also [38]) for computing one-dimensional absolutely
continuous invariant measures, and was then generalized in [48, 54, 55] for
approximating Frobenius-Perron operators associated with multi-dimensional
transformations and more general Markov operators. This method will be called
the Markov method since, like Ulam’s method, it leads to approximations of
Frobenius-Perron operators by finite dimensional Markov operators. In this
section we introduce the Markov method for one-dimensional mappings, and
the method for multi-dimensional transformations will be proposed in Section
6.4.
Let S : [0, 1]→ [0, 1] be a nonsingular transformation and let P : L1(0, 1)→

L1(0, 1) be the corresponding Frobenius-Perron operator. Our purpose is to
approximate P through a piecewise linear approximation method. As with
Ulam’s method, divide [0, 1] into n subintervals Ii = [xi−1, xi], i = 1, 2, · · · , n.
Here for the sake of simplicity, we assume that such subintervals have the same
length h = 1/n. We shall use the same notation Δn as that for Ulam’s method
to denote the (n + 1)-dimensional subspace of all continuous piecewise linear
functions with respect to the above partition of [0, 1]. The canonical basis for
Δn consists of

φi(x) = w
(
x− xi
h

)
, i = 0, 1, · · · , n,

where

w(x) = (1− |x|)χ[−1,1](x) =

⎧⎨
⎩
1 + x, x ∈ [−1, 0],
1− x, x ∈ (0, 1],
0, x �∈ [−1, 1]

is the standard tent function. It is easy to see that the sum of the basis functions

is identically equal to 1 and that if f =
n∑
i=0

qiφi, then f(xi) = qi for all i. Also

note that ‖φ0‖ = ‖φn‖ = h/2 and ‖φi‖ = h for i = 1, 2, · · · , n − 1. Now we
define a linear operator Qn : L1(0, 1)→ L1(0, 1) by

Qnf = f̂1φ0 +
n−1∑
i=1

f̂i + f̂i+1
2

φi + f̂nφn, (6.12)

where as before,

f̂i =
1

m(Ii)

∫
Ii

fdm = n
∫
Ii

fdm

is the average value of f over Ii. It is obvious to see that Qn is a positive
operator. Actually we can show that Qn is a Markov operator for any n.

Proposition 6.3.1
∫ 1

0

Qnf(x)dx =
∫ 1

0

f(x)dx for any f ∈ L1(0, 1).
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Proof Let f ∈ L1(0, 1). Then, by using the expression (6.12) of Qnf , we have∫ 1

0

Qnf(x)dx

= f̂1
∫ 1

0

φ0(x)dx+
n−1∑
i=1

f̂i + f̂i+1
2

∫ 1

0

φi(x)dx+ f̂n
∫ 1

0

φn(x)dx

=
h

2

[
f̂1 +

n−1∑
i=1

(f̂i + f̂i+1) + f̂n

]
=

n∑
i=1

∫ xi

xi−1
f(x)dx =

∫ 1

0

f(x)dx.

�

As in Proposition 6.1.2 (iii), the operator sequence {Qn} in the Markov
method satisfies that for any f ∈ L1(0, 1),

lim
n→∞Qnf = f

under the L1-norm. If f is second order continuously differentiable, we can even
estimate its local convergence rate. For this purpose, we need two lemmas, the
first of which is a standard result in approximation theory.

Lemma 6.3.1 Let f ∈ C2[0, 1] and let

Lnf(x) =
n∑
i=0

f(xi)φi(x)

be the piecewise linear Lagrange interpolation of f. Then

‖f − Lnf‖ = O
(
1
n2

)
.

Proof The integral form of Taylor’s expansion gives that

‖f − Lnf‖

=
n∑
i=1

∫ xi

xi−1

∣∣∣∣f(x)−
[
f(xi) +

f(xi)− f(xi−1)
h

(x− xi)
]∣∣∣∣ dx

=
n∑
i=1

∫ xi

xi−1

∣∣∣∣∣
∫ xi

x

∫ y

xi−1
f ′′(t)dtdy

∣∣∣∣∣ dx
�

n∑
i=1

h2

2

∫ xi

xi−1
|f ′′(t)|dt = O

(
1
n2

)
. �

Lemma 6.3.2 Let f ∈ C2[0, 1]. Then

‖Lnf −Qnf‖ = O
(
1
n2

)
.
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Proof Given g ∈ C2[a, b]. Using the rectangle formula in numerical integra-
tion, we see that∣∣∣∣∣

∫ b

a

g(x)dx− g(c)(b− a)
∣∣∣∣∣ � max

x∈[a,b]
|f ′(x)|(b− a)2

for c = a or c = b, and an application of the middle point formula in numerical
integration gives that∣∣∣∣∣

∫ b

a

g(x)dx− g(c)(b− a)
∣∣∣∣∣ � 12

∫ b

a

|g′′(x)|dx(b− a)3

for c = (a+ b)/2. It follows that

‖Lnf −Qnf‖

�
∣∣∣∣∣hf(0)−

∫ h

0

f(x)dx

∣∣∣∣∣ · 1h
∫ 1

0

φ0(x)dx

+
n−1∑
i=1

(∣∣∣∣∣2hf(xi)−
∫ xi+1

xi−1
f(x)dx

∣∣∣∣∣ · 12h
∫ 1

0

φi(x)dx

)

+
∣∣∣∣hf(1)−

∫ 1

1−h
f(x)dx

∣∣∣∣ · 1h
∫ 1

0

φn(x)dx

� h2

2

(
2 max
x∈I1∪In

|f ′(x)|+
∫ 1

0

|f ′′(x)|dx
)
= O(h2). �

Lemmas 6.3.1 and 6.3.2 give immediately the following proposition, which
indicates that the piecewise linear Markov method has the “local convergence”
of order 2, while Ulam’s method can only enjoy the local convergence of order
1 (Proposition 6.1.2 (v)).

Proposition 6.3.2 Let f ∈ C2[0, 1]. Then

‖f −Qnf‖ = O
(
1
n2

)
. (6.13)

The sequence of the piecewise linear Markov approximations shares the same
stability property as Proposition 6.1.2 (iv) for Ulam’s approximation sequence.

Proposition 6.3.3 For any f ∈ BV (0, 1),

1∨
0

Qnf �
1∨
0

f.
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Proof Let Qnf =
n∑
i=0

qiφi. Then Qnf(xi) = qi for all i = 0, 1, · · · , n. Hence,

1∨
0

Qnf =
n∑
i=1

|qi − qi−1|

=
∣∣∣∣12(f̂1 + f̂2)− f̂1

∣∣∣∣+
n−1∑
i=2

∣∣∣∣12(f̂i + f̂i+1)− 12(f̂i−1 + f̂i)
∣∣∣∣

+
∣∣∣∣f̂n − 12(f̂n−1 + f̂n)

∣∣∣∣
=
1
2

{
|f̂2 − f̂1|+

n−1∑
i=2

|f̂i+1 − f̂i−1|+ |f̂n − f̂n−1|
}

� 1
2

{
|f̂2 − f̂1|+

n−1∑
i=2

[
|f̂i+1 − f̂i|+ |f̂i − f̂i−1|

]
+ |f̂n − f̂n−1|

}

=
n−1∑
i=1

|f̂i+1 − f̂i| �
1∨
0

f.

The last inequality above is from Proposition 6.1.2 (iv). �

Proposition 6.3.4 If f ∈ L1(0, 1) is monotonically increasing or decreasing,
then Qnf is also monotonically increasing or decreasing, respectively. Moreover
‖Qnf‖∞ � ‖f‖∞ if f ∈ L∞(0, 1).

Proof Suppose that f ∈ L1(0, 1) is monotonically increasing. SinceQnf(xi) =
(f̂i+f̂i+1)/2 for 0 < i < n, Qnf(x0) = f̂1, and Qnf(xn) = f̂n, the finite number
sequence

f̂1,
f̂1 + f̂2
2

, · · · , f̂n−1 + f̂n
2

, f̂n

is monotonically increasing. Since Qnf is a continuous piecewise linear function,
Qnf is monotonically increasing. Similarly we can show that Qnf is monoton-
ically decreasing if f is monotonically decreasing. The last conclusion of the
proposition is obvious. �

Now we show that lim
n→∞Qnf = f for any f ∈ BV (0, 1) under the variation

norm ‖ · ‖BV defined by (2.6), a property that is not shared by Ulam’s method
in general. We need two additional lemmas.

Lemma 6.3.3 Let f ∈ C2[0, 1] and let {Ln} be the sequence of the Lagrange
interpolation operators as defined in Lemma 6.3.1. Then

1∨
0

(f − Lnf) � h max
x∈[0,1]

|f ′′(x)| = O
(
1
n

)
.
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Proof Denote C = max
x∈[0,1]

|f ′′(x)|. For each i = 1, 2, · · · , n, consider the func-

tion g(x) = f(x) − Ln(x) on [xi−1, xi]. Since g(xi−1) = g(xi) = 0, Rolle’s
theorem in calculus ensures that there is z ∈ [xi−1, xi] such that g′(z) = 0.
Fix x ∈ [xi−1, xi]. Without loss of generality, assume that z � x. Then from
g′′(x) = f ′′(x), we have

|g′(x)| =
∣∣∣∣
∫ x

z

g′′(t)dt
∣∣∣∣ �

∫ x

z

|f ′′(t)|dt � Ch.

Thus,
1∨
0

(f − Lnf) =
n∑
i=1

xi∨
xi−1

g =
n∑
i=1

∫ xi

xi−1
|g′(t)|dt

�
n∑
i=1

∫ xi

xi−1
Ch dt = Ch

∫ 1

0

1dt = Ch. �

Lemma 6.3.4 Let f ∈ C2[0, 1]. Then

1∨
0

(Qnf − Lnf) = O
(
1
n

)
.

Proof Clearly Qnf − Lnf =
n∑
i=0

[qi − f(xi)]φi, where q0 = f1, qi = (f̂i +

f̂i+1)/2, i = 1, 2, · · · , n− 1, and qn = f̂n. From the fact that
1∨
0
φi � 2 for all i,

we have, using Proposition 2.3.1 (ii),

1∨
0

(Qnf − Lnf) �
n∑
i=0

|qi − f(xi)|
1∨
0

φi � 2
n∑
i=0

|qi − f(xi)|.

Now the Taylor expansion

f(x) = f(xi) + f ′(xi)(x− xi) +O(h2)

gives that |q0 − f(0)| = O(h), |qn − f(1)| = O(h), and

|qi − f(xi)| = O(h2), i = 1, 2, · · · , n− 1.

Hence,
1∨
0

(Qnf − Lnf) = O(h) +
n−1∑
i=1

O(h2) +O(h) = O(h). �

Proposition 6.3.5 Let f ∈ C2[0, 1]. Then

‖f −Qnf‖BV = O
(
1
n

)
.
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Proof Since ‖f − Qnf‖ = O(h2) from (6.13), the proposition follows from
Lemmas 6.3.3 and 6.3.4 together with

1∨
0

(f −Qnf) �
1∨
0

(f − Lnf) +
1∨
0

(Qnf − Lnf) = O(h). �

Remark 6.3.1 Unless f is a piecewise constant function associated with the
partition of [0, 1], for Ulam’s method,

1∨
0

(f −Qnf) �
1∨
0

f

in general, whereQn is the discretized operator corresponding to Ulam’s method.
Thus, we cannot expect the convergence of Ulam’s method under the BV -norm
(see [11, 41]).

Remark 6.3.2 Propositions 6.3.2 and 6.3.5 are still true under a weaker as-
sumption on f , for example, it is enough to assume that f ∈W 2,1(0, 1).

Let Pn = QnP . Then Pn : L1(0, 1)→ L1(0, 1) is a Markov operator of finite
dimensional range, and lim

n→∞Pnf = Pf under the L
1-norm for any f ∈ L1(0, 1).

The matrix representation of Pn restricted to Δn under any basis consisting of
density functions is given by a stochastic matrix, hence Pn has a stationary
density fn ∈ Δn. This proves

Proposition 6.3.6 Pn : Δn → Δn has a stationary density fn ∈ Δn for
any n.

Proposition 6.3.6 shows that the piecewise linear Markov approximation
method, which was first proposed in [28] in which a stationary density fn ∈ Δn
is computed for a given n to approximate a stationary density of the Frobenius-
Perron operator P , is well-posed. Now a natural question is whether this method
converges if the fixed point equation Pf = f has a density solution. The proof
of the following two results is basically the same as that in Section 6.1 for Ulam’s
method, so it is omitted; the reader can see [28, 29, 38].

Theorem 6.3.1 Under the same conditions as in Theorem 6.1.1, if f∗ is the
unique stationary density of P, then for any sequence of the stationary densities
fn of Pn in Δn,

lim
n→∞ ‖fn − f∗‖ = 0.

Remark 6.3.3 In the next chapter, a stronger convergence result under the
BV -norm can also be established for the Markov method.

Theorem 6.3.2 Let S be as in Theorem 6.1.2. Then for any n, there is a
stationary density of Pn which is monotonically decreasing, and for any sequence
of the monotonically decreasing stationary densities fn of Pn in Δn,

lim
n→∞ ‖fn − f∗‖ = 0,
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where f∗ is the unique stationary density of P, which is monotonically decreasing.

6.4 The Markov Method for N-dimensional Transforma-
tions

Now we construct continuous piecewise linear Markov finite approximations
of Frobenius-Perron operators P : L1(Ω)→ L1(Ω) associated with a nonsingu-
lar transformation S : Ω → Ω , where Ω ⊂ R

N is an N -dimensional polygonal
region.
Let h > 0 be a positive discretization parameter and let Th be a simplicial

triangulation of Ω with he ≡ diam e � h for all simplices e of Th. We also assume
that Th is shape-regular, namely, there exists a constant γ > 0, independent of
h, such that

diam e
diam Be

� γ, ∀ e ∈ Th,

where Be is the ball inscribed in e.
Associated with each Th let Δh ⊂ W 1,1(Ω) be the corresponding subspace

of L1(Ω) that consists of all continuous piecewise linear functions defined on Ω .
Let {v1,v2, · · · ,vd} (d ≡ dh depends on h) be the collection of all the vertices
(called the nodes) of Th, and let {e1, e2, · · · , el} (l ≡ lh depends on h) be the
set of all simplices of Th. For each node v in Th let τv denote the number of
the simplices of Th with v as a vertex. For each simplex e ∈ Th let its vertices
be {q0, q1, · · · , qN}. Denote by φi the unique element in Δh such that

φi(vj) = δij , i, j = 1, 2, · · · , d,

where the Kronecker symbol δij = 1 for i = j and δij = 0 otherwise. Then the
set {φi}di=1 forms the canonical basis of Δh. Let Vi = supp φi be the support
of φi for i = 1, 2, · · · , d. Then Vi is the union of all the τi simplices of Th that
have vi as a vertex. Note that

‖φi‖ =
1

N + 1
m(Vi) (6.14)

for each i. Moreover,

d∑
i=1

φi(x) ≡ 1, ∀ x ∈ Ω . (6.15)

Furthermore, for each g ∈ Δh,

g =
d∑
i=1

g(vi)φi.
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With the given triangulation Th of Ω , we define a linear operator Qh : L1(Ω)→
L1(Ω) by

Qhf =
d∑
i=1

(
1

m(Vi)

∫
Vi

fdm
)
φi. (6.16)

Note that Qh is exactly the piecewise linear Markov approximation Qn defined
by (6.12) with h = 1/n when n = 1.

Remark 6.4.1 In the literature of finite element methods, the operator Qh
in (6.16) is called the Clément operator, though its domain may not be the
L1-space. (See [21]).

Proposition 6.4.1 Qh : L1(Ω) → L1(Ω) is a Markov operator. Hence
‖Qh‖ = 1.

Proof It is clear that Qh is a positive operator with the range R(Qh) = Δh.
Given f ∈ L1(Ω) and by (6.14), the following is obtained:

∫
Ω

Qhfdm=
d∑
i=1

1
m(Vi)

∫
Vi

fdm
∫
Ω

φidm

=
1

N + 1

d∑
i=1

∫
Vi

fdm =
∫
Ω

fdm,

where the last equality is valid since each simplex has exactly N + 1 vertices.
Thus, Qh preserves the integral of functions and is a Markov operator. Conse-
quently, ‖Qh‖ = 1. �

Proposition 6.4.2 There exists a constant C which is independent of h such
that

‖Qhf − f‖ � ChV (f ;Ω), ∀ f ∈W 1,1(Ω). (6.17)

Proof Denote by f̂i =
∫
Vi
fdm/m(Vi) the average value of f over Vi for each

i = 1, 2, · · · , d. Then, by (7.45) of [61],
∫
Vi

|f − f̂i|dm �
(
ωN
m(Vi)

)1− 1
N

(diam Vi)
N
∫
Vi

‖grad f‖dm,

where ωN = 2πN/2/(NΓ (N/2)) is the volume of the unit closed ball in RN .
Since Th is shape-regular, diam Vi = O(h) and m(Vi) = O(hN ) uniformly with
respect to i. Hence, there is a constant C which is independent of h such that∫

Vi

|f − f̂i|dm � Ch
∫
Vi

‖grad f‖dm.
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On the other hand, by (6.15),

|Qhf(x)− f(x)| =
∣∣∣∣∣
d∑
i=1

fiφi(x)−
d∑
i=1

f(x)φi(x)

∣∣∣∣∣ �
d∑
i=1

|fi − f(x)|φi(x),

and it follows that

‖Qhf − f‖ � 1
N + 1

d∑
i=1

∫
Vi

|f − fi|φidm � 1
N + 1

d∑
i=1

∫
Vi

|f − fi|dm

� 1
N + 1

d∑
i=1

Ch

∫
Vi

‖grad f‖dm = Ch
∫
Ω

‖grad f‖dm. �

We can strengthen Proposition 6.4.2 by proving the consistency result for the
family {Qh} of Markov finite approximations under the W 1,1-norm, provided
that the triangulation Th of Ω is uniform, that is, all the simplicies of Th are
congruent. For this purpose we are in need of the following lemma.

Lemma 6.4.1 Let e be a simplex in RN with vertices q0, q1, . . . , qN , and let
U be the N ×N matrix with its jth column uj = qj −qj−1 for j = 1, 2, · · · , N .
If g(x) = aTx+ b on e, where a ∈ RN and b is a real number, then

a = (UT)−1v, (6.18)

where v = (v1, v2, · · · , vN )T with vi = g(qi)− g(qi−1) for each i.

Proof Since g(qj) = aTqj + b for each j,

aTuj = aT(qj − qj−1) = g(qj)− g(qj−1) = vj , j = 1, 2, · · · , N.

In other words, aTU = vT. Since the simplex e is N -dimensional, U is nonsin-
gular, and so (6.18) is valid. �

Theorem 6.4.1 If the triangulation Th is uniform, then, as h→ 0,

‖Qhf − f‖BV = O(h), ∀ f ∈ C2(Ω), (6.19)

‖Qhf − f‖BV = o(1), ∀ f ∈W 1,1(Ω). (6.20)

Proof Let f ∈ C2(Ω). As before let Th consist of l simplices {e1, e2, · · · , el}
such that each ek has the vertices {qk0 , qk1 , · · · , qkN}. For each ek let Uk be the
corresponding matrix and v(k) the corresponding vector as in Lemma 6.4.1.
Then grad Qhf = (UT

k )
−1v(k) on ek. Note that ‖(UT

k )
−1‖ � Ch−1 uniformly

for h > 0 for some constant C. Since Qhf − f ∈W 1,1(Ω), by Lemma 6.4.1,

V (Qhf − f,Ω)=
l∑
k=1

∫
ek

‖grad (Qhf − f)‖dm

=
l∑
k=1

∫
ek

‖(UT
k )
−1v(k)− grad f‖dm
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�
l∑
k=1

∫
ek

‖(UT
k )
−1‖ ‖v(k)−UTk grad f‖dm

�
l∑
k=1

Ch−1
∫
ek

‖v(k)−UT
k grad f‖dm ≡

∑
1

+
∑
2

, (6.21)

where
∑
1
is the sum of the integrals over all the simplices ek each of whose

vertices is interior to Ω and
∑
2
is the remaining sum. Fix k = 1, 2, · · · , l and

let x ∈ ek. Denote Qhf(qki ) = ηki for i = 0, 1, · · · , N . Then, after a simple
calculation,

αk −UT
k grad f(x) =

⎡
⎢⎣

ηk1 − ηk0
...

ηkN − ηkN−1

⎤
⎥⎦−

⎡
⎢⎣

f ′(x)(qk1 − qk0)
...

f ′(x)(qkN − qkN−1)

⎤
⎥⎦ ,

where f ′(x) = (grad f(x))T is the Frechét derivative of f at x. Let ek be a
simplex in

∑
1
. Using Taylor’s expansion, we get for each i

f(x) = f(qki ) + f
′(qki )(x− qki ) +O(h

2),

from which it follows that

ηki = f(q
k
i ) +O(h

2)

because
∫
V k
i

f ′(qki )(x− qki )dm = 0 due to the fact that V
k
i is symmetric about

qki because the triangulation Th is uniform. Hence the above equality combined
with the Taylor expansion

f(qki ) = f(x) + f
′(x)(qki − x) +O(h2)

gives that, for each i,

ηki − ηki−1 = f ′(x)(qki − qki−1) +O(h
2),

and so
‖αk −UT

k grad f‖ = O(h2).
It follows that ∑

1

=Ch−1
∑
1

∫
ek

‖v(k)−UT
k grad f‖dm

=Ch−1
l∑
k=1

∫
ek

O(h2)dm = O(h).
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On the other hand, since the Lebesgue measure of the union of all the simplices
in
∑
2
is of order O(h) and since the integrand is bounded,

∑
2
= O(h). Thus,

from the decomposition (6.21) we see that (6.19) is true, which implies (6.20)
with the help of Theorem 6.4.2 below and a dense set argument. �.

Remark 6.4.2 Theorem 6.4.1 strengthens Proposition 6.4.2 under a mild
smoothness condition on f . It should be noted that although it satisfies (6.17),
Ulam’s method does not satisfy (6.19), which makes the piecewise linear Markov
finite approximation method more appealing in the numerical analysis of
Frobenius-Perron operators.

We can establish a stability result for the family {V (Qh;Ω)}, the proof of
which is based on the following lemma whose proof is referred to [125].

Lemma 6.4.2 Given f, g ∈ Δh and e ∈ Th with vertices q0, q1, · · · , qN , we
have∫

e

(grad f)T grad g dm = −
∑
i<j

aeij(f(qi)− f(qj))(g(qi)− g(qj)),

where (aeij) is the (N + 1)× (N + 1) element stiffness matrix.

Let weij = −aeij for i, j = 0, 1, · · · , N . Then the above lemma implies the
following one.

Lemma 6.4.3 Let g ∈ Δh and e ∈ Th. Then

V (g; e) =
√
m(e)

∑
i<j

weij(g(qi)− g(qj))2. (6.22)

Proof Since g is linear on e, it is obvious that

V (g; e) = m(e)‖grad g‖.

Putting f = g in Lemma 6.4.2 gives that

m(e)‖grad g‖2 =
∫
e

‖grad g‖2dm =
∑
i<j

weij(g(qi)− g(qj))2,

from which we have

(m(e)‖grad g‖)2 = m(e)
∑
i<j

weij(g(qi)− g(qj))2.

Thus (6.22) follows by taking square root of both sides of the above equality. �
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Now let Qhf ∈ Δh be the piecewise linear Markov approximation of f ∈
L1(Ω), as defined by (6.16). Then Qhf ∈W 1,1(Ω), so

V (Qhf ;Ω) =
l∑
k=1

√
m(ek)

∑
i<j

wekij (Qhf(q
k
i )−Qhf(qkj ))2 (6.23)

by Lemma 6.4.3, where e1, e2, · · · , el are all the simplices of Th with vertices
qk0 , q

k
1 , · · · , qkN of ek for k = 1, 2, · · · , l. Let Qhf(qki ) = ηki , let V ki be the union

of all the simplices of Th with vertex qki , and denote wekij by wkij . Since Th
is shape-regular, there is a constant C, which is independent of h, such that
m(ek) � ChN for each k. Therefore, from (6.23),

V (Qhf ;Ω)=
l∑
k=1

√
m(ek)

∑
i<j

wkij(η
k
i − ηkj )2

�ChN
2

l∑
k=1

√∑
i<j

wkij(η
k
i − ηkj )2

�ChN
2

l∑
k=1

∑
i<j

√
wkij |ηki − ηkj |. (6.24)

�

In the proof of the following theorem, the same symbol C may represent
different constants in different places.

Theorem 6.4.2 There is a constant CBV which is independent of h such that

V (Qhf ;Ω) � CBV V (f ;Ω), ∀ f ∈ BV (Ω). (6.25)

Proof It is enough to prove formula (6.25) for f ∈W 1,1(Ω) since the formula
for the general case is from Theorem 2.4.2 by a limit process. As in the proof
of Proposition 6.4.2, with the help of (7.45) in the book [61], we get

|ηki − ηkj |

=

∣∣∣∣∣ 1
m(V ki )

∫
V k
i

fdm− ηkj

∣∣∣∣∣ � 1
m(V ki )

∫
V k
i

|f(x)− ηkj |dm(x)

� 1
m(V ki )

∫
V k
i

⋃
V k
j

|f(x)− ηkj |dm(x)

� 1
m(V ki )

(
ωN
m(V kj )

)1− 1
N (
diam V ki

⋃
V kj

)N ∫
V k
i

⋃
V k
j

‖grad f‖dm

�Ch1−N
∫
V k
i

⋃
V k
j

‖grad f‖dm.
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The above inequality and (6.24) imply that

V (Qhf ;Ω)

�Ch1−N
2

l∑
k=1

∑
i<j

√
wkij

∫
V k
i

⋃
V k
j

‖grad f‖dm. (6.26)

It has been shown in [125] that

wkij =
1

N(N − 1)H(ξ
k
ij) cot θ

k
ij , (6.27)

where ξkij is the (N − 2)-dimensional face of the simplex ek opposite to the
edge that connects the vertices qki and q

k
j , H(ξ

k
ij) is the (N − 2)-dimensional

Hausdorff measure of ξkij , and θ
k
ij is the angle between the (N − 1)-dimensional

face opposite to qki and the (N − 1)-dimensional face opposite to qkj . It follows
from (6.26) and (6.27) that

V (Qhf ;Ω)

� C√
N(N − 1)

h1−
N
2

l∑
k=1

∑
i<j

√
H(ξkij) cot θ

k
ij

∫
V k
i

⋃
V k
j

‖grad f‖dm.

Let Ak =
N⋃
i=0

V ki . Since the number of the pairs (i, j) with i < j is N(N +

1)/2, and note that Th is shape-regular implies that

|κkij | � ChN−2,

we have

V (Qhf ;Ω) � C
l∑
k=1

∫
Ak

‖grad f‖dm � CBV V (f ;Ω)

for a constant CBV . This completes the proof. �

With the help of the stability result in Theorem 6.4.2, we are able to prove
the convergence of the piecewise linear Markov method for the Góra-Boyarsky
class of multi-dimensional transformations, as was done before in Section 6.2
for Ulam’s method.

Theorem 6.4.3 Suppose that S : Ω → Ω satisfies the conditions of Theorem
5.4.1. If in addition

CBV (1 + κΩ (S))
λ

< 1,
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where κΩ (S) and λ are given in Theorem 5.4.1 and the constant CBV is as in
Theorem 6.4.2, then for any sequence of the stationary densities fhn of Phn in
Δhn with the condition that lim

n→∞hn = 0, there is a subsequence {fhnk
} such

that
lim
k→∞

‖fhnk
− f∗‖ = 0,

where f∗ is a stationary density of P. If in addition f∗ is the unique stationary
density of P, then

lim
n→∞ ‖fhn − f∗‖ = 0.

Exercises

6.1 Let A be an n× n nonnegative matrix. Show that the spectral radius of
A is an eigenvalue of A.
6.2 Let A be a stochastic matrix. Show that its spectral radius is 1. Find a
right eigenvector of A corresponding to eigenvalue 1, and show that A has a
nonnegative left eigenvector associated with eigenvalue 1.
6.3 If an n×n matrix P defines a Markov operator from Rn into itself under
the vector 1-norm of the Euclidean space Rn. Show that P is a column stochastic
matrix, that is, P is a nonnegative matrix with each column sums 1.
6.4 Prove Proposition 6.2.1.
6.5 Let φi, i = 0, 1, · · · , n be the canonical basis of the subspace Δn of all
the continuous piecewise linear functions associated with the equal partition
0 = x0 < x1 < · · · < xn−1 < xn = 1 with xi = ih, where h = 1/n, ∀ i. Define
Qn : L1(0, 1)→ L1(0, 1) by

Qnf =
2
h

∫ h
2

0

fdm · φ0 +
n−1∑
i=1

1
h

∫ (i+ 12 )h

(i− 12 )h
fdm · φi +

2
h

∫ 1

1−h
2

fdm · φn.

Prove that Qn is a Markov operator. Compare this Qn with that defined in
Section 6.3.
6.6 Let Qn : L1(0, 1) → Δn be a bounded linear operator, where Δn is as in
the previous exercise, so that Qn can be represented as

Qnf =
n∑
i=0

∫ 1

0

f(x)wi(x)dx · φi,

where wi ∈ L∞(0, 1) for all i. Show that

(i) Qn1 = 1 if and only if
∫ 1

0

wi(x)dx = 1 for i = 0, 1, · · · , n.
(ii) Qn is nonnegative if and only if wi(x) � 0 a.e. for all i.

(iii) Qn preserves integrals if and only if w0(x) + 2
n−1∑
i=1

wi(x) + wn(x) = 2n

i.e.
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(iv) Qn is a Markov operator if and only if wi(x) � 0 a.e. for all i and

w0(x) + 2
n−1∑
i=1

wi(x) + wn(x) = 2n a.e.

6.7 Let Q be the Galerkin projection of L1(0, 1) onto the subspace of linear
polynomial functions on [0, 1]. That is, for all f ∈ L1(0, 1),

∫ 1

0

(Qf(x)− f(x))dx = 0,
∫ 1

0

(Qf(x)− f(x))xdx = 0.

Show that Q is not a Markov operator.
6.8 Let Qn : L1(0, 1)→ Δn be defined by

Qnf =
n∑
i=0

1
m(Fi)

∫
Fi

f(x)dx · φi, ∀ f ∈ L1(0, 1),

where each Fi is a closed subinterval of the closure of supp φi. Show that if
Qn is a Markov operator, then Qn is given by either (6.12) or the expression in
Exercise 6.5.
Hint: You may first show that if Qn is integral preserving and if B is a closed
subinterval of [xk, xk+1] and 0 � k < n, then

m(B) =
m(B ∩ Fk)
m(Fk)

m(supp φk)
2

+
m(B ∩ Fk+1)
m(Fk+1)

m(supp φk+1)
2

.

Then show that if m(Fi ∩ Fi+1) = 0 for i = 0, 1, · · · , n− 1, then Qn is as given
in Exercise 6.5, and if Fk = suppφk for some 0 < k < n, then Qn is given by
(6.12).
6.9 Let (X,Σ, μ) be a probability measure space and let ψ1, ψ2, · · · , ψn be
linearly independent and nonnegative measurable functions on X such that
n∑
i=1

ψi = 1. Define Tn : L1(X)→ L1(X) by

Tnf =
n∑
i=1

∫
X

fwidμ · ψi,

where w1, w2, · · · , wn ∈ L∞(X). Show that Tn preserves integrals if and only if
n∑
i=1

∫
X

ψidμ · wi = 1.

6.10 Under the same assumption as Exercise 6.9, let A1, A2, · · · , An ∈ Σ be
such that μ(Ai) > 0 for each i = 1, 2, · · · , n. Let Qn : L1(X) → L1(X) be
defined by
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Qnf =
n∑
i=1

1
μ(Ai)

∫
Ai

fdμ · ψi.

Assume that μ(Ai ∩ Aj) = 0 if i �= j. Show that Qn is a Markov operator if
and only if

∫
X

ψidμ = μ(Ai) for each i = 1, 2, · · · , n.
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Convergence Rate Analysis
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Abstract After showing the convergence of the two numerical methods for Frobenius-
Perron operators in the previous chapter, we further investigate the convergence rate
problem for them. Keller’s stochastic stability result for a class of Markov operators
will be studied first, which leads to his first proof of the L1-norm convergence rate
O(ln n/n) for Ulam’s method applied to the Lasota-Yorke class of mappings. Then
we introduce Murrary’s work on an explicit upper bound of the convergence rate for
Ulam’s method. The convergence rate analysis for the piecewise linear Markov method
under the BV -norm will be presented in the last section.

Keywords Convergence rate, stochastic stability, cone of uniformly bounded varia-

tion, difference norm, Lasota-Yorke type inequality, Cauchy integral of linear operator.

If a numerical method is designed to produce a convergent approximation
sequence for the computation of a stationary density of Frobenius-Perron oper-
ators or Markov operators, a natural question, which is of practical importance
in applications, is how fast the convergence will be. In this chapter we give some
convergence rate analysis to Ulam’s piecewise constant method and the piece-
wise linear Markov method for one-dimensional mappings. In the first section
we present Keller’s important result [74] on the stochastic stability of Frobenius-
Perron operators, from which he proved that Ulam’s method has a convergence
rate of order O(lnn/n) under the L1-norm for the Lasota-Yorke class of interval
mappings. In Section 7.2 we introduce Murray’s delicate analysis [107] for ob-
taining an explicit upper bound of the error estimate for Ulam’s method applied
to a special subclass of Lasota-Yorke’s mappings. The last section will focus on
the convergence rate analysis for the Markov method under the BV -norm, the
approach of which was first proposed in [19] and further investigated in [41].

7.1 Error Estimates for Ulam’s Method

Following Li’s pioneering work on proving the convergence of Ulam’s method
for the Lasota-Yorke class of interval mappings, the first serious approach to
the convergence rate analysis was given by Keller [74], based on the concept of
stochastic stability of deterministic dynamical systems that was introduced by
him. He obtained the convergence rate of order O(lnn/n) under the L1-norm
for the Lasota-Yorke class of piecewise monotonic mappings, as an immediate
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consequence of his general theory. In this section we study Keller’s work on the
perturbation analysis for a class of Markov operators and its direct application
to the problem of estimating the errors for the numerical solutions from Ulam’s
method.
To present Keller’s general result, we assume that a Markov operator P :

L1(0, 1) → L1(0, 1) satisfies the following conditions: P (BV (0, 1)) ⊂ BV (0, 1)
and ‖P‖BV ≡ max

‖f‖BV =1
‖Pf‖BV <∞, and there are constants 0 < α < 1, β > 0,

and a positive integer k such that

‖P kf‖BV � α‖f‖BV + β‖f‖, ∀ f ∈ BV (0, 1). (7.1)

The class of Markov operators P satisfying the above conditions will be denoted
by P, and the subclass of P with the given constants α and β will be denoted
as P(α, β). In this section, a sequence {Pn} of Markov operators is called P-
bounded if there exist two constants 0 < α < 1 and β > 0 such that Pn ∈ P(α, β)
for all n. For the sake of the spectral analysis of Markov operators, we assume
that the involved function spaces are the complex ones.
It follows from Theorem 2.5.4 (the Ionescu-Tulcea and Marinescu theorem)

that any operator P ∈ P is quasi-compact as a linear operator from the Banach
space (BV (0, 1), ‖ · ‖BV ) into itself, so there are only finitely many peripheral
eigenvalues 1 = λ1, λ2, · · · , λr, i.e., the eigenvalues of modules 1, with each
corresponding eigenspace Ei finite dimensional (Theorem 2.5.4; see also The-
orem .8.3 of [57]). From the theory of positive operators [114], the set
{λ1, λ2, · · · , λr} is fully cyclic and hence it is contained in a finite subgroup
of the unit circle ∂D under the product operation. Furthermore, P has the
following spectral decomposition

P =
r∑
i=1

λiΦi +R, (7.2)

where each Φi is a projection onto Ei with the properties that ‖Φi‖ = 1 and
ΦiΦj = 0 for i �= j, and R : L1(0, 1) → L1(0, 1) is a bounded linear operator
such that sup

n�0
‖Rn‖ � r+ 1, R(BV (0, 1)) ⊂ BV (0, 1), RΦi = ΦiR = 0 for each

i, and ‖Rn‖BV � Mqn, ∀ n for some constants 0 < q < 1 and M > 0 (see
Theorem 2.5.3).
Let λ be a complex number with |λ| = 1. Define the operator

Φ(λ, P )f = lim
n→∞

1
n

n−1∑
j=0

(λ̄P )jf, ∀ f ∈ L1(0, 1),

where λ̄ is the conjugate of λ. It can be shown (see Exercise 7.1) that

Φ(λ, P ) =
{
Φi, if λ = λi,
0, otherwise.

In particular, Φ(1, P ) = Φ1.
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Lemma 7.1.1 If P, Q ∈ P with P =
r∑
i=1

λiΦi + R and ‖Rn‖BV � Mqn for

all positive integers n, then for each complex number λ satisfying |λ| = 1, the
following operator

A(λ) =
r∑

i=1,λi 
=λ

λ̄λi
λ− λi

Φi + (1− λ̄)Φ(λ, P ) + (λI −R)−1

is well-defined as a bounded linear operator on BV (0, 1). Moreover,
(i) A(λ) = (λI − (P − Φ(λ, P )))−1.
(ii) (Φ(λ, P )− I)Φ(λ,Q) = A(λ)(P −Q)Φ(λ,Q).

Proof Since 0 < q < 1, the fact that the inequality ‖Rn‖BV �Mqn is satisfied
for all n implies that the spectral radius of R is strictly less than 1, so (λI−R)−1

exists and equals λ−1
∞∑
j=0

(λ−1R)j = λ̄
∞∑
j=0

(λ̄R)j as a bounded linear operator

from BV (0, 1) onto itself. This implies that A(λ) is well-defined as a bounded
linear operator from BV (0, 1) into itself. Now (i) and (ii) can be easily verified
by a direct computation. �

We introduce another norm |||·||| for the given Markov operator P : L1(0, 1)→
L1(0, 1) as the operator norm from (BV (0, 1), ‖ · ‖BV ) into (L1(0, 1), ‖ · ‖), that
is, we define

|||P ||| = sup {‖Pf‖ : f ∈ BV (0, 1), ‖f‖BV = 1} .

It is obvious to see that |||P ||| � 1 and |||P ||| � ‖P‖BV .

Lemma 7.1.2 Let P ∈ P as in Lemma 7.1.1. Suppose that Q ∈ P(α, β)
and λ is a complex number with |λ| = 1. Then there are constants C1 that is
independent of λ,

C2 =
r∑

i=1,λi 
=λ

1
λ− λi

+ |1− λ| · ‖Φ(λ, P )‖,

and C3 = β/(1− α) such that if |||P −Q||| < 1, then

‖(Φ(λ, P )− I)Φ(λ,Q)‖ � (C1 + C2)C3|||P −Q|||
(
2 +
ln |||P −Q|||
ln q

)
.

Proof The inequality (7.1) implies that for each f ∈ BV (0, 1),

‖Φ(λ,Q)f‖BV � lim sup
n→∞

1
n

n−1∑
j=0

‖Qjf‖BV

� max
0�i<k

lim sup
n→∞

‖Qnk+if‖BV

� max
0�i<k

β

1− α‖Q
if‖ � C3‖f‖.
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Now, for any positive integer J , the Neumann series expression λ̄
∞∑
j=0

(λ̄R)j for

(λI −R)−1 can be written as

(λI −R)−1 = λ̄
J−1∑
j=0

(λ̄R)j + (λ̄R)J(λI −R)−1.

Hence, for f ∈ L1(0, 1), from Lemma 7.1.1 (ii) and the spectral decomposition
(7.2) of P , we obtain that

‖(Φ(λ, P )− I)Φ(λ,Q)f‖ � ‖A(λ)(P −Q)Φ(λ,Q)f‖

� [C2 + J(r + 1)] ‖(P −Q)Φ(λ,Q)f‖+ Mq
J

1− q ‖(P − λI)Φ(λ,Q)f‖BV

�
[
(C2 + J(r + 1)) |||P −Q|||+ Mq

J

1− q (‖P‖BV + 1)
]
· C3‖f‖

� (C1 + C2)(J |||P −Q|||+ qJ)‖f‖

for some suitable constant C1 which depends on P only. If we choose

J =
ln |||P −Q|||
ln q

+ 1,

the lemma follows. �

Remark 7.1.1 Denote by δλ(P,Q) the smallest right-hand side of the con-
clusion in Lemma 7.1.2 for the given P, Q, and λ. Then Lemma 7.1.2 implies
that if P ∈ P and {Pn} is a P-bounded sequence, then

δλ(P, Pn) = O (|||P − Pn||| · |ln |||P − Pn||||) .

Proposition 7.1.1 Let P, Q ∈ P. If P has a unique stationary density, then

Φ(1, P )− Φ(1, Q) = (I − (P − Φ(1, P )))−1(P −Q)Φ(1, Q)

and
‖Φ(1, P )− Φ(1, Q)‖ � δ1(P,Q).

Proof Since P preserves integrals and dim E1 = 1, it is clear that

Φ(1, P )f =
∫ 1

0

f(x)dx · Φ(1, P )1

for any f ∈ L1(0, 1). Thus,

Φ(1, P )Φ(1, Q)f =
∫ 1

0

Φ(1, Q)f(x)dx · Φ(1, P )1

=
∫ 1

0

f(x)dx · Φ(1, P )1 = Φ(1, P )f,
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and the proposition follows from Lemmas 7.1.1 and 7.1.2. �

With the above preliminary results, we can state the main result of Keller
in [74].

Theorem 7.1.1 (Keller’s stability theorem) Suppose that P ∈ P and a
sequence {Pn} of Markov operators is P-bounded. If lim

n→∞ |||P − Pn||| = 0, then

‖(Φ(λ, P )− I)Φ(λ, Pn)‖ = O (|||P − Pn||| · |ln |||P − Pn||||) (7.3)

for each complex number λ with |λ| = 1. If in addition P has a unique stationary
density, then

‖Φ(1, P )− Φ(1, Pn)‖ = O (|||P − Pn||| · |ln |||P − Pn||||) . (7.4)

Proof Formula (7.3) follows from Lemma 7.1.2 and Remark 7.1.1, and formula
(7.4) is from Proposition 7.1.1 and Remark 7.1.1. �

It is time to apply Theorem 7.1.1 to a class of stochastic perturbations of the
Frobenius-Perron operators P associated with a nonsingular transformation in
the following sense, and as an easy consequence we are able to estimate the L1-
convergence rate of Ulam’s method. Let K : [0, 1]2 → R be a doubly stochastic
kernel, i.e., the function K is measurable and nonnegative, and K satisfies the
following two equalities∫ 1

0

K(x, y)dy = 1, x ∈ [0, 1] a.e.,
∫ 1

0

K(x, y)dx = 1, y ∈ [0, 1] a.e.

Consider the following Markov operator PK : L1(0, 1)→ L1(0, 1) defined by

PKf(x) =
∫ 1

0

f(y)K(S(y), x)dy =
∫ 1

0

Pf(y)K(y, x)dy.

Let Kz(y) =
∫ z
0
K(x, y)dx for z ∈ [0, 1], B(z) = {(x, y) : x � z < y or y �

z < x}, b(z) =
∫
B(z)

Kdm, and c(K) = sup
z∈[0,1]

b(z). By Remark 2.4.2, the

variation of f ∈ L1(0, 1) as defined in Section 2.3 can be expressed as
∨
[0,1]

f = sup
{∫ 1

0

f(x)g′(x)dx : g ∈ C10 (0, 1), |g(x)| � 1, x ∈ (0, 1).
}
. (7.5)

First we need another characterization of the variation for L1 functions as
the following lemma shows.

Lemma 7.1.3 Let f ∈ L1(0, 1). Then

∨
[0,1]

f=sup
{∫ 1

0

fξdx, ξ :ξ∈L∞(0, 1),
∣∣∣∣
∫ x

0

ξ(t)dt
∣∣∣∣�1,∀x,

∫ 1

0

ξdx=0
}
.



7.1 Error Estimates for Ulam’s Method 149

Proof This comes from (7.5) and a limit argument. �

Proposition 7.1.2 With the above assumptions and notations,
(i)

∨
[0,1]

PKf � sup
z∈[0,1]

∨
[0,1]

Kz ·
∨
[0,1]

Pf ;

(ii) |||P − PK ||| � c(K)‖P‖BV .

Proof (i) By (7.5),

∨
[0,1]

PKf = sup
{∫ 1

0

PKf(x) · g′(x)dx : g ∈ C10 (0, 1), |g(x)| � 1, x ∈ (0, 1).
}
.

Let g ∈ C10 (0, 1) be such that ‖g‖∞ � 1. Then
∫ 1

0

PKf(x) · g′(x)dx =
∫ 1

0

Pf(x) · g̃(x)dx,

where g̃(x) =
∫ 1

0

K(x, y)g′(y)dy, and g̃ satisfies

∫ 1

0

g̃(x)dx=
∫ 1

0

∫ 1

0

K(x, y)g′(y)dydx =
∫ 1

0

∫ 1

0

K(x, y)dxg′(y)dy

=
∫ 1

0

g′(y)dy = g(1)− g(0) = 0.

Furthermore, it follows from Fubini’s theorem [109], the definition of Kz, and
(7.5) that for all z ∈ [0, 1],∣∣∣∣
∫ z

0

g̃(x)dx
∣∣∣∣=
∣∣∣∣
∫ z

0

∫ 1

0

K(x, y)g′(y)dydx
∣∣∣∣

=
∣∣∣∣
∫ 1

0

∫ z

0

K(x, y)dxg′(y)dy
∣∣∣∣ =

∣∣∣∣
∫ 1

0

Kz(y)g′(y)dy
∣∣∣∣ � ∨

[0,1]

Kz.

Hence, by Lemma 7.1.3,∨
[0,1]

PKf �
∨
[0,1]

Pf · sup
0�z�1

∨
[0,1]

Kz.

This proves (i).
(ii) Let f ∈ BV (0, 1) and denote

g =
|Pf − PKf |
Pf − PKf

.
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Then |g(x)| ≡ 1 for x ∈ (0, 1) and Fubini’s theorem implies that
∫ 1

0

|Pf(x)− PKf(x)|dx=
∫ 1

0

(Pf(x)− PKf(x))g(x)dx

=
∫ 1

0

[
Pf(x)−

∫ 1

0

Pf(y)K(y, x)dy
]
g(x)dx

=
∫ 1

0

Pf(y)
(
g(y)−

∫ 1

0

K(y, x)g(x)dx
)
dy.

By the assumption of K and the definitions of B(z) and b(z),

∣∣∣∣
∫ z

0

(
g(y)−

∫ 1

0

K(y, x)g(x)dx
)
dy
∣∣∣∣

�
∫ 1

0

∣∣∣∣χ[0,z](y)−
∫ z

0

K(x, y)dx
∣∣∣∣ dy

=
∫ 1

0

∣∣∣∣
∫ 1

0

[
χ[0,z](y)− χ[0,z](x)

]
K(x, y)dx

∣∣∣∣ dy
�
∫ 1

0

∫ 1

0

∣∣χ[0,z](y)− χ[0,z](x)∣∣K(x, y)dxdy
=
∫
B(z)

Kdm = b(z).

On the other hand, the Fubini theorem ensures that

∫ 1

0

(
g(y)−

∫ 1

0

K(y, x)g(x)dx
)
dy

=
∫ 1

0

g(y)dy −
∫ 1

0

∫ 1

0

K(y, x)dyg(x)dx

=
∫ 1

0

g(y)dy −
∫ 1

0

g(x)dx = 0.

Therefore, by using Lemma 7.1.3, we have

∫ 1

0

|Pf(x)− PKf(x)|dx � c(K) ·
∨
[0,1]

Pf � c(K)‖Pf‖BV

� c(K) · ‖P‖BV · ‖f‖BV . �

The following corollary gives a sufficient condition for the variation of PKf
to be less than or equal to that of Pf .
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Corollary 7.1.1 Let P ∈ P be the Frobenius-Perron operator associated with
a piecewise monotonic mapping of [0, 1] such that the inequality (7.1) is satisfied
for k = 1. Let K be a doubly stochastic kernel such that∫ z

0

K(x, y1)dx �
∫ z

0

K(x, y2)dx (7.6)

for all z, y1, y2 ∈ [0, 1] with y1 � y2. Then the conclusion of Proposition 7.1.2
is true with ∨

[0,1]

PKf �
∨
[0,1]

Pf.

In particular, P and PK are both in the same class P(α, β).

Proof The inequality (7.6) implies that the function Kz(y) =
∫ z

0

K(x, y)dx

is monotonically decreasing. Since 0 � Kz(y) � 1 for 0 � y � 1, we have that∨
[0,1]

Kz � 1 for all z ∈ [0, 1]. Therefore, the corollary follows from Proposition

7.1.2. �

We can apply Corollary 7.1.1 to the convergence rate problem for Ulam’s
method for which the convergence was established in Section 6.1. To fulfill this
task, we need to estimate the quantity |||P − Pn|||, where Pn = QnP and Qn is
the finite dimensional Markov operator for the piecewise constant approximation
associated with a partition of [0, 1], as defined by (6.3). For the sake of simplicity
of the presentation, we assume that the partition of [0, 1] is uniform, i.e., we
assume that xi = i/n for i = 0, 1, · · · , n. If we define

Kn(x, y) =

{
n, if

i− 1
n

� x, y < i

n
for some i,

0, otherwise,

then it is easy to see that Pn = PKn
. In other words,

QnPf(x) = PKn
f(x) =

∫ 1

0

Pf(y)Kn(y, x)dy, ∀ f ∈ L1(0, 1).

Under the same conditions of Theorem 6.1.1 that guarantee the convergence
of Ulam’s method as n goes to infinity, Corollary 7.1.1 together with Theorem
7.1.1 can be directly used to establish the following error estimate result for
Ulam’s method.

Theorem 7.1.2 (Keller’s estimate theorem) Under the conditions of The-
orem 6.1.1, if f∗ is a unique stationary density of the Frobenius-Perron operator
P and {fn} is a sequence of the stationary densities of Pn from Ulam’s method,
then

‖fn − f∗‖ = O
(
lnn
n

)
. (7.7)
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Proof We can easily check that c(Kn) � 1/(2n). Hence the sequence {Pn} is
P-bounded and |||P −Pn||| = O(1/n) by Corollary 7.1.1. Finally Theorem 7.1.1
gives rise to (7.7). �

Remark 7.1.2 AMarkov operator P ∈ P is said to be stochastically pre-stable
if the condition lim

n→∞ |||Pn−P ||| = 0 implies that lim
n→∞ ‖(Φ(1, Pn)−I)Φ(1, P )‖ =

0 for each P-bounded sequence {Pn} of Markov operators. Similarly, P ∈ P is
called stochastically stable if lim

n→∞ |||Pn − P ||| = 0 implies that lim
n→∞ ‖Φ(1, Pn)−

Φ(1, P )‖ = 0 for any P-bounded sequence {Pn}. The results of this section show
that each P ∈ P is stochastically pre-stable, and if P has only one stationary
density, then P ∈ P is stochastically stable.
Remark 7.1.3 Keller’s general stability result, Theorem 7.1.1, can also be
used for deterministic perturbations of piecewise monotonic mappings of an
interval; see Chapter 11 of the book [14] by Boyarsky and Góra.

Remark 7.1.4 The idea of Keller’s analysis seems not to be able to provide a
better upper bound of the convergence rate under the L1-norm for the piecewise
linear Markov method than Ulam’s method (see Exercise 7.6). A convergence
rate of order O(1/n) under the even stronger BV -norm for the piecewise linear
Markov method will be presented in Section 7.3.

7.2 More Explicit Error Estimates

In this section we continue the error estimate of Ulam’s method for one-
dimensional mappings, but our purpose is to obtain an explicit expression in
the error upper bound O(lnn/n). Murray began to investigate this problem
in his dissertation [106] and obtained an explicit expression for the symbol
O(lnn/n) after a more delicate analysis. This section is devoted to presenting
his idea and method for more explicit error bounds of Ulam’s method.
We restrict our analysis to a special subclass of Lasota-Yorke’s interval map-

pings S : [0, 1]→ [0, 1]. That is, in our discussion that follows, we assume that
the mapping is piecewise C2, stretching, and onto. For the simplicity of presen-
tation we also assume that in Ulam’s method the interval [0, 1] is divided into
n equal subintervals, so that xi − xi−1 = 1/n for i = 1, 2, · · · , n.
To obtain an explicit expression for the constant in the upper bound of

the convergence rate, Murray [106, 107] used the concept of cones of uniformly
bounded variation, which is similar to that introduced by Liverani in [92] and is
related to the notion of Hilbert metric. The advantage of this approach is that
the explicit constant is available in the expression of the upper bound O(lnn/n),
which is more useful in the practical computation of absolutely continuous in-
variant probability measures.
A set C in a vector space is called a convex cone or just a cone if

f ∈ C ⇒ af ∈ C, ∀ a � 0
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and
f + g ∈ C, ∀ f, g ∈ C.

Definition 7.2.1 Let a real number a � 0. The convex cone

Ca =

⎧⎨
⎩0 � f ∈ L1(0, 1) :

∨
[0,1]

f � a‖f‖

⎫⎬
⎭

is called a cone of uniformly bounded variation.

Definition 7.2.2 Let a � 0. The cone

Γa =
{
f ∈ L1(0, 1) : f = f1 − f2, f1, f2 ∈ Ca, ‖f1‖ = ‖f2‖

}
is called the difference cone for Ca, and for each f ∈ Γa let

‖f‖a = inf {‖f1‖ : f = f1 − f2, f1, f2 ∈ Ca, ‖f1‖ = ‖f2‖} . (7.8)

Then ‖ · ‖a is called the difference norm for Γa.

It is easy to see that if f ∈ Γa, then automatically
∫ 1

0

f(x)dx = 0, so

f ∈ BV0(0, 1) and ‖f‖/2 = ‖f+‖ = ‖f−‖. Proposition 7.2.1 below shows
that f ∈ Γa if f ∈ BV0(0, 1). As an example let f(x) = sin 2πx. Then both
f+, f− ∈ Ca whenever a � 2π. One can check that (Exercise 7.9)

‖f‖a =

⎧⎪⎨
⎪⎩
2
a
, if a < 2π,

1
π
, if a � 2π.

Lemma 7.2.1 (Γa, ‖ · ‖a) is a normed vector space.

Proof It is enough to verify the triangle inequality. Let f, g ∈ Γa and ε > 0.
Choose f1, f2, g1, g2 ∈ Ca such that

f = f1 − f2, ‖f1‖ = ‖f2‖ < ‖f‖a + ε,

g = g1 − g2, ‖g1‖ = ‖g2‖ < ‖g‖a + ε.
Then

f + g = (f1 + g1)− (f2 + g2)
and, since L1-norm ‖ · ‖ satisfies the property (2.2),

‖f1 + g1‖ = ‖f2 + g2‖ = ‖f1‖+ ‖g1‖ < ‖f‖a + ‖g‖a + 2ε.

Hence the triangle inequality follows from the definition of ‖ · ‖a. �

We list some useful properties of Γa in the following.
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Proposition 7.2.1 For each real number a � 0:
(i) The infimum in the definition of ‖ · ‖a is attained, that is, the infimum

can be replaced by the minimum in (7.8).
(ii) If a < b, then Γa ⊂ Γb and ‖f‖b � ‖f‖a for any f ∈ Γa.
(iii) If P is a Markov operator and n is a positive integer, then

PnCb ⊂ Ca ⇒ ‖Pnf‖a � ‖f‖b, ∀ f ∈ Γb.

(iv) If f ∈ Γa, then

‖f‖ � 2‖f‖a and
∨
[0,1]

f � 2a‖f‖a.

(v) If f ∈ Γa and a > 0, then

‖f‖a � max

⎧⎨
⎩12‖f‖, 1a

∨
[0,1]

f

⎫⎬
⎭ .

(vi) If f ∈ Γa, then

min{2, a}‖f‖a � ‖f‖BV � 2(1 + a)‖f‖a,

so that f ∈ BV0(0, 1) if and only if f ∈ Γa and ‖f‖a <∞ for every a > 0.

Proof (i) The infimum is attained because the collection of the functions with
uniformly bounded integrals and variation is compact in L1(0, 1).
(ii) If a < b and f ∈ Γa, then for f = f1 − f2 with ‖f1‖ = ‖f‖a we have∨

[0,1]

f1 � a‖f1‖ < b‖f‖b. So f1 ∈ Cb and ‖f‖b � ‖f1‖ = ‖f‖a.

(iii) Let f = f1 − f2 ∈ Γb be such that ‖f1‖ = ‖f‖b. Then Pnf1, Pnf2 ∈
PnCb ⊂ Ca and Pnf = Pnf1 − Pnf2. Hence,

‖Pnf‖a � ‖Pnf1‖ � ‖f1‖ = ‖f‖b.

(iv) Write f = f1−f2 with ‖f1‖ = ‖f‖a. Then, since f1 � f+ and f2 � f−,

‖f‖ = 2‖f+‖ � 2‖f1‖ = 2‖f‖a.
Since f1, f2 ∈ Ca,∨

[0,1]

f �
∨
[0,1]

f1 +
∨
[0,1]

f2 � a‖f1‖+ a‖f2‖ = 2a‖f‖a.

(v) Suppose first that

∨
[0,1]

f � a‖f‖
2
= a‖f+‖ = a‖f−‖.
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Then f+, f− ∈ Ca, and so ‖f‖a � ‖f+‖ = ‖f‖/2. Now suppose that
∨
[0,1]

f >

a‖f‖/2. Let

g1 = f+ +

⎛
⎝1
a

∨
[0,1]

f − 1
2
‖f‖

⎞
⎠ , g2 = f− +

⎛
⎝1
a

∨
[0,1]

f − 1
2
‖f‖

⎞
⎠ .

Then g1 � f+ and g2 � f−. It follows that∨
[0,1]

g1 =
∨
[0,1]

f+ �
∨
[0,1]

f = a‖g1‖,
∨
[0,1]

g2 =
∨
[0,1]

f− �
∨
[0,1]

f = a‖g2‖.

Thus g1, g2 ∈ Ca. Since f = f+ − f− = g1 − g2, the definition of ‖ · ‖a implies
that

‖f‖ � ‖g1‖ =
1
a

∨
[0,1]

f.

(vi) The inequalities are consequences of (iv) and (v). The other part is
obvious. �

Theorem 7.2.1 Let P : L1(0, 1) → L1(0, 1) be a Markov operator such that
PCa ⊂ Ca for some a. Suppose that 0 < α < 1 and that for every f, g ∈ Ca with
‖f‖ = ‖g‖, there exists a nonnegative function ψf,g ∈ L1(0, 1) such that

ψf,g � Pf, ψf,g � Pg, ‖ψf,g‖ � α‖f‖

and
Pf − ψf,g, Pg − ψf,g ∈ Ca.

Then for every φ ∈ Γa,

Pφ ∈ Γa and ‖Pφ‖a � (1− α)‖φ‖a.

Remark 7.2.1 ψf,g in the theorem is called a lower bound function corre-
sponding to f, g.

Proof Given ε > 0, let f1, f2 ∈ Ca such that

φ = f1 − f2, ‖f1‖ = ‖f2‖ < ε.

Denote by ψ = ψf1,f2 a lower bound function corresponding to f1, f2 and put

φ1 = Pf1 − ψ1, φ2 = Pf2 − ψ2.

Then φ1, φ2 ∈ Ca and Pφ = φ1 − φ2. Since 0 � φ1 � Pf1,

‖f1‖ = ‖Pf1‖ = ‖φ1‖+ ‖ψ‖.
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The same equality holds with f2, φ2 replacing f1, φ1, respectively. Thus,

‖φ1‖=‖φ2‖ = ‖f1‖ − ‖ψ‖
�‖f1‖ − α‖f1‖ < (1− α)‖φ‖a + ε.

Since ε > 0 is arbitrary, this proves the theorem. �

It is time to consider the Lasota-Yorke class of interval mappings such that
each monotonic piece is onto. For this subclass of mappings, by Remark 5.2.4,
we have the following inequality for the corresponding Frobenius-Perron opera-
tor as the conclusion of Lemma 7.2.2.

Lemma 7.2.2 Let S : [0, 1] → [0, 1] be a piecewise C2 and onto mapping
associated with the partition 0 = a0 < a1 < · · · < ar−1 < ar = 1 such that

|S′(x)| � λ, |S′′(x)|
(S′(x))2

� s, ∀ x ∈ [0, 1] \ {a1, a2, · · · , ar−1},

where λ > 1 and s > 0 are two constants, and let P be the Frobenius-Perron
operator corresponding to S. If f ∈ L1(0, 1) satisfies the inequality

∨
[0,1]

f � a‖f‖

for some a > 0, then

∨
[0,1]

Pf � 1
λ

∨
[0,1]

f + s‖f‖ �
(a
λ
+ s
)
‖f‖.

It follows immediately from the above inequality that

PCa ⊂ C a
λ+s
.

In particular, if a � λ/(λ− 1), then

P (Ca ∩ D) ⊂ Ca ∩ D.

Since Ca∩D is compact and convex, Brouwer’s fixed point theorem implies that
P has a fixed point

f∗ ∈ C sλ
λ−1
.

Moreover, since
∨
[0,1]

Pnf �
∨
[0,1]

Pf , where Pn is the Ulam approximation of P ,

and since PnD ⊂ D, we see that

PCa ⊂ Ca ⇒ PnCa ⊂ Ca.

Thus each Pn has a fixed point

fn ∈ C sλ
λ−1
. (7.9)
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The above claim (7.9) together with Helly’s lemma gives an alternative proof
of Li’s theorem on the convergence of Ulam’s method under the additional
assumption that S is piecewise onto.
In the following we give the asymptotic estimate of ‖fn − f∗‖. For this

purpose we need a series of lemmas.

Lemma 7.2.3 Suppose that f ∈ Ca and ε > 0. Let 0 = x0 < x1 < · · · <
xn−1 < xn = 1 be a partition of [0, 1] such that the length of each subinterval

is less than or equal to ε. If f̃ =
r∑
i=1

ciχIi is a piecewise constant function

corresponding to the partition such that

ess inf
x∈Ii

f(x) � ci � ess sup
x∈Ii

f(x)

for each subinterval Ii = [xi−1, xi] with i = 1, 2, · · · , n, then

‖f − f̃‖ � εa‖f‖.

Proof Since
∨
Ii

f � ess sup
x∈Ii

f(x) − ess inf
x∈Ii

f(x) � |f(x) − f̃(x)| for x ∈ Ii, we

have ∫
Ii

|f − f̃ |dm �
∨
Ii

f ·m(Ii) � ε
∨
Ii

f

for each i. Therefore,

‖f − f̃‖ =
∫ 1

0

|f − f̃ |dm =
n∑
i=1

∫
Ii

|f − f̃ |dm

� ε
n∑
i=1

∨
Ii

f = ε
∨
[0,1]

f � εa‖f‖. �

For the class of piecewise onto mappings, denote η = {Ii}ri=1 the collection
of the intervals {[ai−1, ai]}ri=1 of monotonicity of S. For the iterates of S, denote
η(n) = {In,i}rni=1 the collection of the intervals of monotonicity of Sn, and the
inverse mappings of Sn restricted to such intervals of monotonicity are denoted
by S−nn,i : [0, 1]→ In,i since Sn(In,i) = [0, 1].
It will be useful to express the bounded distortion property of the Lasota-

Yorke mapping in terms of the Rényi condition:

|(S−nn,i )′(x)|
|(S−nn,i )′(y)|

� K, ∀ x, y ∈ [0, 1] (7.10)

for some constant K and all n � 1. It is easy to see that the constant K can
be taken to be less than or equal to esλ/(λ− 1).
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Lemma 7.2.4 Let In,i be any member of η(n). Then

∣∣(Sn)′(S−nn,i (x))∣∣ � K

m(In,i)
, ∀ x ∈ In,i.

Proof By the mean value theorem, there exists y ∈ [0, 1] such that∣∣(Sn)′(S−nn,i (y))∣∣m(In,i) = m([0, 1]) = 1.
(7.10) implies that for any x ∈ [0, 1],

∣∣(Sn)′(S−nn,i (x))∣∣ � K ∣∣(Sn)′(S−nn,i (y))∣∣ = K

m(In,i)
. �

Proposition 7.2.2 Let f ∈ Ca and n � 1. Then

Pnf � 1− aλ
−n

K
‖f‖.

Proof Since |(Sn)′(S−nIn,i
(x))| � λn, ∀ x ∈ [0, 1] for all i, each subinterval in

η(n) has length at most λ−n. Let

f̃ =
rn∑
i=1

(
ess inf

x∈In,i

f(x)
)
χIn,i

.

Then Lemma 7.2.3 implies that ‖f − f̃‖ � aλ−n‖f‖. Since ‖f‖ = ‖f − f̃‖+‖f̃‖
by (2.2), it follows that ‖f̃‖ � (1− aλ−n)‖f‖.
The explicit expression (4.2) of the Frobenius-Perron operator and Lemma

7.2.4 imply that

Pnf(x) =
rn∑
i=1

f(S−nn,i (x))∣∣(Sn)′(S−nn,i (x))∣∣ �
rn∑
i=1

ess infx∈In,i
f(x)∣∣(Sn)′(S−nn,i (x))∣∣

�
rn∑
i=1

ess inf
x∈In,i

f(x)
m(In,i)
K

=
‖f̃‖
K

� 1− aλ
−n

K
‖f‖. �

Definition 7.2.3 We define the following two numbers

a∗ =

1
2
+

sλ

λ− 1
1− 1
2K

, n∗ =
⌈
log 2a∗

log λ

⌉
,

where �t� denotes the integral part of a real number t.

Then we have the following result on the contraction property of Pn
∗
under

the norm ‖ · ‖a∗ .
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Theorem 7.2.2 Let f ∈ Γa∗ . Then

‖Pn∗f‖a∗ �
(
1− 1
2K

)
‖f‖a∗ .

Proof Let g ∈ Ca∗ . Then, by Proposition 7.2.2,

Pn
∗
g � 1− a

∗λ−n
∗

K
‖g‖ � ‖g‖

2K
. (7.11)

It follows that∥∥∥∥Pn∗g − ‖g‖
2K

∥∥∥∥ = ‖Pn∗g‖ − ‖g‖
2K
=
(
1− 1
2K

)
‖g‖. (7.12)

Hence,∨
[0,1]

(
Pn
∗
g − ‖g‖
2K

)
=
∨
[0,1]

Pn
∗
g � 1

λn∗
∨
[0,1]

g +
sλ

λ− 1‖g‖

�
(
1
2
+

sλ

λ− 1

)
‖g‖ =

(
1− 1
2K

)
a∗‖Pn∗g‖. (7.13)

Combining (7.12) and (7.13) gives that

Pn
∗
g − ‖g‖
2K

∈ Ca∗ ,

from which, (7.11), and Theorem 7.2.1, the theorem follows. �

A direct consequence of Proposition 7.2.1 and Theorem 7.2.2 is the following
corollary.

Corollary 7.2.1 Let f ∈ BV0(0, 1). Then for any positive integer n,

‖Pnf‖ � 2‖Pnf‖a∗ � 2
(
1− 1
2K

)� n
n∗ �

‖f‖a∗ .

Lemma 7.2.5 The operator I −P : (Γa∗ , ‖ · ‖a∗)→ (Γa∗ , ‖ · ‖a∗) is invertible,
and for every f ∈ Γa∗ ,

‖(I − P )|−1Γa∗ f‖a∗ � 2Kn∗‖f‖a∗ .

Proof By Corollary 7.2.1, using the Banach lemma [57], we see that (I−P )|Γa∗
is an invertible linear operator from Γa∗ onto itself, and the norm estimate is
from the Neumann series representation of (I − P )|−1Γa∗ . �

Proposition 7.2.3 Let f ∈ BV0(0, 1). Then for any a � a∗,

‖(I − P )|−1Γa∗ f‖ �
⌈
ln(2a)
lnλ

⌉
‖f‖+ 2(2K − 1)n∗‖f‖a.
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Proof Let na = ln(2a)/ lnλ. Since f ∈ BV0(0, 1), by Proposition 7.2.1, f ∈
Γa∗ . Note that

(I − P )|−1Γa∗ f =
∞∑
k=0

P kf =
na−1∑
k=0

P kf + (I − P )|−1Γa∗P
naf.

Then, by Proposition 7.2.1 (iv) and Lemma 7.2.5,

‖(I − P )|−1Γa∗ f‖�na‖f‖+ 2‖(I − P )|−1Γa∗P
naf‖a∗

�na‖f‖+ 2× 2Kn∗‖Pnaf‖a∗ .

Now let f = f1 − f2 such that f1, f2 ∈ Ca and ‖f1‖ = ‖f2‖ = ‖f‖a. Then, as in
the proof to Theorem 7.2.2,

g1 ≡ Pnaf1 −
‖f1‖
2K

∈ Ca∗ , g2 ≡ Pnaf2 −
‖f2‖
2K

∈ Ca∗ .

Since Pnaf = Pnaf1 − Pnaf2 = g1 − g2,

‖Pnaf‖a∗ � ‖g1‖ = ‖g2‖ =
(
1− 1
2K

)
‖f‖a,

and the proposition follows from (7.13). �

Corollary 7.2.2 Let f∗ be a stationary density of P and let g ∈ BV (0, 1)∩D.
If a � a∗, then

‖g − f∗‖ �
⌈
ln(2a)
lnλ

⌉
‖g − Pg‖+ 2(2K − 1)n∗‖g − Pg‖a.

Proof It is immediate from Proposition 7.2.3 since

(I − P )(g − f∗) = g − Pg. �

We are ready to apply the above results to get an explicit error bound for
Ulam’s method by letting g = fn = Pnfn, where fn is a piecewise constant
density function. What we need now is to find an a such that fn − Pfn ∈ Γa
and ‖fn‖a is small enough.

Lemma 7.2.6 For every n � 0,

‖fn − Pfn‖ � 1
n

sλ

λ− 1 , ‖fn − Pfn‖4n � 1
2n

sλ

λ− 1 .
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Proof Since fn, Pfn ∈ Csλ/(λ−1), by Proposition 6.1.1 (v),

‖fn − Pfn‖ = ‖Pnfn − Pfn‖ = ‖(Qn − I)Pfn‖ � 1
n

sλ

λ− 1 .

On the other hand,∨
[0,1]

(fn − Pfn) �
∨
[0,1]

fn +
∨
[0,1]

Pfn � 2 sλ
λ− 1 .

By Proposition 7.2.1 (v),

‖fn − Pfn‖4n � max

⎧⎪⎨
⎪⎩

‖fn − Pfn‖
2

,

∨
[0,1]

(fn − Pfn)

4n

⎫⎪⎬
⎪⎭ � 1

2n
sλ

λ− 1 . �

Therefore, by letting a = 4n in Corollary 7.2.2, we have

Theorem 7.2.3 (Murray’s estimate theorem) Let S : [0, 1] → [0, 1] sat-
isfy the assumptions of Lemma 7.2.2, let P be the Frobenius-Perron operator
associated with S, let f∗ ∈ Csλ/(λ−1) be such that Pf∗ = f∗ and ‖f∗‖ = 1,
and let a∗ and n∗ be defined by Definition 7.2.3. For each n � a∗/4 let fn ∈
Csλ/(λ−1), ‖fn‖ = 1 be such that fn = Pnfn, where Pn is the Ulam approxima-
tion of P. Then

‖fn − f∗‖ �
(⌈
ln(8n)
lnλ

⌉
+ (2K − 1)n∗

)
1
n

sλ

λ− 1 = O
(
lnn
n

)
.

Remark 7.2.2 A similar result to Theorem 7.2.3 can also be obtained for non-
onto Lasota-Yorke mappings and for some multi-dimensional transformations
(see [106, 108] for more details).

Remark 7.2.3 One example has been found in [11] to show that O(lnn/n) is
the optimal error bound for Ulam’s method even for piecewise linear mappings,
which means that the convergence rate of lnn/n cannot be improved in general.
In the next section we shall show that a higher order of O(1/n) can be achieved
for the piecewise linear Markov method even under the stronger BV -norm,
which indicates that the Markov method is much better as far as the convergence
rate is concerned.

Remark 7.2.4 Using the concepts of spectral stability and the Hilbert metric,
new results on the upper bounds of the convergence rate and the speed of the
decay of correlations have been given in [77, 93].

7.3 Error Estimates for the Markov Method

This section will be devoted to the convergence rate analysis of the piecewise
linear Markov approximation method for solving the Frobenius-Perron opera-
tor equation, in which the operator satisfies the Lasota-Yorke type variation
inequality (7.14) below. Again, we only treat one-dimensional mappings.
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Although such Frobenius-Perron operators are quasi-compact when they
are restricted to the vector subspace of functions of bounded variation under
the BV -norm, we do not explore the concept of quasi-compactness further to
accomplish our purpose. The approach to the convergence rate analysis using
the notion of quasi-compactness [57] and the spectral approximation technique
[17] can be seen in [35]. Here we present a more direct approach with the help
of the powerful analytic tool of the Cauchy integral of linear operators, which
was first introduced in [19] and further investigated in [41]. The idea of Cauchy
integrals was also employed independently in [69] for a similar purpose. The
main result of the works [19, 41] is that the convergence rate of the Markov
method is of the order O(1/n) under the BV -norm, where n is the number of
the equal subintervals of the partition of [0, 1]. The main content of this section
comes from the two related papers.
First we give the basis of Cauchy integrals of bounded linear operators for

our needs. Let T be a bounded linear operator on a complex Banach space B.
Recall that the resolvent set ρ(T ) of T consists of all complex numbers z such
that the inverse operator

R(z, T ) ≡ (zI − T )−1

is well-defined and is bounded with domain B. The resolvent set is an open
subset of the complex plane C. The bounded linear operator R(z, T ) is called
the resolvent of T , which is analytic in its domain. The complement of the
resolvent set in the complex plane is the spectrum σ(T ) of T .
Now let λ be an isolated point spectrum point of T , that is, λ is an eigenvalue

of T and is the only spectral point of T in a neighborhood of λ. Then the
resolvent R(z, T ) has the Laurent expansion in a deleted neighborhood of λ:

R(z, T ) =
∞∑

n=−∞
(z − λ)nAn, 0 < |z − λ| < δ,

where δ � ∞ is a positive number or infinity and for each n, the bounded linear
operator An is defined by the Cauchy-type integral

An =
1
2πi

∫
C

R(z, T )
(z − λ)n+1 dz,

where i =
√
−1 is the imaginary unit of C. Here the integral contour C is any

closed Jordan curve which lies in the resolvent set of T and its interior contains
no other spectral points but λ. The coefficient operator

A−1 =
1
2πi

∫
C

R(z, T )dz

is most important for us because of the following result [57].
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Proposition 7.3.1 A−1 is a projection onto the generalized eigenspace cor-
responding to λ and the restriction T |R(A−1) of T to the range R(A−1) of A−1
maps R(A−1) into itself and its spectrum is exactly the single-point set {λ}.

Let a nonsingular transformation S : [0, 1] → [0, 1] be such that the corre-
sponding Frobenius-Perron operator P : L1(0, 1)→ L1(0, 1) satisfies the condi-
tion that there exist two real numbers 0 < α < 1 and β > 0 such that

‖Pf‖BV � α‖f‖BV + β‖f‖, ∀ f ∈ BV (0, 1). (7.14)

For the spectral analysis of P , in this section we assume that the space L1(0, 1) is
a complex one, and thus the Frobenius-Perron operator P : L1(0, 1)→ L1(0, 1)
is a complex bounded linear operator which still has operator norm 1 as in the
real L1-space case.

Remark 7.3.1 Any mapping S : [0, 1] → [0, 1] satisfying the conditions of
Theorem 5.2.1 with inf

x∈[0,1]\{a1,a2,··· ,ar−1}
|S′(x)| > 2 satisfies the Lasota-Yorke

type inequality (7.14).

For the simplicity of the convergence rate analysis, we assume that f∗ is a
unique stationary density of P in L1(0, 1). Because of (7.14), from the proof
of Theorem 5.2.1, f∗ ∈ BV (0, 1). Let {Qn} be the sequence of the finite ap-
proximation operators associated with the Markov piecewise linear method, as
defined by (6.12), and let Pn = QnP . Then for all f ∈ BV (0, 1),

‖Pnf‖BV � α‖f‖BV + β‖f‖. (7.15)

First, Proposition 6.3.5 immediately gives the “local convergence” of the
Markov approximations under the BV -norm.

Proposition 7.3.2 If f ∈ C2[0, 1], then

lim
n→∞ ‖Qnf − f‖BV = 0.

Then, we have the following “global convergence” under the BV -norm for
the Markov approximation method.

Theorem 7.3.1 Suppose that the Frobenius-Perron operator P satisfies (7.14)
and f∗ ∈ C2[0, 1] is a unique stationary density of P . Let {fn} be a sequence
of the stationary densities of Pn in Δn from the Markov method. Then

lim
n→∞ ‖fn − f∗‖BV = 0.

Proof It has been shown before (see Theorem 6.3.1) that

lim
n→∞ ‖fn − f∗‖ = 0. (7.16)
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Writing

f∗ − fn = f∗ − Pnf∗ + Pnf∗ − Pnfn = Pn(f∗ − fn) + f∗ −Qnf∗

and using (7.14), we obtain

‖f∗ − fn‖BV =‖Pn(f∗ − fn) + f∗ −Qnf∗‖BV
�α‖f∗ − fn‖BV + β‖f∗ − fn‖+ ‖f∗ −Qnf∗‖BV .

It follows that, since 0 < α < 1,

‖f∗ − fn‖BV � 1
1− α (β‖f

∗ − fn‖+ ‖f∗ −Qnf∗‖BV ). (7.17)

The theorem follows from (7.16), Proposition 7.3.2, and (7.17). �

Now we begin to investigate the speed of the above convergence under the
BV -norm. Several lemmas will be needed first.

Lemma 7.3.1 Suppose that λ �= 1. If Pf = λf, then
∫ 1

0

f(x)dx = 0. The

same conclusion is also true for Pn.

Proof Integrating both sides of the equality Pf = λf over [0, 1] yields

λ

∫ 1

0

f(x)dx =
∫ 1

0

Pf(x)dx =
∫ 1

0

f(x)dx.

Thus
∫ 1

0

f(x)dx = 0 since λ �= 1. The proof for Pn is similar. �

Lemma 7.3.2 If n is large enough, then the eigenspace En of Pn corresponding
to the eigenvalue λ = 1 is one-dimensional.

Proof En ⊂ Δn always contains a density function fn for each n. If the
lemma is not true, then there is a subsequence {fni} of the sequence {fn} such
that for each fni , there is a fixed point gni ∈ Δni of Pni with L

1-norm 1 which

is linearly independent of fni
. Let cni

=
∫ 1

0

gni
(x)dx and

hni
=

cnifni − gni

‖cni
fni

− gni
‖ .

Then
∫ 1

0

hni
(x)dx = 0, Pni

hni
= hni

, and ‖hni
‖ = 1. By (7.15),

‖hni‖BV = ‖Pnihni‖BV � α‖hni‖BV + β‖hni‖ = α‖hni‖BV + β,
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from which we have
‖hni

‖BV � β

1− α, ∀ i.

Thus, Helly’s lemma ensures that the sequence {hni
} has a convergent subse-

quence, which is still denoted as {hni
}, such that it converges in the L1-norm

to some h ∈ L1(0, 1). Now ‖h‖ = lim
i→∞

‖hni
‖ = 1. Moreover h is a fixed point

of P since

‖h− Ph‖�‖h− hni
‖+ ‖hni

− Pni
hni

‖
+ ‖Pni

hni
− Pni

h‖+ ‖Pni
h− Ph‖ → 0.

Since f∗ is the unique stationary density of P by assumption, the null space
N(P − I) is one-dimensional from Proposition 4.1.3. Thus h = cf∗, where c

is a complex number such that |c| = 1. Hence
∫ 1

0

h(x)dx = c �= 0, which

contradicts the fact that
∫ 1

0

hni
(x)dx = 0 for all i imply

∫ 1

0

h(x)dx = 0. �

Lemma 7.3.3 N(Pn − I) = N((Pn − I)k) for all positive integers k and n.
Thus, for n large enough, the generalized eigenspace of Pn is one-dimensional.

Proof Given n, since

lim
j→∞

‖P jn‖
j

� lim
j→∞

1
j
= 0,

and since Pn is compact, the lemma follows from Theorem .4.5 and Lemma
.8.1 of [57]. �

We define two subsets

Γ = {λ �= 1 : Png = λg, g �= 0 for some n}

and
γ = {λ �= 1 : Pg = λg, g ∈ BV (0, 1), g �= 0}

of the complex plane.

Lemma 7.3.4 1 �∈ Γ ∪ γ, where Γ and γ are the closures of Γ and γ.

Proof Suppose that 1 ∈ Γ . Then there is a sequence {λni} of numbers in Γ
such that λni

→ 1. Let gni
be an eigenvector with L1-norm 1 corresponding to

the eigenvalue λni
of Pni

. Then, by Lemma 7.3.1,∫ 1

0

gni(x)dx = 0.
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From (7.15),

‖gni‖BV =
∥∥∥∥ 1λni

Pnigni

∥∥∥∥
BV

� 1
|λni |

(α‖gni‖BV + β) .

Since for i large enough, |λni | > α, so

‖gni
‖BV � β

|λni
| − α.

Thus, the sequence {gni
} has a convergent subsequence, which is still denoted

as {gni
}, such that it converges in the L1-norm to some g of L1-norm 1. We

must have Pg = g since

‖g − Pg‖�‖g − gni
‖+ |1− λni

|‖gni
‖+ ‖λni

gni
− Pni

gni
‖

+ ‖Pnigni − Pnig‖+ ‖Pnig − Pg‖ → 0.

Hence g = cf∗ with |c| = 1. This leads to a contradiction that 1= |c|
∫ 1

0

f∗(x)dx

=
∣∣∣∣ limi→∞

∫ 1

0

gni
(x)dx

∣∣∣∣ = 0.
Now suppose that 1 ∈ γ. Then Pgn = λngn for a sequence {λn} in γ such

that gn ∈ BV, ‖gn‖ = 1, and lim
n→∞λn = 1. The same contradiction will appear

from Lemma 7.3.1 and (7.14). �

Lemma 7.3.5 Let σ(Pn) be the spectrum of Pn : (BV, ‖·‖BV )→ (BV, ‖·‖BV ).
Then σ(Pn) \ {0} ⊂ Γ .

Proof Let λ �= 0. Since R(Pn) is finite dimensional, Pn is a compact operator.
Thus the spectral theory for compact linear operators [57] shows that λ ∈ σ(Pn)
if and only if λ is an eigenvalue of Pn. �

Denote
d =
1
3
min{dist(1,Γ ∪ γ), 1− α}.

Then d > 0. Let a region G of the complex plane be defined as

G =
{
z :
d

2
� |z − 1| � d

}
.

By Lemma 7.3.5, for all n large enough,

(Pn − zI)−1 : (BV (0, 1), ‖ · ‖BV )→ (BV (0, 1), ‖ · ‖BV )

are well-defined and bounded for all z ∈ G. From now on we fix a circle C
centered at 1 with radius ε such that C ⊂ G.
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Lemma 7.3.6 There exists a constant M such that for any sequence {fn} of
functions in BV (0, 1),

‖(Pn − zI)−1fn‖ �M‖fn‖BV , ∀ z ∈ C.

Proof If the lemma is not true, then there is a subsequence {ni} of the natural
numbers such that

lim
i→∞

‖gni
‖ =∞,

where

gni =
(Pni

− zni
I)−1fni

‖fni‖BV
and zni ∈ C. Let

g̃ni
=

gni

‖gni
‖ and f̃ni

=
fni

‖gni
‖ ‖fni

‖BV
.

Then f̃ni
= (Pni

− zni
I)g̃ni

and

lim
i→∞

‖f̃ni
‖BV = lim

i→∞
1

‖gni
‖ = 0.

Since the set {zni
}∞i=1 ⊂ C is precompact, without loss of generality, we assume

that zni → z ∈ C. Then,

‖g̃ni‖BV =
∥∥∥∥ 1zni

(Pni g̃ni − f̃ni)
∥∥∥∥
BV

� 1
|zni |

(‖Pni g̃ni‖BV + ‖f̃ni‖BV )

� α

1− 2d‖g̃ni‖BV +
β

1− 2d + 1

for i large enough. Hence

‖g̃ni
‖BV � β + 1− 2d

1− 2d− α, ∀ i � i0,

where i0 is some positive integer. It follows from Helly’s lemma that there is a
subsequence of {g̃ni

}, which is again denoted by {g̃ni
}, such that

lim
i→∞

‖g̃ni − g‖ = 0

for some g ∈ BV (0, 1) and ‖g‖ = lim
i→∞

‖g̃ni
‖ = 1. From

‖zg − Pg‖� |z − zni
|‖g‖+ |zni

|‖g − g̃ni
‖+ ‖(zni

− Pni
)g̃ni

‖
+ ‖Pni

(g̃ni
− g)‖+ ‖Pni

g − Pg‖ → 0,

we see that z ∈ γ, a contradiction to the fact that G ∩ γ = ∅. �
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We are in the position to use the tool of Cauchy integrals of bounded linear
operators. For all natural numbers n large enough, the resolvents R(z, Pn) =
(zI − Pn)−1 of Pn : (BV (0, 1), ‖ · ‖BV ) → (BV (0, 1), ‖ · ‖BV ) are well-defined
and analytic for z in G with the Laurent expansion

R(z, Pn) =
∞∑

k=−∞
Ak(Pn)(z − 1)k

at z = 1, where for each integer k, the bounded linear operator Ak(Pn) :
(BV (0, 1), ‖ · ‖BV )→ (BV (0, 1), ‖ · ‖BV ) is given by the Cauchy integral

Ak(Pn) =
1
2πi

∫
C

R(z, Pn)
(z − 1)k+1 dz.

By Lemma 7.3.3, z = 1 is a simple pole of R(z, Pn), thus Ak(Pn) = 0 for k � −2.
From Proposition 7.3.1 we have

Lemma 7.3.7 A−1(Pn) = (2πi)−1
∫
C

R(z, Pn)dz is a projection operator from

BV (0, 1) onto N(Pn − I) for n large enough.

Lemma 7.3.8 For n large enough,

A−1(Pn)(f∗ − fn) = 0.

Proof Since dim N(Pn− I) = 1 for large n, A−1(Pn)(f∗− fn) = cnfn, where

cn=
∫ 1

0

A−1(Pn)(f∗ − fn)(x)dx

=
∫ 1

0

1
2πi

(∫
C

(zI − Pn)−1(f∗ − fn)dz
)
(x)dx

=
1
2πi

∫
C

∫ 1

0

(zI − Pn)−1(f∗ − fn)(x)dxdz

since
∫ 1

0

fn(x)dx = 1. Let gn(z) = (zI−Pn)−1(f∗−fn). Then (zI−Pn)gn(z) =
f∗ − fn, thus, since Pn preserves integrals,

(z − 1)
∫ 1

0

[gn(z)](x)dx=
∫ 1

0

[(zI − Pn)gn(z)] (x)dx

=
∫ 1

0

(f∗ − fn)(x)dx = 0,
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from which we have
∫ 1

0

[gn(z)](x)dx = 0 for all z ∈ C. Hence,

cn =
1
2πi

∫
C

∫ 1

0

[gn(z)](x)dxdz = 0. �

With all the above preliminary results, we can state the main theorem of
this section.

Theorem 7.3.2 (Chiu-Du-Ding-Li’s estimate theorem) Let {fn} be a
sequence of the stationary densities of Pn in Δn from the Markov method for
approximating the unique stationary density f∗ of P. Then for n large enough,

‖f∗ − fn‖ �M‖f∗ −Qnf∗‖BV , (7.18)

‖f∗ − fn‖BV � βM + 1
1− α ‖f∗ −Qnf∗‖BV . (7.19)

Moreover, if f∗ ∈ C2[0, 1], then

‖fn − f∗‖BV = O
(
1
n

)
. (7.20)

Proof From (7.17), (7.18) implies (7.19) which implies (7.20) by Proposition
6.3.5. So we just need to show (7.18). Since

(I − Pn)(f∗ − fn) = f∗ −Qnf∗,

for any z ∈ C,

1
z − 1(f

∗ − fn) = (zI − Pn)−1(f∗ − fn) +
1

z − 1(zI − Pn)
−1(f∗ −Qnf∗).

Integrating both sides of the above equality over C, noting that (2πi)−1
∫
C

(z−

1)−1dz = 1, and using Lemma 7.3.8, we have

f∗ − fn =
1
2πi

∫
C

1
z − 1(zI − Pn)

−1(f∗ −Qnf∗)dz.

Thus, it follows from Lemma 7.3.6 that

‖f∗ − fn‖� 1
2π
2πε
ε
max
z∈C

‖(zI − Pn)−1(f∗ −Qnf∗)‖

�M‖f∗ −Qnf∗‖BV .

This proves the theorem. �
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Remark 7.3.2 While Ulam’s piecewise constant approximations method has
the L1-norm error bound no better than O(lnn/n), the piecewise linear Markov
approximations method does converge under theBV -norm with the convergence
rate O(1/n) for the class of Frobenius-Perron operators satisfying (7.14). This
theoretical result has been verified by the numerical results in [38].

Remark 7.3.3 The same idea can be used for the convergence rate analy-
sis in the more general setting of the Markov method for multi-dimensional
transformations and for quasi-compact Markov operators (see [36, 51]).

Remark 7.3.4 Although Theorem 7.3.2 implies immediately that the con-
vergence rate of the piecewise linear Markov method under the L1-norm is at
least O(1/n), it seems that its higher order L1-norm error estimate has not been
seen in the literature, although an order O(lnn/n2) of L1 convergence has been
observed from some numerical experiments [28, 38].

Exercises

7.1 Let Φ(λ, P ) be defined as in Section 7.1. Show that Φ(λ, P )f exists for
all f ∈ L1(0, 1) and

Φ(λ, P ) =
{

Φi, if λ = λi,
0, otherwise.

7.2 Prove (i) and (ii) of Lemma 7.1.1.
7.3 Show that if P ∈ P with a unique stationary density, then for any f ∈
L1(0, 1),

Φ(1, P )f =
∫ 1

0

f(x)dx · Φ(1, P )1.

7.4 Prove Lemma 7.1.3 in more detail.
7.5 Construct a doubly stochastic symmetric kernel K(·, ·) for which Kz(·) as
defined in Section 7.1 is not monotonically decreasing.
7.6 Construct a sequence of doubly stochastic kernelsKn corresponding to the
sequence {Pn} of the piecewise linear Markov approximation method introduced
in Section 6.3, and show that Keller’s approach only gives the same L1-norm
convergence rate for the Markov method as the Ulam method.
7.7[82] Consider the following discrete dynamical system with constantly ap-
plied stochastic perturbations

xn+1 = S(xn) + ξn, n = 0, 1, · · · ,

where S : R → R is a nonsingular transformation and ξ0, ξ1, · · · are indepen-
dent random variables each having the same density g. Let the density of the
random variable xn be denoted by fn. Find the Markov operator P defined by
a stochastic kernel that maps fn to fn+1 for all n.
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7.8[82] Apply the solution of Exercise 7.7 to the following small stochastic
perturbations of the discrete dynamical system

xn+1 = S(xn) + εξn,

where S : R→ R is a nonsingular transformation and ξ0, ξ1, · · · are independent
random variables each having the same density g. Find the Markov operator
Pε that describes the density evolution of the dynamical system.
7.9 Let ‖ · ‖a be the difference norm for Ca as in Section 7.2. Verify that for
f(x) = sin(2πx),

‖f‖a =

⎧⎪⎨
⎪⎩
2
a
, if a < 2π,

1
π
, if a � 2π.
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Abstract We introduce the concepts of Shannon’s entropy for discrete sample spaces,
the Kolmogorov entropy for measurable transformations, the topological entropy for
continuous transformations on compact metric spaces, and the Boltzmann entropy of
density functions. We also study some relationship between the Boltzmann entropy
and the iteration of a Frobenius-Perron operator.

Keywords Shannon entropy, Kolmogorov entropy, topological entropy, Boltzmann

entropy, Gibbs inequality, Jensen’s inequality.

Various entropy concepts, such as the Shannon entropy that first appeared
in the 1940’s for the need of information theory, the Kolmogorov entropy that
emerged for solving a fundamental problem of ergodic theory in the 1950’s,
and the topological entropy for the study of topological dynamical systems in
the 1960’s, are all the mathematical measures of uncertainty. They have the
origin in the classic Boltzmann entropy in thermodynamics. In this chapter we
introduce such important concepts and study their mutual relationship. More
detailed theoretical analysis of entropy and its important applications to ergodic
theory and dynamical systems can be found in, e.g., [97].
In the first section we introduce Shannon’s entropy, the idea of which will be

used to define the Kolmogorov entropy of Section 8.2 and the topological entropy
in Section 8.3. The classic Boltzmann entropy will be studied in Section 8.4,
and in the final section we explore its relation with the concept of Frobenius-
Perron operators. Part of the material in this chapter is presented by following
an elementary introduction as given in [39].

8.1 Shannon Entropy

The Shannon entropy is a mathematical quantification about the degree of
uncertainty out of experiments with several possible outcomes. Uncertainty is
everywhere in our real world. For example, it is apparent that the claim “there
is a 90% chance to rain this evening” has less degree of uncertainty than the
statement “the chance to rain this evening is 60%.” In the following we first
use elementary calculus to develop a mathematical approach to the problem of
quantization of uncertainty.



8.1 Shannon Entropy 173

Suppose that there is given a sample spaceX with n basic events w1, w2, · · · ,
wn, whose probabilities are p1, p2, · · · , pn, respectively. Since we are only in-
terested in the numerical values of the probabilities, this sample space (X; p1,
p2, · · · , pn) will simply be denoted as an n-tuple (p1, p2, · · · , pn). The basic
relation

n∑
i=1

pi = 1, pi � 0, i = 1, 2, · · · , n

holds. We want to define a nonnegative function H whose domain consists of
all such finite sample spaces (p1, p2, · · · , pn) and positive integers n. The value
of H at a sample space (p1, p2, · · · , pn) is denoted by H(p1, p2, · · · , pn). This
number will be used to characterize mathematically the degree of uncertainty of
the outcome of the events w1, w2, · · · , wn with the corresponding probabilities
p1, p2, · · · , pn. For example, H(1/2, 1/2) should be the measure of the degree
of uncertainty for tossing a regular smooth coin to see whether the Head or the
Tail is up since each event has probability 1/2.
In order to reflect the degree of uncertainty of the experimental result, H(p1,

p2, · · · , pn) should satisfy the following three basic conditions.

(i) For every fixed integer n > 0, H is a continuous function of its variables
p1, p2, · · · , pn.

To motivate the second condition, we do the experiment of throwing a dice to
see whether one specified side is up or not. The probability for each individual
side of the dice to be up is obviously 1/6. Intuitively, the degree of uncertainty
for a specified side of a dice to be up is bigger than that for the Head or the
Tail of a coin to be up. Using the function H to express this fact, we should
have that H(1/6, 1/6, 1/6, 1/6, 1/6, 1/6) > H(1/2, 1/2). In general, H should
satisfy that

(ii) If pi = 1/n for all i = 1, 2, · · · , n, then the corresponding numeric value
H(1/n, · · · , 1/n) is monotonically increasing with respect to n.

To motivate the third condition, we consider the following simple problem.
Suppose that a research grant is to be distributed to Professor A of the physics
department or one of Professor B and Professor C of the mathematics depart-
ment. Assume that the probability for Professor A to receive this grant is
1/2, for Professor B the probability is 1/3, and for Professor C it is 1/6. Sup-
pose that either department has the same probability to receive the grant. If
the physics department obtains the grant, Professor A is the only recipient of
the grant. If the grant is given to the mathematics department, Professor B
has the probability 2/3 to receive it, while Professor C’s probability to get it
is only 1/3. The above “absolute uncertainty” analysis and “conditional un-
certainty” analysis should give the same result concerning the final degree of
uncertainty. That is, the degree of uncertainty for Professors A, B, C to re-
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ceive the grant, H(1/2, 1/3, 1/6), should equal the degree of uncertainty for the
grant to be first assigned to the physics department or the mathematics de-
partment, H(1/2, 1/2), plus the degree of uncertainty that under the condition
of mathematics department’s obtaining the grant, Professor B or C receives
it, H(2/3, 1/3), multiplied by 1/2 because the probability for the mathematics
department to receive the grant is 1/2. Thus,

H

(
1
2
,
1
3
,
1
6

)
= H

(
1
2
,
1
2

)
+
1
2
H

(
2
3
,
1
3

)
.

To generalize the above argument, we have the third condition:

(iii) If an experiment is decomposed into several successive ones, then the
original value of H is the weighted sum of the corresponding values of H.

We show that basically the above three conditions are enough to uniquely
determine the required entropy function H.

Theorem 8.1.1 Any real-valued nonnegative function H satisfying the above
conditions (i), (ii), and (iii) must have the expression

H(p1, p2, · · · , pn) = −K
n∑
i=1

pi ln pi, (8.1)

where K is a positive constant.

Proof Denote A(n) = H(1/n, · · · , 1/n). Let n = sk, where s and k are two
positive integers. Then condition (iii) implies that

H

(
1
sk
, · · · , 1

sk

)
=
k−1∑
i=0

⎡
⎣ si∑
j=1

1
si
H

(
1
s
, · · · , 1

s

)⎤⎦
=kH

(
1
s
, · · · , 1

s

)
. (8.2)

Next, suppose that four positive integers s, t, n, and k satisfy

sk � tn < sk+1.

Then k ln s � n ln t < (k + 1) ln s, which implies that

k

n
� ln t
ln s

<
k

n
+
1
n
.

Thus, ∣∣∣∣kn − ln t
ln s

∣∣∣∣ < 1n. (8.3)
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On the other hand, condition (ii) and (8.2) imply that kA(s) � nA(t) < (k +
1)A(s), so we have ∣∣∣∣kn − A(t)

A(s)

∣∣∣∣ < 1n. (8.4)

Combining (8.3) and (8.4) yields∣∣∣∣A(t)A(s)
− ln t
ln s

∣∣∣∣ < 2n.
Since n is arbitrary and the left-hand side of the above inequality is independent
of n, and since t and s are independent of each other, we must have

A(t)
A(s)

=
ln t
ln s

≡ K,

where K is a fixed positive constant. Therefore,

A(t) = K ln t,

which means that

H

(
1
n
, · · · , 1

n

)
= K lnn = −K

n∑
i=1

1
n
ln
1
n
.

That is, (8.1) is true for the special case when pi = 1/n, i = 1, 2, · · · , n.
Next, we show that (8.1) is still true when p1, · · · , pn are positive rational

numbers satisfying
n∑
i=1

pi = 1. There exist natural numbers k1, k2, · · · , kn such
that

pi =
ki
n∑
j=1

kj

, i = 1, 2, · · · , n.

Using condition (iii), we see that

A

(
n∑
i=1

ki

)
= H(p1, p2, · · · , pn) +

n∑
i=1

piA(ki).

Substituting A(ki) = K ln ki, ∀ i into the above equality leads to

H(p1, p2, · · · , pn)=K ln
r∑
i=1

ki −
n∑
i=1

pi(K ln ki)

=K

⎛
⎝ n∑
i=1

pi ln
n∑
j=1

kj

⎞
⎠
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=−K
n∑
i=1

pi ln
ki
n∑
j=1

kj

= −K
n∑
i=1

pi ln pi.

That is, (8.1) is satisfied by all positive rational numbers p1, p2, · · · , pn satisfying
n∑
i=1

pi = 1. By a limit process thanks to condition (i), we see that (8.1) is still

valid for all nonnegative real numbers p1, p2, · · · , pn satisfying
n∑
i=1

pi = 1. �

From the expression of H in the theorem, if we let pi = 1 for some i, then
H(p1, p2, · · · , pn) = 0. This coincides with our expectation: pi = 1 means that
the corresponding event always happens, and so there is no uncertainty of the
outcome.
We are ready to give the following definition of entropy.

Definition 8.1.1 The number

H(p1, p2, · · · , pn) = −
n∑
i=1

pi ln pi (8.5)

is called the entropy or the Shannon entropy corresponding to the sample space
(p1, p2, · · · , pn).

Since entropy is a mathematical measure of uncertainty, it is natural to
expect that when p1 = · · · = pn = 1/n, the corresponding value ofH is maximal.
Although this is not required in the development of the expression for H, it is
actually true.

Proposition 8.1.1 The Shannon entropy has the following extreme value prop-
erty:

lnn = H
(
1
n
, · · · , 1

n

)
= max

{
H(p1, p2, · · · , pn) : pi � 0,

n∑
i=1

pi = 1

}
.

Proof Clearly H(1/n, · · · , 1/n) = lnn. The function ln t is strictly concave
on (0,∞) since (ln t)′′ = −1/t2 < 0 for t > 0. Thus, for any positive numbers
p1, p2, · · · , pn with

n∑
i=1

pi = 1,

H(p1, p2, · · · , pn)=−
n∑
i=1

pi ln pi =
n∑
i=1

pi ln
1
pi

� ln
n∑
i=1

pi
pi
= lnn = H

(
1
n
, · · · , 1

n

)
.
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When pi = 0 for some i, say i = 1, and other pi’s are positive, then from the
above proof,

H(0, p2, · · · , pn) � H
(
1

n− 1 , · · · ,
1

n− 1

)
< H

(
1
n
, · · · , 1

n

)
,

where the last inequality is from condition (ii). �

Remark 8.1.1 Definition 8.1.1 of entropy was introduced by C. Shannon [118]
in 1948 for the study of information theory.

8.2 Kolmogorov Entropy

In order to motivate the concept of the Kolmogorov entropy, we do the
mathematical experiment of tossing a regular smooth coin n times. We use 0
and 1 to represent the Head and the Tail of the coin, respectively. Then, each
outcome of the experiment can be represented by a finite sequence consisting
of n digits of 0 and 1. This sequence can be represented as a binary number

0.a1a2 · · · an, ai = 0 or 1, i = 1, 2, · · · , n

which is the binary expansion of a rational number x ∈ [0, 1]. That is,

x = 0.a1a2 · · · an =
a1
2
+
a2
22
+ · · ·+ an

2n
.

There are exactly 2n possible outcomes for n tosses, so we have a sample
space of 2n basic events each of which has probability 2−n. From the previous
section, the Shannon entropy of this sample space equals n ln 2.
Now we ask the following question: suppose that we know the results of the

first n− 1 tosses, what is the degree of uncertainty for the outcome of the nth
toss? To answer this question, we let

Ā =
{
I1 =

[
0,
1
2

)
, I2 =

[
1
2
, 1
]}

(8.6)

be a partition of I = [0, 1]. Let 0.a1a2 · · · an be a binary representation of
some x ∈ [0, 1]. Clearly, if a1 = 0, then x ∈ [0, 1/2) and a1 = 1 implies that
x ∈ [1/2, 1]. Consider the dyadic mapping

S(x) = 2x (mod 1), ∀ x ∈ [0, 1]. (8.7)

Then it is easy to see that the action of S to a binary expansion of x simply
moves the digits to the left by one place. Namely, if

x = 0.a1a2 · · · an =
a1
2
+
a2
22
+ · · ·+ an

2n
,
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then,
S(x) = 0.a2 · · · an =

a2
2
+ · · ·+ an

2n−1
.

Thus, a2 = 0 implies S(x) ∈ [0, 1/2) and a2 = 1 implies S(x) ∈ [1/2, 1]. By
the same token, in general Si−1(x) ∈ [0, 1/2) if ai = 0 and Si−1(x) ∈ [1/2, 1] if
ai = 1. Therefore, the outcome of a consecutive toss can be represented by the
addresses of x, S(x), S2(x), · · · in the partition Ā. Knowing the results of the
first n− 1 tosses is equivalent to knowing the locations of x, S(x), · · · , Sn−2(x)
in the partition Ā, and whether the nth toss is Head up or Tail up is the same
as whether the value Sn−1(x) belongs to I1 or I2 respectively. Therefore, our
problem can be reformulated as follows: for the mapping S in (8.7), suppose
that we know the addresses of x, S(x), · · · , Sn−2(x) in the partition (8.6), what
is the degree of uncertainty for the location of Sn−1(x) in Ā?
With the above intuitive motivation, we can define the Kolmogorove entropy

for general transformations. Let (X,Σ, μ) be a probability measure space and let
S : X → X be a measurable transformation. Denote by Ā = {A1, A2, · · · , Ak}
an arbitrary finite measurable partition of X, where each Ai ∈ Σ. Then Ā can
be viewed as a sample space consisting of k basic events A1, A2, · · · , Ak with
probabilities μ(A1), μ(A2), · · · , μ(Ak). The Shannon entropy of Ā is then given
by

H(Ā) = −
k∑
i=1

μ(Ai) lnμ(Ai).

For the given S, the class of the measurable subsets

S−1(Ā) = {S−1(A1), · · · , S−1(Ak)}

is also a finite measurable partition of X. We ask the question: on the premise
that the experimental result Ā is known, what is the degree of uncertainty of the
experimental result S−1(Ā)? That is, we want to know the degree of uncertainty
where S(x) is when the location of x in Ā is known. This problem can be dealt
with from the viewpoint of conditional probability. Notice that S(x) ∈ Ai if
and only if x ∈ S−1(Ai). Thus, for each pair of i, j = 1, 2, · · · , k, the set of all
x ∈ Ai such that S(x) ∈ Aj is Ai ∩ S−1(Aj) and its conditional probability is

μ(Ai ∩ S−1(Aj))
μ(Ai)

.

By the definition of Shannon’s entropy, we know that under the condition x ∈
Ai, the degree of uncertainty where S(x) lies in Ā should be

Hi = −
k∑
j=1

μ(Ai ∩ S−1(Aj))
μ(Ai)

ln
μ(Ai ∩ S−1(Aj))

μ(Ai)
, i = 1, 2, · · · , k.
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From condition (iii) for the Shannon entropy, under the condition that the exper-
imental result {A1, A2, · · · , Ak} is known, the degree of uncertainty of the exper-
imental result S−1(Ā) = {S−1(A1), · · · , S−1(Ak)}, denoted as H(S−1(Ā)|Ā),
is the weighted sum of H1, · · · , Hk, i.e.,

H(S−1(Ā)|Ā)=
k∑
i=1

μ(Ai)Hi

=−
k∑
i=1

k∑
j=1

μ(Ai ∩ S−1(Aj)) ln
μ(Ai ∩ S−1(Aj))

μ(Ai)
. (8.8)

The next proposition gives an equivalent expression for H(S−1(Ā)|Ā). Given
two finite measurable partitions Ā, B̄ of X, the notation Ā

∨
B̄ stands for the

finite measurable partition of X defined by

Ā
∨
B̄ = {A ∩B : A ∈ Ā, B ∈ B̄}.

Proposition 8.2.1 H(S−1(Ā)|Ā) = H
(
Ā
∨
S−1(Ā)

)
−H(Ā).

Proof After a direct computation, we have

H(S−1(Ā)|Ā)=−
k∑
i=1

k∑
j=1

μ(Ai ∩ S−1(Aj)) ln
μ(Ai ∩ S−1(Aj))

μ(Ai)

=−
k∑
i=1

k∑
j=1

μ(Ai ∩ S−1(Aj))
[
lnμ(Ai ∩ S−1(Aj))− lnμ(Ai)

]

=−
k∑
i=1

k∑
j=1

μ(Ai ∩ S−1(Aj)) lnμ(Ai ∩ S−1(Aj))

+
k∑
i=1

k∑
j=1

μ(Ai ∩ S−1(Aj)) lnμ(Ai)

=H(Ā
∨
S−1(Ā)) +

k∑
i=1

μ(Ai) lnμ(Ai)

=H(Ā
∨
S−1(Ā))−H(Ā). �

Motivated by (8.8), we give the formal definition of the conditional entropy
of one finite measurable partition ofX with respect to another finite measurable
partition of X.

Definition 8.2.1 Let (X,Σ, μ) be a probability measure space. Suppose that
Ā = {A1, A2, · · · , Ak} and B̄ = {B1, B2, · · · , Bl} are two finite measurable par-
titions of X. The conditional Shannon entropy of Ā with respect to B̄, H(Ā|B̄),
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is defined as

H(Ā|B̄) = −
l∑
j=1

μ(Bj)

[
k∑
i=1

μ(Ai ∩Bj)
μ(Bj)

ln
μ(Ai ∩Bj)
μ(Bj)

]
.

Then, using the same idea of the proof to Proposition 8.2.1, we can prove
the following useful result (see Exercise 8.1 (iii)).

Proposition 8.2.2 H(Ā|B̄) = H
(
Ā
∨
B̄
)
−H(B̄).

Remark 8.2.1 Proposition 8.2.2 is intuitively obvious: the degree of uncer-
tainty H

(
Ā
∨
B̄
)
of the experimental result Ā

∨
B̄ should be the degree of

uncertainty H(B̄) of the experimental result B̄ plus the degree of uncertainty
H(Ā|B̄) of the experimental result Ā under the condition that the experimental
result B̄ is known.

From the above discussion we know that, for a measurable transformation
S : X → X, the degree of uncertainty of the experimental result S−1(Ā)
when the experimental result Ā is known characterizes the degree of uncer-
tainty of the location of S(x) in Ā when the location of x in Ā is known. In
general, the degree of uncertainty of the location of Sn(x) in Ā when the lo-
cations of x, S(x), · · · , Sn−1(x) in Ā are known is the degree of uncertainty of

the experimental result S−n(Ā) when the experimental result
n−1∨
i=0

S−i(Ā) =

Ā
∨
S−1(Ā)

∨
· · ·
∨
S−(n−1)(Ā) is known. The Kolmogorov entropy basically

describes the asymptotic property of this degree of uncertainty when n ap-
proaches infinity. Using Proposition 8.2.2, we easily see that when the experi-

mental result
n−1∨
i=0

S−i(Ā) is known, the degree of uncertainty of the experimental

result S−n(Ā) is

H

(
S−n(Ā)|

n−1∨
i=0

S−i(Ā)

)
= H

(
n∨
i=0

S−i(Ā)

)
−H

(
n−1∨
i=0

S−i(Ā)

)
.

Definition 8.2.2 Let Ā = {A1, A2, · · · , Ak} be a finite measurable partition of
X. Then the entropy of the measurable transformation S : X → X with respect
to Ā is defined as

hμ(S, Ā) = lim sup
n→∞

H

(
S−n(Ā)|

n−1∨
i=0

S−i(Ā)

)
.
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Definition 8.2.3 Let (X,Σ, μ) be a probability measure space and let S : X →
X be a measurable transformation. Then the Kolmogorov entropy of S is defined
as

hμ(S) = sup{hμ(S, Ā) : Ā is a finite measurable partition of X}.

For a general measurable transformation S : X → X, the upper limit in
Definition 8.2.2 cannot be changed to a regular limit. However, for the class of

measure preserving transformations, it can be shown that lim
n→∞H

(
S−n(Ā)|

n−1∨
i=0

S−i(Ā)
)
does exist, and in this particular case hμ(S, Ā) has an equivalent defi-

nition. To prove this, we need the following lemma. Suppose that C̄ and D̄ are
two finite measurable partitions of X. If each member of C̄ is a union of some
members of D̄, then we write C̄ � D̄ and say that D̄ is a refinement of C̄ .

Lemma 8.2.1 Let Ā, C̄, D̄ be three finite measurable partitions of X. If C̄ �
D̄, then H(Ā|C̄) � H(Ā|D̄).

Proof Let Ā = {Ai}, C̄ = {Cj}, D̄ = {Dl}. We must show that

−
∑
j

∑
i

μ(Cj)
μ(Ai ∩ Cj)
μ(Cj)

ln
μ(Ai ∩ Cj)
μ(Cj)

�
∑
l

∑
i

μ(Dl)
μ(Ai ∩Dl)
μ(Dl)

ln
μ(Ai ∩Dl)
μ(Dl)

=−
∑
l

∑
i

∑
j

μ(Cj ∩Dl)
μ(Ai ∩Dl)
μ(Dl)

ln
μ(Ai ∩Dl)
μ(Dl)

.

It is enough to show that for each i and j,

μ(Cj)
μ(Ai ∩ Cj)
μ(Cj)

ln
μ(Ai ∩ Cj)
μ(Cj)

�
∑
l

μ(Cj ∩Dl)
μ(Ai ∩Dl)
μ(Dl)

ln
μ(Ai ∩Dl)
μ(Dl)

.

Define φ(x) = x lnx for x > 0 and φ(0) = 0. Then the above inequality can be
written as

φ

(
μ(Ai ∩ Cj)
μ(Cj)

)
�
∑
l

μ(Ai ∩Dl)
μ(Cj)

φ

(
μ(Ai ∩Dl)
μ(Dl)

)
.



182 Chapter 8 Entropy

Since φ is a convex function, the assumption C̄ � D̄ implies that
∑
l

μ(Cj ∩Dl)
μ(Cj)

φ

(
μ(Ai ∩Dl)
μ(Dl)

)

�φ
(∑

l

μ(Cj ∩Dl)
μ(Cj)

μ(Ai ∩Dl)
μ(Dl)

)

=φ
(
μ(Ai ∩ Cj)
μ(Cj)

)
,

where the last equality follows from the fact that μ(Cj ∩ Dl) = 0 or μ(Dl),
and if μ(Cj ∩ Dl) = μ(Dl), then μ(Ai ∩ Dl) = μ(Ai ∩ Cj). This proves that
H(Ā|C̄) � H(Ā|D̄). �

Theorem 8.2.1 Let (X,Σ, μ) be a probability measure space. If S : X → X
is a measure preserving transformation, then for any finite measurable partition
Ā of X,

lim
n→∞H

(
S−n(Ā)|

n−1∨
i=0

S−i(Ā)

)
= lim
n→∞

1
n
H

(
n−1∨
i=0

S−i(Ā)

)
.

Proof First of all, the assumption that S preserves μ implies thatH(S−1(Ā)) =
H(Ā). Using Proposition 8.2.2, we obtain

H

(
S−n(Ā)|

n−1∨
i=0

S−i(Ā)

)

=H

(
n∨
i=0

S−i(Ā)

)
−H

(
n−1∨
i=0

S−i(Ā)

)

=H

(
n∨
i=0

S−i(Ā)

)
−H

(
n∨
i=1

S−i(Ā)

)

=H

(
Ā|

n∨
i=1

S−i(Ā)

)
. (8.9)

By Lemma 8.2.1, the sequence
{
H

(
Ā|

n∨
i=1

S−i(Ā)
)}
of nonnegative numbers

is monotonically decreasing, so it has a limit. On the other hand, for i =
1, 2, · · · , n− 1, adding up the following n− 1 equalities obtained from applying
Proposition 8.2.2,

H

⎛
⎝S−i(Ā)| i−1∨

j=0

S−j(Ā)

⎞
⎠ = H

⎛
⎝ i∨
j=0

S−j(Ā)

⎞
⎠−H

⎛
⎝i−1∨
j=0

S−j(Ā)

⎞
⎠ ,
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we have

H

(
n−1∨
i=0

S−i(Ā)

)
=H(Ā) +

n−1∑
i=1

H

⎛
⎝S−i(Ā)| i−1∨

j=0

S−j(Ā)

⎞
⎠

=
n−1∑
i=0

H

⎛
⎝S−i(Ā)| i−1∨

j=0

S−j(Ā)

⎞
⎠

=
n−1∑
i=0

H

⎛
⎝Ā| i∨

j=1

S−j(Ā)

⎞
⎠ ,

where the last equality is from (8.9). Therefore,

1
n
H

(
n−1∨
i=0

S−i(Ā)

)
=
1
n

n−1∑
i=0

H

⎛
⎝Ā| i∨

j=1

S−j(Ā)

⎞
⎠ .

Using the fact (3.6) and the equality (8.9), we obtain

lim
n→∞

1
n
H

(
n−1∨
i=0

S−i(Ā)

)
= lim
n→∞

1
n

n−1∑
i=0

H

⎛
⎝Ā| i∨

j=1

S−j(Ā)

⎞
⎠

= lim
n→∞H

(
Ā|

n∨
i=1

S−i(Ā)

)

= lim
n→∞H

(
S−n(Ā)|

n−1∨
i=0

S−i(Ā)

)
. �

Because of Theorem 8.2.1, we have the following definition for measure pre-
serving transformations.

Definition 8.2.4 Let Ā = {A1, A2, · · · , Ak} be a finite measurable partition
of X, then the entropy of a measure preserving transformation S : X → X with
respect to Ā is defined as

hμ(S, Ā) = lim
n→∞

1
n
H

(
n−1∨
i=0

S−i(Ā)

)
.

8.3 Topological Entropy

The concept of the Kolmogorov entropy in the previous section was about
the uncertainty with respect to measurable transformations. It can be employed
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for the uncertainty related to continuous transformations on compact topologi-
cal spaces since continuous functions are measurable with respect to the Borel
algebra. There is, however, one major difficulty to this generalization: in a
topological space there is no metric which is similar to the measure of a mea-
sure space. Instead we use the means of finite covering. In the following we
restrict our discussion to only compact metric spaces, although the same idea
works the same way for more general compact Hausdorff spaces.
Let X be a compact metric space and let S : X → X be a continuous

transformation. Since X is compact, there is a finite open covering Ā =
{A1, A2, · · · , Ak} of X. If a subclass of Ā also covers X, it is called a sub-
covering. A subcovering of Ā is said to be minimal if there are no other sub-
coverings of Ā with fewer elements. We denote by k(Ā) the number of elements
in a minimal subcovering of Ā. If each element of a minimal subcovering of
Ā is viewed as a basic event with probability 1/k(Ā), we obtain a finite sam-
ple space for which the Shannon entropy is lnk(Ā). This number is called the
entropy of the open covering Ā and is denoted by H(Ā). If Ā is an open cov-
ering of X, then S−1(Ā) = {S−1(A) : A ∈ Ā} is also an open covering of
X. Furthermore, if {A1, A2, · · · , Ak(Ā)} is a minimal subcovering of Ā, then
{S−1(A1), · · · , S−1(Ak(Ā))} is a subcovering of S−1(Ā), but it may not be a
minimal subcovering. Hence,

k(S−1(Ā)) � k(Ā). (8.10)

When Ā and B̄ are two open coverings of X, we use Ā
∨
B̄ to denote the

open covering {A ∩ B : A ∈ Ā, B ∈ B̄} of X. If {A1, A2, · · · , Ak(Ā)} is a
minimal subcovering of Ā and {B1, B2, · · · , Bk(B̄)} is a minimal subcovering of
B̄, then {Ai ∩ Bj : i = 1, 2, · · · , k(Ā), j = 1, 2, · · · , k(B̄)} is a subcovering of
Ā
∨
B̄. Thus, k

(
Ā
∨
B̄
)

� k(Ā)k(B̄). It follows that

H
(
Ā
∨
B̄
)

� H(Ā) +H(B̄). (8.11)

We use k(Ā, S, n) to denote the number of elements in a minimal subcovering

of the open covering
n−1∨
i=0

S−i(Ā) and show that the sequence {k(Ā, S, n)/n}
converges as n goes to infinity.

Theorem 8.3.1 Let X be a compact metric space and let S : X → X be a
continuous transformation. Then the limit

lim
n→∞

1
n
ln k(Ā, S, n)

exists for any finite open covering Ā of X.
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Proof We need the following result from calculus: if a real number sequence
{an} satisfies the condition that

an+p � an + ap, ∀ n, p,
then lim

n→∞ an/n exists and equals infn an/n. Denote an = ln k(Ā, S, n). Then

from (8.10) and (8.11),

an+p=H

(
n+p−1∨
i=0

S−i(Ā)

)

=H

((
n−1∨
i=0

S−i(Ā)

)∨(
n+p−1∨
i=n

S−i(Ā)

))

�H
(
n−1∨
i=0

S−i(Ā)

)
+H

(
S−n

(
p−1∨
i=0

S−i(Ā)

))

�an + ap,
and so the theorem follows. �

Thus, similar to Definition 8.2.3, we have

Definition 8.3.1 The topological entropy of a continuous transformation S
on a compact metric space X with respect to a finite open covering Ā of X is
defined as

htop(S, Ā) = lim
n→∞

1
n
H

(
n−1∨
i=0

S−i(Ā)

)
= lim
n→∞

1
n
ln k(Ā, S, n).

Definition 8.3.2 The topological entropy of a continuous transformation S
on a compact metric space X is defined as

htop(S) = sup{htop(S, Ā) : Ā is a finite open covering of X}.
A compact metric space X becomes a measurable space with the Borel

σ-algebra B generated by the family of all open subsets of X. Given any prob-
ability measure μ on B, we obtain a probability measure space (X,B, μ) and
every continuous transformation S : X → X is measurable. Thus a Kolmogorov
entropy hμ(S) is well-defined and depends on μ. On the other hand, the topo-
logical entropy htop(S) is independent of μ. A natural question is: what is the
relation between the topological entropy htop(S) and the values of Kolmogorov
entropy hμ(S)? The following result of Goodwyn, Dinaburg, and Goodman
[123] gave an answer to this question and solved a conjecture by Adler, Kon-
hein, and McAndrew [3].

Theorem 8.3.2 Let X be a compact metric space and let S : X → X be a
continuous transformation. Then

htop(S) = sup{hμ(S) : μ is ergodic with respect to S}.



186 Chapter 8 Entropy

8.4 Boltzmann Entropy

The original concept of entropy was first introduced by the German theo-
retical physicist Rudolf Clausius into thermodynamics in 1865, and it was later
used in a different form by the Austrian physicist Ludwig Boltzmann in his
pioneering work on the kinetic theory of gases in 1866. In thermodynamics and
statistical physics, entropy is a measure of the amount of information required
to specify the state of a thermodynamic system, and the entropy of substances
is a measure of the disorder of randomness of their molecular movements. The
famous second law of thermodynamics claims that in an isolated physical sys-
tem, the thermodynamic entropy never decreases. In this section we give a
mathematical description of the Boltzmann entropy for density functions.
Let (X,Σ, μ) be a probability measure space. A density function f ∈ L1(μ)

defines a probability measure μf on (X,Σ) via μf (A) =
∫
A

fdμ, ∀ A ∈ Σ. This
new probability space (X,Σ, μf ) can be viewed as an infinite sample space.
Suggested by the Shannon entropy formula (8.5), we are led to the definition of
the Boltzmann entropy in the following way. Recall that the set of all densities
is denoted by D. Let a function η on [0,∞) be defined by

η(u) =
{

−u lnu, u > 0,
0, u = 0. (8.12)

Since
η′′(u) = − 1

u
< 0, ∀ u > 0,

η is a strictly concave function on [0,∞).

Definition 8.4.1 Let f ∈ L1(μ) be nonnegative. If η ◦ f ∈ L1(μ), then the
Boltzmann entropy of f is defined as

H(f) =
∫
X

η(f(x))dμ(x) = −
∫
X

f(x) ln f(x)dμ(x). (8.13)

Remark 8.4.1 If μ(X) < ∞, then the integral (8.13) is well-defined for all
f � 0. In fact, since η(u) � 0 if and only if 0 � u � 1, the integral

∫
X

(η◦f)+dμ
is always finite. Therefore, H(f) is either finite or equal to −∞.

Proposition 8.4.1 The Boltzmann entropy H(f) of f is a concave functional
on its domain.

Proof Since η is a strictly concave function on [0,∞), for any u, v � 0 and
0 � α � 1,

η(αu+ (1− α)v) � αη(u) + (1− α)η(v).
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Applying the above inequality to f, g in the domain of H gives

η(αf(x) + (1− α)g(x)) � αη(f(x)) + (1− α)η(g(x)), ∀ x ∈ X.

After integration it follows that

H(αf + (1− α)g) � αH(f) + (1− α)H(g). �

The concavity of the scalar function η defined by (8.12) leads to the so-called
Gibbs inequality

u− u lnu � v − u ln v, ∀ u, v � 0,
which implies that, for all f, g ∈ D such that η◦f and f ln g are both integrable,∫

X

f(x) ln f(x) dμ(x) �
∫
X

f(x) ln g(x) dμ(x), ∀ f, g ∈ D. (8.14)

Moreover [16], for all f, g ∈ D,∫
X

f(x) ln
f(x)
g(x)

dμ(x) � 1
2

(∫
X

|f(x)− g(x)| dμ(x)
)2
, (8.15)

and the equality sign holds in (8.15) if and only if f = g.
Remember that the Shannon entropy H(p1, p2, · · · , pn) achieves its maximal

value lnn when p1 = · · · = pn = 1/n. The Boltzmann entropy has a similar
property.

Proposition 8.4.2 Suppose that μ(X) < ∞. Then the constant density
f∗(x) ≡ 1/μ(X) satisfies

H(f∗) = lnμ(X) = max{H(f) : f ∈ D}.

Proof Obviously, f∗ ∈ D. Given any f ∈ D, by (8.14),

H(f)=−
∫
X

f(x) ln f(x) dμ(x) � −
∫
X

f(x) ln
1

μ(X)
dμ(x)

= lnμ(X)
∫
X

f(x)dμ(x) = lnμ(X) = H(f∗). �

Let {g1, g2, · · · , gk} be a finite set of functions in L∞(μ). Consider the
following maximum entropy problem

max
{
H(f) : f ∈ D,

∫
X

f(x)gi(x) dμ(x) = bi, 1 � i � k
}
, (8.16)

where b1, b2, · · · , bk are the given real constants. The Gibbs inequality above
provides a simple way for a solution to the special constrained optimization
problem as the following proposition shows.



188 Chapter 8 Entropy

Proposition 8.4.3 Suppose that a1, a2, · · · , ak are real numbers such that the
function

f∗(x) =
exp

(
k∑
i=1

aigi(x)
)

∫
X

exp
(
k∑
i=1

aigi(x)
)
dμ(x)

, ∀ x ∈ X

satisfies the constraints in (8.16), that is,

∫
X

gi(x) exp

(
k∑
j=1

ajgj(x)

)
dμ(x)

∫
X

exp

(
k∑
j=1

ajgj(x)

)
dμ(x)

= bi, i = 1, 2, · · · , k.

Then f∗ solves the maximum entropy problem (8.16).

Proof For simplicity, set

Z =
∫
X

exp

(
k∑
i=1

aigi(x)

)
dμ(x).

Then

H(f∗) = lnZ +
k∑
i=1

aibi.

Given f ∈ D that satisfies the constraints of (8.16). Then from (8.14) we have

H(f)�−
∫
X

f(x) ln f∗(x) dμ(x)

=−
∫
X

f(x)

[
− lnZ −

k∑
i=1

aigi(x)

]
dμ(x)

= lnZ +
k∑
i=1

ai

∫
X

f(x)gi(x) dμ(x)

= lnZ +
k∑
i=1

aibi = H(f∗). �

Remark 8.4.2 In particular, when k = 1, and g(x) is viewed as the energy of
the system, f∗(x) = Z−1 exp(−ag(x)) is exactly the Gibbs canonical distribution

function, Z =
∫
X

exp(−ag(x))dμ(x) is the corresponding partition function, and

the maximal entropy H(f∗) = lnZ+ab is just the well-known thermodynamical
entropy.
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Remark 8.4.3 Proposition 8.4.3 provides a mathematical justification of the
maximum entropy method for moment problems and related density estimation
problems; see, e.g., [99] for more details about this area.

We give two consequences of Proposition 8.4.3 to end this section.

Corollary 8.4.1 Let X = R and μ = m. Denote

D̄ =
{
f ∈ D :

∫ ∞
−∞

xf(x)dx = 0,
∫ ∞
−∞

x2f(x)dx = 1
}

and f∗(x) = exp(−x2/2)/
√
2π. Then f∗ ∈ D̄ and

H(f∗) = ln
√
2π+

1
2
= max{H(f) : f ∈ D̄}.

Corollary 8.4.2 Let X = [0,∞), let λ > 0 be a constant, and let μ = m.
Denote

D̂ =
{
f ∈ D :

∫ ∞
0

xf(x)dx =
1
λ

}

and f∗(x) = λ exp(−λx). Then f∗ ∈ D̂ and

H(f∗) = 1− lnλ = max{H(f) : f ∈ D̂}.

8.5 Boltzmann Entropy and Frobenius-Perron Operators

In this last section we want to see how the Boltzmann entropy of a density
changes when a Frobenius-Perron operator is applied. First we examine the
behavior of the entropy sequence {H(Pnf)}. For achieving this goal, we need
the following Jensen inequality.

Lemma 8.5.1 Let (X,Σ, μ) be a finite measure space and let P : L1 → L1 be
a Markov operator such that P1 = 1. If ξ(t) is a concave function on [0,∞),
then for every f ∈ L1 such that f � 0,

ξ ◦ (Pf) � P (ξ ◦ f) whenever P (ξ ◦ f) exists. (8.17)

Proof We only prove the inequality for the particular case thatX = {1, 2, · · · ,
n} and μ is the counting measure on the σ-algebra of all subsets of X. In this
case P can be viewed as a linear operator P : Rn → R

n of the form

(Px)i =
n∑
j=1

pijxj , i = 1, 2, · · · , n,
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where x = (x1, x2, · · · , xn)T ∈ R
n, pij � 0 for all i, j = 1, 2, · · · , n and

n∑
j=1

pij = 1 for all i = 1, 2, · · · , n. Since ξ is a concave function,

ξ((Px)i) �
n∑
j=1

pijξ(xj) = (P (ξ ◦ x))i, ∀ i.

That is, ξ ◦ (Px) � P (ξ ◦x). In the infinite dimensional case the proof is much
more difficult. �

Remark 8.5.1 Jensen’s inequality is still valid for any positive operator P :
Lp → Lp with 1 � p � ∞ such that P1 = 1.

Theorem 8.5.1 Let (X,Σ, μ) be a finite measure space, let S : X → X be a
measure preserving transformation, and let P : L1 → L1 be the corresponding
Frobenius-Perron operator. Then

H(Pf) � H(f) (8.18)

for all f ∈ L1 such that f � 0. If, in addition, S is invertible, then

H(Pf) = H(f). (8.19)

Proof Taking ξ = η in Jensen’s inequality (8.17) and integrating its both sides
over X gives, since P preserves the integral, that

H(Pf)=
∫
X

η(Pf(x))dμ(x) �
∫
X

Pη(f(x))dμ(x)

=
∫
X

η(f(x))dμ(x) = H(f).

This gives (8.18). If S is also invertible, then PSf(x)=f(S−1(x)) and PS−1f(x)=
f(S(x)). Thus, (PS)−1 = PS−1 , and it follows that

H(f) = H((PS)−1PSf) � H(PSf) � H(f).

This proves (8.19). �

Remark 8.5.2 By Proposition 8.4.2 and Theorem 8.5.1, for a measure pre-
serving transformation on a finite measure space, the corresponding entropy se-
quence {H(Pnf)} always converges as n→ ∞, and the limit is upper bounded
by, but not necessarily equal to, the number Hmax = lnμ(X). However, for an
invertible measure preserving transformation, the entropy sequence {H(Pnf)}
is a constant sequence.

For exact transformations (so they cannot be invertible), the limit of
{H(Pnf)} equals Hmax, as the following result shows.



8.5 Boltzmann Entropy and Frobenius-Perron Operators 191

Theorem 8.5.2 Let (X,Σ, μ) be a probability measure space, let S : X → X be
an exact measure preserving transformation, and let P be the Frobenius-Perron
operator associated with S. Then

lim
n→∞H(P

nf) = 0

for all f ∈ D such that H(f) > −∞.

Proof We only prove the case that f is bounded, and the proof for the general
situation is referred to Theorem 9.3.2 of [82]. Suppose that f(x) � c, ∀ x ∈ X
for some constant c � 1. Then

0 � Pnf � Pnc = cPn1 = c.
Let An = {x : 1 � Pnf(x) � c}. Then, since η(t) � 0 for t � 1,

0 � H(Pnf) �
∫
An

η(Pnf(x))dμ(x). (8.20)

Since η(1) = 0, by the mean value theorem, we have∣∣∣∣
∫
An

η(Pnf(x))dμ(x)
∣∣∣∣=
∫
An

|η(Pnf(x))− η(1)|dμ(x)

�K
∫
An

|Pnf(x)− 1|dμ(x)

�K‖Pnf − 1‖,

where K = sup
1�t�c

|η′(t)|. Since S is exact, ‖Pnf − 1‖ → 0 as n → ∞ for all

f ∈ D by Theorem 4.4.2 (iii). Thus,

lim
n→∞

∫
An

η(Pnf(x))dμ(x) = 0,

which implies via (8.20) that {H(Pnf)} converges to zero. �

Remark 8.5.3 In the more general case that S is only nonsingular, the se-
quence {H(Pnf)} may not be an increasing one. For example, for the logistic
model S(x) = 4x(1− x), if f = 1, then

Pf(x) =
1

2
√
1− x

,

and so

H(Pf) = −
∫ 1

0

1
2
√
1− x

ln
1

2
√
1− x

dx = ln 2− 1.

Thus, H(Pf) < H(f) = 0. �

Because of Remark 8.5.3, it is necessary to introduce the concept of con-
ditional entropy for Frobenius-Perron operators associated with nonsingular
transformations.
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Definition 8.5.1 Let f, g ∈ D such that supp f ⊂ supp g. Then the condi-
tional entropy of f with respect to g is defined as

H(f |g) =
∫
X

g(x)η
[
f(x)
g(x)

]
dμ(x) = −

∫
X

f(x) ln
f(x)
g(x)

dμ(x).

Remark 8.5.4 Since g is a density and η is bounded from above, H(f |g) is
either finite or −∞. Because of (8.15), the conditional entropy H(f |g) measures
the deviation of f from g, and there is always the inequality

H(f |g) � −1
2
‖f − g‖2 (8.21)

with equality if and only if f = g, and in this case H(f |g) = 0.
Since supp f ⊂ supp g implies supp Pf ⊂ supp Pg for f, g ∈ D by

Proposition 4.2.1, when H(f |g) is well-defined, H(Pf |Pg) is also well-defined.

Theorem 8.5.3 Let P be the Frobenius-Perron operator associated with a non-
singular transformation S on a measure space X. Then

H(Pf |Pg) � H(f |g).

Proof We only prove the simpler case that supp g = X and supp Pg = X,
and the function f/g is bounded on X. Define a linear operator R : L∞ → L∞

by

Rh =
P (gh)
Pg

, ∀ h ∈ L∞.

ThenR is a positive operator on L∞ and satisfiesR1 = 1. By Jensen’s inequality
(see Remark 8.5.1),

η ◦ (Rh) � R(η ◦ h). (8.22)

Let h = f/g. Then the left-hand side of (8.22) becomes

η ◦ (Rh) = −Pf
Pg
ln
Pf

Pg

and the right-hand side of (8.22) is

R(η ◦ h) = 1
Pg
P [(η ◦ h)g] = − 1

Pg
P

(
f ln

f

g

)
.

Hence inequality (8.22) can be written as

−Pf ln Pf
Pg

� −P
(
f ln

f

g

)
.
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Integrating the above inequality overX and noting that P preserves the integral,
we obtain that

H(Pf |Pg)�−
∫
X

P

[
f(x) ln

f(x)
g(x)

]
dμ(x)

=−
∫
X

f(x) ln
f(x)
g(x)

dμ(x) = H(f |g). �

Remark 8.5.5 Theorem 8.5.3 implies that if g is a stationary density of P ,
then

H(Pf |g) � H(f |g).

Thus, the conditional entropy sequence {H(Pnf |g)} with respect to a stationary
density of P is always monotonically increasing and bounded above by zero, and
so it always converges as n→ ∞, but the limit is not necessarily 0.

Exercises

8.1 Let (X,Σ, μ) be a probability measure space, and let Ā, Ā′, B̄ be
finite measurable partitions of X. Show that
(i) Ā � Ā′ implies H(Ā) � H(Ā′);
(ii) H(Ā

∨
Ā′
∨
B̄) +H(B̄) � H(Ā

∨
B̄) +H(Ā′

∨
B̄).

8.2 Let (X,Σ, μ) be a probability measure space. Suppose that Ā, B̄, Ā′, B̄′

are finite measurable partitions of X. Show that the conditional Shannon en-
tropy given by Definition 8.2.1 has the following properties:
(i) H(Ā

∨
B̄|B̄) = H(Ā|B̄);

(ii) H(Ā|B̄) = 0 if and only if Ā � B̄;
(iii) H(Ā

∨
B̄) = H(B̄) +H(Ā|B̄);

(iv) Ā � Ā′ implies that H(Ā|B̄) � H(Ā′|B̄);
(v) H(Ā

∨
Ā′|B̄) � H(Ā|B̄) +H(Ā′|B̄);

(vi) B̄ � B̄′ implies that H(Ā|B̄′) � H(Ā|B̄);
(vii) H(Ā

∨
B̄)|B̄′) = H(B̄|B̄′) +H(Ā|B̄

∨
B̄′).

8.3 Let (X,Σ, μ) be a probability measure space, and let Y be the set of
all finite measurable partitions of X with finite entropy. For Ā, B̄ ∈ Y we set
d(Ā, B̄) = H(Ā|B̄) +H(B̄|Ā). Show that (Y, d(·, ·)) is a metric space.

8.4 Show that the Boltzmann entropy functional H : {f � 0 : f ∈
L1(0, 1)} → [−∞,∞) is proper, upper semi-continuous, and concave, and H
is strictly concave on its domain that consists of all functions f � 0 with
H(f) > −∞ [9].

8.5 Show that for any real number a, the upper level set {f � 0 : H(f) �
α} is weakly compact in L1(0, 1) [9].

8.6 Write a program to study the relation of ‖f − g‖ and H(f |g) numer-
ically for f, g ∈ D ∩ L1(0, 1). Compare your numerical results with inequality
(8.15).
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8.7 Let (X,Σ, μ) be a measure space. Prove that for every two sequences
{fn}, {gn} in D, the limit H(fn|gn)→ 0 implies ‖fn−gn‖ → 0. Is the converse
of the above statement also true? Exercise 8.6 above may be helpful in guessing
the proper answer [95].

The following exercises are related to the maximum entropy method [31] and the
minimal energy method [12] for solving Frobenius-Perron operator equations.

8.8 Show that if f ∈ L1(0, 1) satisfies the equalities∫ 1

0

xnf(x)dx = 0, n = 0, 1, · · · ,

then f = 0.
8.9 Let P : L1(0, 1) → L1(0, 1) be a Markov operator and let f∗ be a

density. Show that f∗ is a stationary density of P if and only if∫ 1

0

f∗(x)(pn(x)− P ∗pn(x))dx = 0, n = 1, 2, · · · ,

where P ∗ : L∞(0, 1) → L∞(0, 1) is the dual operator of P and pn(x) = xn for
each n.

8.10 Let P above be the Frobenius-Perron operator associated with a non-
singular transformation S : [0, 1]→ [0, 1]. Use Exercise 8.9 to give an equivalent
condition for f∗ to be a stationary density of P .

8.11 Suppose that S : [0, 1] → [0, 1] is a nonsingular transformation. Let
k be a positive integer and consider the following maximum entropy problem

max
{
H(f) : f ∈ D,

∫ 1

0

[
xi − S(x)i

]
f(x)dx = 0, 1 � i � k

}
.

Use Proposition 8.4.3 to show that the density function

fk(x) =
exp

(
k∑
i=1

ai[xi − S(x)i]
)

∫ 1

0

exp
(
k∑
i=1

ai[xi − S(x)i]
)
dx

is a solution of the maximum entropy problem if the constants a1, a2, · · · , ak
satisfy the following k equations

∫ 1

0

[
xi − S(x)i

]
exp

⎛
⎝ k∑
j=1

aj [xj − S(x)j ]

⎞
⎠ dx = 0, i = 1, 2, · · · , k.

8.12 A functional Φ : X → [−∞,∞) on a normed vector space X is said
to be Kadec if whenever xn → x weakly in X and Φ(xn) → Φ(x) < ∞ then
xn → x in norm. Show that the Boltzmann entropy functional H is Kadec [9].
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8.13 Show that the energy functional V : L2(0, 1)→ (−∞, 0] defined by

V (f) = −1
2
‖f‖22 = −1

2

∫ 1

0

|f(x)|2dx

is strictly convex on L2(0, 1) with weakly compact upper level sets, and is Kadec
[12].

8.14 Show that the constrained energy functional V + : L2(0, 1)→ [−∞,∞)

defined by V +(f) = −
∫ 1

0

v+(f(x))dx is Kadec, where

v+(t) =

⎧⎨
⎩
1
2
t2, if t � 0,
+∞, if t < 0,

is strictly convex on the cone of nonnegative integrable functions with weakly
compact upper level sets, and is Kadec [12].

8.15 Suppose that the Frobenius-Perron operator P has a unique station-
ary density f∗ that satisfies the condition

H(f∗) = −
∫ 1

0

f∗(x) ln f∗(x)dx > −∞.

Let {fk} be the sequence of maximum entropy solutions to the maximum en-
tropy problem in Exercise 8.11. Show that lim

k→∞
fk = f∗ both weakly and in

norm [31].
8.16 Under the same assumptions about P as above, show that the same

conclusion of Exercise 8.15 is true when fk are obtained if the objective function
of the maximum entropy problem in Exercise 8.11 is replaced with either the
energy functional V in Exercise 8.13 or the constrained energy functional in
Exercise 8.14 [12].

8.17 Prove inequality (8.21).
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Abstract Some applications of absolutely continuous invariant measures are illus-
trated in this last chapter. First we briefly give an application to the estimation of the
speed of decay of correlations. Then we present Li-Yorke’s work on the application
of stationary densities of small variation to random number generation. Two modern
applications in the last decade are sketched in the final two sections. One is about
the transfer operator in molecular conformation dynamics and computational drug
design, and the other is the direct sequence code division multiple access in the third
generation wireless communications.
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The mathematical theory and numerical computation of absolutely contin-
uous invariant measures have applications in various fields of sciences and engi-
neering. In this last chapter we briefly give several representative applications
of invariant measures to the statistical study of deterministic systems. In the
first section we give an application of the classic Ionesou-Tulcea and Marinescu
theorem to the estimation of the speed of decay of correlations. Section 9.2,
which is from the reference [89] and the lecture notes [87], demonstrates how
a stationary density of small variation can be used for the random number
generation. In the last two sections we present the latest applications of the
theory and methods of absolutely continuous invariant measures. One is in the
emerging field of computational molecular dynamics and the drug design, and
the other is for the third generation of wireless communications.

9.1 Decay of Correlations

Let (X,Σ, σ) be a probability measure space, and let S : X → X be a non-
singular transformation. Given two suitable functions f and g from a function
space, which are often referred to as the observables in statistical physics, the
differences ∫

X

f(g ◦ Sn)dμ−
∫
X

fdμ
∫
X

gdμ
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are called the correlation functions of the observables f and g. If S preserves
μ and is mixing, then from Theorem 4.4.2 (ii), the correlation functions decay
to zero as n goes to infinity. Our question is: what is the rate of decay of the
correlation functions? This rate measures the speed with which the dynamical
system determined by S and μ becomes independent of initial conditions.
The problem of decay of correlations is very important in ergodic theory,

in particular in the theory of positive transfer operators including Frobenius-
Perron operators [4, 14], and in many branches of physical and engineering
sciences [7]. In this section we apply the Ionescu-Tulcea and Marinescu theorem
(Theorem 2.5.3) to estimate the rate of decay for the class of Lasota-Yorke
interval mappings. A comprehensive study of decay of correlations is contained
in the monograph [4].

Definition 9.1.1 Let μ be an invariant probability measure for a nonsingular
transformation S : X → X and let n be a positive integer. For any f ∈ L1(μ)
and g ∈ L∞(μ) the quantity

Cor(f, g, n) =
∣∣∣∣
∫
X

f(g ◦ Sn)dμ−
∫
X

fdμ
∫
X

gdμ
∣∣∣∣

is referred to as the nth correlation coefficient.

We need the following spectral decomposition result for Frobenius-Perron
operators associated with Lasota-Yorke interval mappings (see the paragraph
in Section 7.1 containing (7.2)).

Theorem 9.1.1 Let S : [0, 1]→ [0, 1] satisfy the conditions of Theorem 5.2.1.
Suppose further that inf

x∈[0,1]\{a1,··· ,ar−1}
|S′(x)| > 2. Then the corresponding

Frobenius-Perron operator P : L1(0, 1) → L1(0, 1) is quasi-compact when it is
restricted to BV (0, 1). In particular as a bounded linear operator from BV (0, 1)
into itself,
(i) P has only finitely many eigenvalues λ1, λ2, · · · , λt of modulus 1 which

are the roots of unity;
(ii) the eigenspace Ei associated with λi is a finite dimensional vector sub-

space of BV (0, 1) for i = 1, 2, · · · , t;
(iii) P has the following spectral decomposition:

P =
t∑
i=1

λiΦi +R, (9.1)

where each Φi is a projection onto Ei such that ‖Φi‖ = 1, ΦiΦj = 0, i �= j, and
R : BV (0, 1)→ BV (0, 1) can be extended to a bounded linear operator from L1

into L1 and from L1 into BV (0, 1) such that

sup
n�0

‖Rn‖ <∞, R(BV (0, 1)) ⊂ BV (0, 1), RΦi = ΦiR = 0, ∀ i,
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and
‖Rn‖BV �Mqn, ∀ n = 1, 2, · · ·

with two constants 0 < q < 1 and M > 0.

Proof Let T = P and V = BV (0, 1) in Theorem 2.5.4. Then, as in the proof
of Theorem 5.2.1,

1∨
0

Pf � α
1∨
0

f + β‖f‖, ∀ f ∈ BV (0, 1),

where α = 2/ inf
x∈[0,1]\{a1,··· ,ar−1}

|S′(x)| and β are two positive constants. The

assumption that inf
x∈[0,1]\{a1,··· ,ar−1}

|S′(x)| > 2 implies that 0 < α < 1, so con-

dition (iii) of Theorem 2.5.4 is satisfied with k = 1. All the other conditions of
that theorem are consequences of Theorem 2.3.1 and properties of the Frobenius-
Perron operator. So the conclusion follows from Theorem 2.5.4. �

Remark 9.1.1 Theorem 9.1.1 is still valid for the weakened assumption
inf

x∈[0,1]\{a1,··· ,ar−1}
|S′(x)| > 1; see Theorem 7.2.1 of [14] in which it was fur-

ther proved that
(i) P has finitely many stationary densities f1, f2, · · · , fk such that fi ∈

BV (0, 1) and S is ergodic with respect to the invariant probability measure μi
such that dμi/dm = fi for i = 1, 2, · · · , k.
(ii) For each 1 � i � k, supp μi is the union of a finite collection of disjoint

sets Ai1, A
i
2, · · · , Aiki such that for each j = 1, 2, · · · , ki,

P (fi · χAi
j
) = fi · χAi

j+1
, (ki + 1 ≡ 1),

and Ski : Aij → Aij is exact with respect to the invariant measure μij defined

by μij(B) =
∫
B

fidm for all measurable subsets B of Aij .

Theorem 9.1.2 Under the same conditions of Theorem 9.1.1, if f∗ is the
unique stationary density of P and S is mixing with respect to the corresponding
invariant measure μ, then there exists a positive constant M and a constant
0 < q < 1 such that for any f ∈ BV (0, 1) and all positive integers n,∥∥∥∥Pnf −

(∫ 1

0

f(x)dx
)
f∗
∥∥∥∥
BV

�Mqn‖f‖BV . (9.2)

Proof It can be shown that under the conditions of the theorem, t = 1 in
(9.1), and so 1 is the only peripheral spectral point of P . Since f∗ is the unique
stationary density of P , we see that dim E1 = 1. Thus, from Theorem 9.1.1,
we have

Pnf =
(∫ 1

0

f(x)dx
)
f∗ +Rnf,
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where ‖Rn‖BV � Mqn for some constants 0 < q < 1 and M > 0. This implies
(9.2) immediately. �

Theorem 9.1.3 Under the same conditions of Theorem 9.1.2, for any f ∈
BV (0, 1) and g ∈ L∞(0, 1),

Cor(f, g, n) �Mqn‖ff∗‖BV ‖g‖∞
for all positive integers n, where the constants M and q are as in Theorem 9.1.2.

Proof Let c =
∫ 1

0

f(x)dx. Then the nth correlation coefficient

Cor(f, g, n)=
∣∣∣∣
∫ 1

0

f(g ◦ Sn)dμ− c
∫ 1

0

gdμ
∣∣∣∣

=
∣∣∣∣
∫ 1

0

f(g ◦ Sn)f∗dm− c
∫ 1

0

gf∗dm
∣∣∣∣

=
∣∣∣∣
∫ 1

0

Pn(ff∗)gdm−
∫ 1

0

cf∗gdm
∣∣∣∣

�‖Pn(ff∗)− cf∗‖ ‖g‖∞ �Mqn‖ff∗‖BV ‖g‖∞. �

9.2 Random Number Generation

Random number generators are widely used in many statistical methods for
problems that are hard to solve with conventional techniques. For example,
generating random numbers is one of the main tools in various Monte Carlo
methods. There have been many different ways to generate random numbers.
A classic method was proposed by von Neumann in 1946: take the square
of the previous random number with 6 digits and extract its middle 6 digits to
produce the next random number. This is equivalent to generating the numbers
by iterating the mapping S : [0, 1]→ [0, 1] defined by

S(x) = 103x2 (mod 1).

As another example, Hewlett-Packard Company has suggested that the mapping

S(x) = (x+ π)5 (mod 1)

is a generator of uniformly distributed pseudo-random numbers.
One of the most important features of random number generation is ran-

domness or near randomness of the generated number sequences. This means
that the corresponding random variable of a good random number generator
should have almost uniform distribution. For a pseudo-random number gen-
erator given by a deterministic mapping S, a measure of its goodness toward
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the randomness of generated sequences is how close the stationary density of
S is to a constant function, or how small the variation of such a stationary
density is.
In this section we shall show that under certain conditions on the mapping

S, the variation of the stationary density of the associated Frobenius-Perron
operator is small. We are interested in a class of mappings of the form

S(x) = p(x) (mod 1), (9.3)

where p : [0, 1]→ [0,∞). The above two concrete mappings are just examples of
the general case which was also studied by Rényi in 1957 [110] and by Rochlin in
1964 [111] with some number-theoretic arguments. They considered two classes
of differentiable and strictly increasing functions p : [0, 1] → [0,∞) satisfying
the condition that inf

x∈[0,1]
p′(x) > 1, p(0) = 0, and p(1) is a positive integer,

and the other is the so-called Rényi transformation p(x) = rx where r > 1 is a
constant. In particular, when r is a positive integer, the Rényi transformation
is the r-adic transformation.
In general we have the following uniqueness theorem for mappings S(x) =

p(x) (mod 1), which implies ergodicity of S.

Theorem 9.2.1 Let p be a C2-function on [0, 1] which satisfies the inequality
inf

x∈[0,1]
|p′(x)| > 1, and let S be the corresponding mapping as defined by (9.3).

Then there exists a unique stationary density of the Frobenius-Perron operator
P associated with S.

Proof The existence of a stationary density is guaranteed by the Lasota-Yorke
theorem in Section 5.2. To prove the uniqueness of the stationary density,
suppose that there are two densities f1, f2 ∈ D such that Pf1 = f1 and Pf2 =
f2. Then S(supp f1) ⊂ supp f1 and S(supp f2) ⊂ supp f2 by Proposition 4.2.1.
By the Li-Yorke theorem in [89], m(supp f1 ∩ supp f2) = 0 and each supp fi
is a union of the intervals containing at least one discontinuity xi of S in its
interior. Let

x1 ∈ [a1, b1] ⊂ supp f1 and x2 ∈ [a2, b2] ⊂ supp f2.

Then lim
x→x−i

S(x) = 1 and lim
x→x+i

S(x) = 0 since S is discontinuous at xi. Thus

S([a1, b1])∩S([a2, b2]) ⊂ supp f1∩supp f2. Since S([a1, b1])∩S([a2, b2]) contains
a nonempty open interval, this contradicts the fact that m(supp f1 ∩ supp f2)
= 0. �

Let p : [0, 1]→ [0,∞) be a C2-function and define

λ ≡ inf
x∈[0,1]

|p′(x)|, η ≡ sup
x∈[0,1]

|p′′(x)|
|p′(x)| .
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The next theorem gives an upper bound to the variation of the unique stationary
density in Theorem 9.2.1. First we need a lemma.

Lemma 9.2.1 Let f be a function of bounded variation on [a, b]. Then

|f(x)| �
b∨
a

f +
1

b− a

∫ b

a

|f(x)|dx, ∀ x ∈ [a, b]. (9.4)

Proof Since (b− a)−1
∫ b

a

|f(x)|dx is the average value of |f | over [a, b], there
exists y ∈ [a, b] such that

|f(y)| � 1
b− a

∫ b

a

|f(x)|dx.

From |f(x)| � |f(x) − f(y)| + |f(y)| and |f(x) − f(y)| �
b∨
a
f , we obtain

(9.4). �

Theorem 9.2.2 Under the same assumptions of Theorem 9.2.1, let f∗ be the
unique stationary density of the Frobenius-Perron operator associated with S
which is defined by (9.3). If in addition λ > 3, then

1∨
0

f∗ � η + 2
λ− 3 . (9.5)

Proof Without loss of generality, we assume that p is strictly increasing on
[0, 1]. Let 0 = a0 < a1 < · · · < ar = 1 be the partition of [0, 1] such that S is
C2 and S′ > 0 on every [ai−1, ai] for 1 � i � r. Writing Si = S|[ai−1,ai] and
gi = S−1i for each i. Given any f ∈ D ∩ BV (0, 1). As in the proof of Theorem
5.2.1, we have (5.7), i.e.,

Pf(x) =
r∑
i=1

σi(x)f(gi(x))χIi(x), (9.6)

where σi(x) = |g′i(x)| and Ii = S([ai−1, ai]) = [S(a+i−1), S(a
−
i )] for all i. It

is obvious from the definition of S that for i = 2, 3, · · · , r − 1, Ii = [0, 1], so
χIi(x) ≡ 1, and hence,

1∨
0

σi(f ◦ gi)χIi =
1∨
0

σi(f ◦ gi).

Since I1 = [S(0), 1] and Ir = [0, S(1)], we have

1∨
0

σ1(f ◦ g1)χI1 =
1∨
S(0)

σ1(f ◦ g1) +
f(0)
S′(0)
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and
1∨
0

σr(f ◦ gr)χIr =
S(1)∨
0

σr(f ◦ gr) +
f(1)
S′(1)

.

Combining the above three equalities with (9.6) gives

1∨
0

Pf �
r∑
i=1

S(a−i )∨
S(a+i−1)

σi(f ◦ gi) +
f(0)
S′(0)

+
f(1)
S′(1)

�
r∑
i=1

S(a−i )∨
S(a+i−1)

σi(f ◦ gi) +
f(0) + f(1)

λ

since λ = inf
x∈[0,1]\{a1,··· ,ar−1}

S′(x). As in the proof of Theorem 5.2.1, Proposition

2.3.1 (v) implies that

S(a−i )∨
S(a+i−1)

σi(f ◦ gi)� sup
x∈Ii

σi(x)
S(a−i )∨
S(a+i−1)

f ◦ gi +
∫ S(a−i )

S(a+i−1)
|σ′i|(f ◦ gi)dm

� 1
λ

ai∨
ai−1

f +
η

λ

∫ S(a−i )

S(a+i−1)
σi(f ◦ gi)dm

=
1
λ

ai∨
ai−1

f +
η

λ

∫ ai

ai−1
fdm, ∀ i = 1, 2, · · · , r.

On the other hand, Lemma 9.2.1 implies that

f(0) + f(1) � 2
(
1 +

1∨
0

f

)
.

It follows from such inequalities that

1∨
0

Pf � 1
λ

r∑
i=1

ai∨
ai−1

f +
η

λ

r∑
i=1

∫ ai

ai−1
fdm+

2
(
1 +

1∨
0
f

)
λ

=
1
λ

1∨
0

f +
η

λ

∫ 1

0

fdm+
2
(
1 +

1∨
0
f

)
λ

.

Letting f = f∗ in the above inequality, we obtain

1∨
0

f∗ =
1∨
0

Pf∗ =
1
λ

1∨
0

f∗ +
η

λ
‖f∗‖+

2
(
1 +

1∨
0
f∗
)

λ
,
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and thus, (
1− 3

λ

) 1∨
0

f∗ � η + 2
λ
,

which implies (9.5). �

Corollary 9.2.1 Under the same assumptions as in Theorem 9.2.2,

1− η + 2
λ− 3 � f∗(x) � 1 + η + 2

λ− 3 , ∀ x ∈ [0, 1]. (9.7)

Proof Since f∗ � 0 and ‖f∗‖ = 1, By Lemma 9.2.1,

|1− f∗(x)| �
1∨
0

f∗ � η + 2
λ− 3 .

So we have (9.7). �

Corollary 9.2.1 indicates that if the positive number (η + 2)/(λ− 3) is very
small, the stationary density f∗ is almost the constant 1 function, hence the
asymptotic behavior of the orbits of S is almost uniformly distributed on [0, 1],
which is exactly the desired property for a random number generator.

Remark 9.2.1 For Hewlett-Packard Company’s mapping S(x) = (x + π)5

(mod 1) used in certain HP calculators to simulate a random number generation,
λ = 5π4 ≈ 487.05 and η ≈ 1.27, so

η + 2
λ− 3 ≈ 0.00676.

Therefore this mapping S gives a pretty good pseudo-random number generator.
On the other hand, von Neumann’s suggestion was not very good since in this
case η = +∞ due to the fact that S′(0) = 0. It can be observed that, since
S(x) < x if 0 < x < 10−k, if one number in the sequence {Sn(x)} falls into
the interval (0, 10−k), the remaining numbers will converge to 0. We may,
however, modify von Neumann’s procedure with p(x) = 10k(1 + x)2 instead of
p(x) = 10kx2. Then, for x ∈ [0, 1],

|p′(x)| � 2 · 10k,
∣∣∣∣p′′(x)p′(x)

∣∣∣∣ = 10k · 2
10k · 2(1 + x) � 1.

Hence, even for k = 3, we already obtain a rather good result

η + 2
λ− 3 ≈ 0.0015.
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9.3 Conformational Dynamics of Bio-molecules

In recent years, computational molecular dynamics has attracted consid-
erable attention in more effective drug designs for prion diseases such as the
mad cow disease and viral diseases like the HIV or the SARS. One indication
of such a trend in computational dynamical systems is the plenary lecture enti-
tled “Molecular Conformation Dynamics and Computational Drug Design” by
Deuflhard at the fifth International Congress on Industrial and Applied Math-
ematics (ICIAM) held in Sydney in 2003 [25] and the one delivered by Schütte
at the sixth ICIAM in Berlin four years later. In this section we give a brief
introduction to this applied area which is of scientific and economic significance,
following the presentation of the pioneering work [115] and some related works.
For more details we recommend the references [25, 115, 116].
The molecular dynamics is based on the Hamiltonian mechanics. Assume

that the dynamics of the molecular system with k atoms under consideration is
governed by the Hamiltonian function

H(q,p) =
1
2
pTM−1p+ V (q),

where the first term is the kinetic energy that depends on the vector p =
(p1,p2, · · · ,pk)T ∈ RN (N = 3k) of generalized momenta via the diagonal mass
matrixM , and the second term is the potential energy that only depends on the
vector q = (q1, q2, · · · , qk)T ∈ RN of generalized positions. The Hamiltonian
function value H(q,p) denotes the internal energy of the system in the state
x = (q,p) ∈ RN × RN , and the resulting Hamiltonian differential equations of
the motion are

q̇ =
∂H

∂p
=M−1p, ṗ = −∂H

∂q
= −∇V (q). (9.8)

With any given initial value x(0) = x0 = (q0,p0) ∈ R
N × RN , the unique

solution, which is called the Hamiltonian flow, of the Hamiltonian initial value
problem (9.8) can be written in terms of the flow Φt as

x(t) = (q(t),p(t)) = Φtx0. (9.9)

Hamiltonian flows Φt have several important conservation and invariance
properties: the conservation of energy H(Φt(x)) ≡ H(x), the conservation of
volume det JΦt(x) ≡ 1, where JΦt is the Jacobian matrix of the flow Φt, and
the reversibility of Φt : R ◦Φ−t ◦R = Φt, where the momentum reversion R is
defined by R(q,p) = (q,−p).
It is well-known that the numerical integration of the Hamiltonian differ-

ential equation of the molecular system to approximate the individual solution
curves (called trajectories) x(t) is ill-conditioned when the time t is relatively
large, due to the fact that the trajectories of the Hamiltonian initial value
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problem to be computed are asymptotically chaotic. The difficulty in the bio-
molecular design is related to the situation that real times of pharmaceutical
interest are in the region of milliseconds to minutes, whereas simulation times
are presently in the range of nanoseconds (1 nanosecond = 10−9 second) with
time steps of less than 5 femtoseconds (1 femtosecond = 10−15 second). Con-
sequently, the numerical simulation can only give the information about short-
term solutions because of the limitation of available computational facilities. On
the other hand, the drug design industry has the desire of long-term prediction.
Because of the above observation, A different approach, called conforma-

tional dynamics, has been proposed to model long-term dynamics in the in-
vestigation of molecular systems, based on the ideas from ergodic theory and
statistical physics. The new approach introduces the concept of transfer opera-
tors that incorporate the stochastic elements of the dynamics. These operators
are Markov operators which arrive from the Frobenius-Perron operator associ-
ated with the Hamiltonian flow Φt. In the following we present the basic idea
and methodology in this emerging area.
Let X = Ω×RN be the phase space of the Hamiltonian flow (9.9) in which Ω

is the position space of the generalized position vector q. For each time moment
t, let Pt ≡ PΦt be the Frobenius-Perron operator associated with the diffeomor-
phism Φt : X → X. Since the Lebesgue measure m on X is invariant under
Φt from the volume conservation property of the Hamiltonian flow, Proposition
4.2.2 implies that

Ptf(x) = f(Φ−t(x))
d(m ◦Φ−t)
dm

(x) = f(Φ−t(x)), f ∈ L1.

The Koopman operator Ut corresponding to Φt has the expression

Utg(x) = g(Φt(x)), g ∈ L∞.

Because of the energy and volume conservation properties of the Hamiltonian
flow, the composition of any scalar function with the Hamiltonian function
H is an invariant function of both the Frobenius-Perron operator Pt and the
Koopman operator Ut.
If the distribution of the initial states of the molecular system is given by

the probability density f0(x), then

f(x, t) ≡ (Ptf0)(x) = f0(Φ−t(x))

is the time-dependent probability density transported along the trajectoryΦt(x)
of the system. By far most experiments of the molecular dynamics are performed
using equilibrium ensembles, i.e., ensembles which are described by stationary
densities f of the continuous time group of the Frobenius-Perron operators
Pt. This means that f satisfies the equality f(x) = f(Φ−t(x)) for all t and
x ∈ X. The energy conservation property of Φt implies that for arbitrary
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smooth functions F : R → R
+ with the condition

∫
X

F (H(x))dx = 1, the

associated densities f = F ◦H are invariant, i.e.,

f = f ◦Φ−t.

Moreover, the reversibility property of Φt implies that the above “energy pre-
pared” densities are also p-symmetric, i.e.,

f = f ◦R. (9.10)

Most experiments on molecular systems are performed under the equilib-
rium conditions of constant temperature, particle number, and volume. The
corresponding stationary density is the canonical density associated with the
Hamiltonian H:

fcan(q,p) =
1
Z
exp

(
−η
(
pTM−1p
2

+ V (q)
))

, (9.11)

where

Z =
∫

RN

∫
Ω

exp
(
−η
(
pTM−1p
2

+ V (q)
))
dqdp

is the normalization factor and η = 1/(kBT ), with T the system’s temperature
and kB the Boltzmann constant. This density can be factorized as

fcan(q,p) = P(p)Q(q), Z = ZpZq,

∫
RN

P(p)dp =
∫
Ω

Q(q)dq = 1,

where

P(p) = 1
Zp
exp

(
−η
2
pTM−1p

)
, Q(q) = 1

Zq
exp (−ηV (q)).

Assume that an arbitrary stationary density f0 is given. We would like to
define a transition probability from one region, B ⊂ X, of the phase space to
another one, C ⊂ X, after a time span τ . The new ensemble of all such systems
with states x ∈ B selected from the ensemble f0 at t = 0 has the density

fB(x) =
(∫

B

f0(x)dx
)−1

χB(x)f0(x).

Since all systems evolve due toΦt, after time τ , the relative frequency of systems
in the ensemble fB with states in C equals∫

X

χC(Φτ (x))fB(x)dx.
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Thus, the transition probability should be defined as

w(B,C, τ) =

∫
B

χC(Φτ (x))f0(x)dx∫
B

f0(x)dx
. (9.12)

From (9.12), a subset B ⊂ X is invariant under the flow Φt if and only
if w(B,B, t) = 1 for all t ∈ R, which is independent of the choice of the sta-
tionary density f0. In the conformational dynamics of the molecular system,
we are interested in almost invariant subsets B in the sense that w(B,B, τ) is
sufficiently close to 1. Therefore,

B ⊂ X is almost invariant ⇔ w(B,B, τ) ≈ 1. (9.13)

Remark 9.3.1 The concept of “almost invariant sets” was first introduced by
Dellnitz and Junge [24] to the computational problem of dynamical systems.

Any conformation in the conformational dynamics of bio-molecules is an
almost invariant set of the ensemble in the sense of (9.13). But the main aspects
of the chemical intuition indicate that the phrase “conformation” does not refer
to the momentum information. So spatial subsets of Ω will be used in the
definition of transfer operators below. The transition probability between B ⊂
Ω and C ⊂ Ω is defined as the transition probability between the associated
phase space fibers (or cylinders) X(B) = {(q,p) ∈ X : q ∈ B} and X(C) =
{(q,p) ∈ X : q ∈ C}, i.e.,

w(B,C, τ) = w(X(B), X(C), τ). (9.14)

Naturally, B ⊂ Ω is said to be almost invariant if w(B,B, τ) ≈ 1.
Now we introduce the concept of the spatial transfer operator which incor-

porates the Frobenius-Perron operator with a stationary density f0 ∈ L1(X)
that satisfies condition (9.10) such that the reduced density

F (q) =
∫

RN

f0(q,p)dp

is positive, finite, and smooth on Ω . Then, the spatial transfer operator T ≡
T (τ) is defined by

Tu(q) =
1

F (q)

∫
RN

u(ΠΦ−τ (q,p))f0(q,p)dp, (9.15)

where u = u(q) is a function on Ω and Π is the projection Π (q,p) = q onto
the position space. T can be interpreted as a suitable weighted average of
the Frobenius-Perron operator over the momenta in each cross section X(q) =
{q} × RN with the weights given by f0.
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In the special case that f0 = fcan defined by (9.11), F (q) = Q(q), and so
(9.15) becomes

Tu(q) =
∫

RN

u(ΠΦ−τ (q,p))P(p)dp. (9.16)

Hence, in this case, the spacial transfer operator T describes the momentum
weighted fluctuations inside the canonical ensemble with respect to the time
scale τ .
We shall prove that, with r = 1 or 2, T is a bounded linear operator on the

weighted Lr-space

LrF (Ω) =
{
u :
∫
Ω

|u(q)|rF (q)dq <∞
}
.

As usual, the inner product on the Hilbert space L2F (Ω) is defined as

〈u, v〉F =
∫
Ω

u(q)v(q)F (q)dq

and it induces the L2-norm ‖u‖2,F =
√
〈u, u〉F . The L1-norm on L1F (Ω) is

‖u‖1,F =
∫
Ω

|u(q)|F (q)dq.

Proposition 9.3.1 T : L1F (Ω)→ L1F (Ω) is a Markov operator.

Proof Let u ∈ L1F (Ω) be nonnegative. Then, via definition (9.15),

‖Tu‖1,F =
∫
Ω

1
F (q)

∣∣∣∣
∫

Rd

u(ΠΦ−τ (q,p))f0(q,p)dp
∣∣∣∣F (q)dq

=
∫
Ω

∫
RN

u(ΠΦ−τ (q,p))f0(q,p)dpdq

=
∫
X

u(ΠΦ−τ (x))f0(x)dx

=
∫
X

u(Πx)f0(x)dx =
∫
Ω

u(q)
∫

RN

f0(q,p)dpdq

=
∫
Ω

u(q)F (q)dq = ‖u‖1,F ,

where the fourth equality is from the invariance of f0 with respect to the sub-
stitution x → Φτ (x) and the volume conservation property of the flow. Thus,
T is a Markov operator. �

Proposition 9.3.2 T : L2F (Ω) → L2F (Ω) is well-defined and satisfies that
‖Tu‖2,F � ‖u‖2,F for all u ∈ L2F (Ω).
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Proof For any u ∈ L2F (Ω),

‖Tu‖22,F =
∫
Ω

1
F (q)2

(∫
RN

u(ΠΦ−τ (q,p))f0(q,p)dp
)2
F (q)dq

=
∫
Ω

1
F (q)

(∫
RN

u(ΠΦ−τ (q,p))f0(q,p)dp
)2
dq. (9.17)

For q ∈ Ω let uq(p) = u(ΠΦ−τ (q,p)). Then, similar to the proof of Proposition
9.3.1, we have ∫

Ω

∫
RN

[uq(p)]2f0(q,p)dpdq = ‖u‖22,F <∞. (9.18)

The Cauchy-Schwarz inequality yields(∫
RN

u(ΠΦ−τ (q,p))f0(q,p)dp
)2

=
(∫

RN

uq(p)f0(q,p)dp
)2

�
∫

RN

[uq(p)]2f0(q,p)dp ·
∫

RN

f0(q,p)dp

=
∫

RN

[uq(p)]2f0(q,p)dp · F (q).

Combining the above inequality with (9.17) and (9.18) gives

‖Tu‖22,F �
∫
Ω

∫
RN

|uq(p)|2f0(q,p)dpdq = ‖u‖22,F . �

We can use the transfer operator T : L2F (Ω) → L2F (Ω) to express the tran-
sition probability (9.14) as follows. Since the characteristic functions χB and
χC belong to L2F (Ω), we have

〈TχB , χC〉F =
∫
Ω

1
F (q)

∫
RN

χB(ΠΦ−τ (q,p))f0(q,p)dpχC(q)F (q)dq

=
∫
X

χB(ΠΦ−τ (x))f0(x)χX(C)(x)dx

=
∫
X

χX(B)(x)χX(C)(Φ
τ (x))f0(x)dx, (9.19)

where the last equality is from the transformation x = Φτ (y) together with the
invariance of f0 and the volume conservation property of the flow. Since

〈χB , χC〉F =
∫
B

F (q)dq =
∫
X(B)

f0(x)dx,
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we finally have

w(B,C, τ) =

∫
X(B)

χX(C)(Φ
τ (x))f0(x)dx∫

X(B)

f0(x)dx
=

〈TχB , χC〉F
〈χB , χC〉F

.

Proposition 9.3.3 T : L2F (Ω) → L2F (Ω) is self-adjoint. Hence, its spectrum
σ(T ) ⊂ [−1, 1].

Proof Given measurable subsets B and C of Ω , (9.19) and the reversibility
property of Φt implies that

〈TχB , χC〉F =
∫
X

χX(B)(x)χX(C)(R(Φ
−τ (R(x)))f0(x)dx.

Since f0 is chosen to satisfy (9.10) and the sets X(B) and X(C) include all
possible momenta, the transformation y = R(x) yields

〈TχB , χC〉F =
∫
X

χX(B)(y)χX(C)(R(Φ
−τ (y)))f0(y)dy

=
∫
X

χX(B)(Φ
τ (x))χX(C)(R(x))f0(x)dx

=
∫
X

χX(C)(x)χX(B)(Φ
τ (x))f0(x)dx = 〈χB , TχC〉F ,

where the second equality is from the volume conservation property of the flow.
Since the simple functions are dense in L2F (Ω), we get 〈Tu, v〉F = 〈u, Tv〉F for
all u, v ∈ L2F (Ω). �

We give a concrete example with f0 = fcan to have a taste of the transfer
operator in the simplest case.

Example 9.3.1 Consider the one-dimensional harmonic oscillator withH(q, p)
= (q2 + p2)/2 and Ω = R. Then P(p) =

√
β/(wπ) exp

(
−η
2
p2
)
. From (9.16)

we have

Tu(q) =
∫ ∞
−∞

u((cos τ)q − (sin τ)p)
√
η

wπ
exp

(
−η
2
p2
)
dp.

We distinguish two different cases. First assume that τ = 2jπ for some integer
j > 0. Then cos τ = 1 and sin τ = 0, so

Tu(q) =
∫ ∞
−∞

u(q)
√
η

wπ
exp

(
−η
2
p2
)
dp = u(q)

for all u ∈ L2Q. In other words, T is the identity operator on L
2
Q, hence

σ(T ) = {1} and every B ⊂ R is invariant. Similarly, if τ = (2j + 1)π for
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some nonnegative integer j, then T is the identity operator on the subspace of
L2Q consisting of all the even functions.
For all the other time scales τ , we have | cos τ | < 1. Suppose that u ∈ L2Q is

a smooth eigenvector of T associated with eigenvalue λ. Differentiating Tu(q) =
λu(q) with respect to q yields

(Tu)′(q) = cos τ(Tu′)(q) = λu′(q).

Thus, λ/ cos τ is also an eigenvalue of T with eigenvector u′. Since T1 = 1, by
induction we can find a sequence of eigenvectors which are polynomials un ∈ L2Q
such that

u′1(q) ≡ 1, u′n(q) ≡ un−1(q), ∀ n � 1.
With an additional condition that such polynomials are pairwise orthogonal
under 〈·, ·〉Q, they are uniquely determined as

u1(q) = q, u2(q) = q2 −
1
η2
, u3(q) = q3 −

3
η2
q, · · ·

with the corresponding eigenvalues λn = cosn τ for all n � 1. This means that,
for τ �= jπ with any positive integer j, T has a purely discrete spectrum with 0
as its limit point.

Remark 9.3.2 In general, under some mild conditions it has been shown [115]
that the transfer operator T : L2F (Ω)→ L2F (Ω) is quasi-compact.

We give a stochastic interpretation of the transfer operator in terms of
Markov chains. Stochastic perturbations of dynamical systems have been ex-
tensively studied in, e.g., [75] and [100]; see also some related chapters of [82].
For the sake of simplicity we only consider the case of the canonical ensemble
f0(q,p) = fcan(q,p) = P(p)Q(q). We shall need the concept of Foias operators
on measures whose definition is taken from [82].

Definition 9.3.1 Given two positive integers i and j, let S : W × Y ⊂ R
i ×

R
j → W such that S(·,y) is continuous for each y ∈ Y and S(x, ·) is Borel

measurable for each x ∈W . The dynamical system with random perturbations

xn+1 = S(xn, ξn), n = 0, 1, · · · , (9.20)

where ξn are independent random vectors such that the measure

ν(B) = prob(ξn ∈ B), ∀ B ∈ B(Y )

is the same for all n and the random vectors x0, ξ0, ξ1, · · · are independent, is
called a regular stochastic dynamical system. The linear operator P :Mfin →
Mfin defined by

Pμ(A) =
∫
W

∫
Y

χA(S(x,y))dν(y)dμ(x), ∀ μ ∈ Mfin, A ∈ B(W ),
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where Mfin is the set of all finite measures on W, is called the Foias operator
corresponding to the dynamical system (9.20).

For a given initial position q0 ∈ Ω we define the following regular stochastic
dynamical system

qn+1 = ΠΦτ (qn,pn)), pn is P-distributed, n = 0, 1, · · · , (9.21)

which gives rise to a sequence of probability measures μk derived from finding
the probability of the position vector qk in a subset B ∈ B(Ω), i.e.,

μk(B) = prob(qk ∈ B), ∀ B ∈ B(Ω).

Actually the sequence {μk} is also given by the iterates of the following Foias
operator P defined by

Pμ(B) =
∫
Ω

∫
RN

χB(ΠΦτ (q,p))P(p)dpdμ(q), μ ∈ Mfin. (9.22)

That is, μk = P kμ0 if μ0 ∈ Mfin is the probability measure according to which
the initial random position q0 is distributed.
If we only consider absolutely continuous finite measures μu ∈ Mfin with

Radon-Nikodym derivatives u ∈ L1Q, then (9.22) implies that

Pμu(B)=
∫
X

χB(ΠΦτ (q,p))u(Πx)fcan(x)dx

=
∫
X(B)

u(ΠΦ−τ (x))fcan(x)dx

=
∫
B

∫
RN

u(ΠΦ−τ (q,p))P(p)dpQ(q)dq.

Therefore, the density of the measure Pμu has the expression

Tu(q) =
∫

RN

u(ΠΦ−τ (q,p))P(p)dp,

which is exactly the same as (9.16) given by the transfer operator T . Hence,
the transfer operator T : L1Q(Ω) → L1Q(Ω) is equivalent to the Foias opera-
tor P : Mfin → Mfin restricted to the finite measures with Radon-Nikodym
derivatives in L1Q, and the stochastic dynamical system (9.21) is a realization of
the Markov chain induced by the Markov operator T , which combines a short
term deterministic model, characterized by the flowΦτ , with a statistical model,
characterized by the P-distribution, the momentum part of the canonical distri-
bution. Consequently, if the initial position q0 of (9.21) is distributed according
to the probability density u ∈ L1Q(Ω), the probability density uk ∈ L1Q(Ω) of
finding qk = q is given by uk(q) = T ku(q).
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A dynamical system is said to have a metastable decomposition, if its state
space can be decomposed into a finite number of disjoint sets such that the
probability of exit from each of these sets is extremely small. In the context
of the molecular dynamics discussed here, the metastability is related to the
dominant eigenvectors of the transfer operator. More specifically, metastable
decompositions can be detected via the discrete eigenvalues of the transfer oper-
ator T (τ) close to its spectral radius 1 which is the maximal eigenvalue of T (τ).
They can be identified from the structure of the corresponding eigenfunctions
with the help of the concept of almost invariant sets.
Since the metastability of a set B may be measured by w(B,B, τ) in (9.12),

for any finite decomposition {B1, · · · , Bk} of the state space into k disjoint
subsets Bi, the metastability of the decomposition can be defined by

wk(τ) =
k∑
i=1

w(Bi, Bi, τ).

The possibility of identifying an almost optimal metastable decomposition
of the state space is seen from the following result [67].

Theorem 9.3.1 Let T : L2Q → L2Q be a reversible transfer operator whose
essential spectral radius is less than 1 and 1 is its simple eigenvalue. Then T
is self-adjoint and its spectrum has the form

σ(T ) ⊂ [a, b] ∪ {λk} ∪ · · · ∪ {λ2} ∪ {1},

where −1 < a � b < λk � · · · � λ1 = 1. Such λis are isolated eigenval-
ues of finite multiplicity that are counted according to the multiplicity with the
corresponding eigenfunctions vk, vk−1, · · · , v1 normalized to ‖vi‖L2Q = 1. Let
Q be the orthogonal projection of L2Q onto span {χA1 , · · · , χAk

}, where each
Ai = supp vi. Then the following bounds hold:

1 +
k∑
i=2

ciλi + c � wk(τ) � 1 +
k∑
i=2

λi,

where ci = ‖Qvi‖2L2Q � 1, i = 1, 2, · · · , k, and c = |a|
k∏
i=2

(1− ci) < 1.

From the above theorem, if the transfer operator T can be well approximated
by finite dimensional operators, a Perron cluster analysis (see [25, 26]) can be
used to find the number, the life times, and the decay pattern of the metastable
conformations.
Since the definition of the transfer operator is based on the Hamiltonian flow

at time τ , one can numerically solve the initial value problem of the Hamiltonian
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equations of motion (9.8) with time step size h = τ/s to yield a discrete flow
Ψh such that Φτx0 is approximated by xs via the iteration

xj+1 = Ψhxj , j = 0, 1, · · · , s− 1.

Then the chain

qn+1 = Π (Ψh)s(qn,pn), pn is P-distributed, n = 0, 1, · · ·

approximates the Markov chain (9.21) after using the Metropolis acceptance
procedure to yield a hybrid Monte Carlo (HMC) chain which contains good
approximations of sub-trajectories of the Hamiltonian system.
Now the idea of Ulam’s method can be applied to approximate the transfer

operator T in solving the eigenvalue problem Tu = λu. In the context of the L2Q
space here, Ulam’s method is the same as the orthogonal projection method.
Given a finite partition of the position space Ω in terms of the N -dimensional
rectangles {B1, B2, · · · , Bn}, let χi = χBi

and Vn = span{χ1, χ2, · · · , χn}. Let
Πn : L2Q → Vn be the operator that projects each u ∈ L2Q orthogonally onto Vn.
Then

Πnu =
n∑
i=1

1
〈χi, χi〉Q

〈χi, u〉Q · χi =
n∑
i=1

1∫
Bi

Q(q)dq
〈χi, u〉Q · χi.

The resulting discretized eigenvalue problem is ΠnTun = λun. If un =
n∑
i=1

viχi,

then the resulting matrix eigenvalue problem is

n∑
j=1

〈Tχi, χj〉Q
〈χi, χi〉Q

vj = λvi, ∀ i = 1, 2, · · · , n.

Thus, the (i, j)-entry of the n× n stochastic matrix T n is

tij =
〈Tχi, χj〉Q
〈χi, χi〉Q

= w(Bi, Bj , τ). (9.23)

For the numerical evaluation of the tij ’s in (9.23), using a realization {q1, q2, · · · ,
ql} of the HMC chain from above, the (i, j)-entry of the transition matrix T n
can be computed by the formula

Tij =
#{qn+1 ∈ Bj , qn ∈ Bi}

#{qn ∈ Bi}
, i, j = 1, 2, · · · , n.

More details on the computational algorithm is referred to [25, 26, 115] and the
references therein.
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9.4 DS-CDMA in Wireless Communications

With the increasing demand of wireless communications around the world,
the research on the third generation wireless communication technologies has
been extensive in electrical engineering. Unlike the first generation with the time
division multiple access (TDMC) and the second generation with the frequency
division multiple access (FDMC), the third generation wireless communication
technique uses the direct sequence code division multiple access (DS-CDMA) in
which the statistical properties of the so-called spreading sequences generated
by chaotic transformations play an important role. We give a short introduction
to this technique; more details can be found in [117].

We consider a simplified baseband equivalent of an asynchronous DS-CDMA
system model as an example. Suppose that there are s users of the system

with the ith user’s information signal given by Si(t) =
∞∑

k=−∞
SikgT (t − kT ),

where Sik = ±1 are the information symbols and gT is the rectangular pulse
function which is 1 on [0, T ] and 0 elsewhere. The spreading signal depends
on sequences xi = {xik} of finite length l (called the spreading factor) from the
alphabet set X, which are mapped into the set Y of all the dth complex roots
of 1 by a quantization function Q : X → Y . The combined signal Qi(t) =
∞∑

k=−∞
Q(xik)gT/l(t−kT/l) is then multiplied by Si(t) and transmitted along the

(equivalent) channel together with the spread-spectrum signals from the other
users.

At the receiver of the useful jth user, the global signal is multiplied by Q
j
(t)

and fed into an integrate-and-dump stage, where Q
j
is the complex conjugate

function of Qj defined by Q
j
(t) = Qj(t). In theory, the performance of a DS-

CDMA system tends to be optimal if the codes for different users are almost
orthogonal, i.e., the spreading sequences are generated with almost vanishing
cross correlations. Nevertheless, for the asynchronous communication environ-
ment in which a CDMA link is from the mobile transmitters to a fixed base
station in a cellular system, the sequence design problem becomes much more
complicated than the determination of a set of sequences with vanishing cross
correlations. As signals of different links are not synchronized and the spreading
sequences are not perfectly uncorrelated, orthogonality cannot be achieved and
contributions from undesired signals appear at the output of the integrate-and-
dump as the co-channel interference cjk to S

j
k for each k.

A commonly adopted approach to the co-channel interference estimation
is to consider each cjk as a Gaussian random variable whose variance can be
estimated from the cross-correlation characteristics of the spreading sequences.
If we define the partial correlation function Γτ between the ith and the jth
spreading sequences xi = {xik} and xj = {xjk} as
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Γτ (xi, xj) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

l−τ−1∑
k=0

Q(xik)Q(x
j
k+τ ), 0 � τ < l,

Γ τ (xj , xi), −l < τ < 0,
0, |τ | � l,

then the bit-error probability Perr of the communication link can be expressed
as

Perr ≈
1
2
erfc

([
1

(s− 1)R

] 1
2
)
, (9.24)

where erfc(t) = 2π−1/2
∫ ∞
t

exp(−ξ2)dξ and the quantity

R=
1

3l|Γ0(xj , xj)|2
l−1∑

τ=−l+1
Ei
=jxi,xj [2|Γτ (x

i, xj)|2

+ Re
(
Γτ (xi, xj)Γ τ+1(xi, xj)

)
] (9.25)

assumes, in terms of the signal power, the significance of an expected signal-to-
interference ratio (SIR) per interfering user. This is the expected degradation
in system performance when a new user is added.
The global SIR R is the performance merit figure that one intends to op-

timize. This quantity depends on the spreading sequences. Traditionally they
are chosen to be random-like such as the Gold or maximum-length sequences.
It has been shown in recent years that suitable chaotic transformations can
be used to deliver spreading sequences which are better than the random-like
methods in terms of the statistical merit figure R. It follows that an optimal
performance can be achieved if one is able to design spreading sequences char-
acterized by the desired statistical features. Thus, it is the statistical study of
chaotic deterministic systems that is essential in the performance analysis of
wireless communications.
The property of decay of correlations for chaotic transformations plays a

key role in the statistical analysis of the spreading sequence performance. The
expression (9.24) indicates that the bit-error probability Perr is decreased when
the global SIR R is decreased for a fixed constant s, the number of the users.
So the purpose of performance improvements is for the minimization of the
quantity R. From its expression (9.25), R can be evaluated by means of the ex-
pectations of the partial correlation functions Γτ and their products as random
variables with respect to the collection of all the spreading sequences. Since
the spreading sequences xi are generated by chaotic transformations starting
from randomly chosen initial points, and any initial point xi0 corresponds to
the resulting iteration sequence xi = {xik}, expectations of Γτ (xi, xj) and their
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products taken over all the spreading sequences xi and xj can be translated into
expectations over randomly chosen initial points xi0 and x

j
0 which determine the

sequences themselves. Thus, the expression (9.25) for R can be written as

R=
1

3l|Γ0(xj , xj)|2
l−1∑

τ=−l+1
Ei
=j
xi0,x

j
0

[
2|Γτ (xi, xj)|2

+ Re
(
Γτ (xi, xj)Γ τ+1(xi, xj)

)]
=
1
3l3
{
2Ei
=j

xi0,x
j
0

[
|Γ0(xi, xj)|2

]
+2

l−1∑
τ=1

Ei
=j
xi0,x

j
0

[
|Γτ (xi, xj)|2 + |Γτ (xj , xi)|2

]
+ReEi
=j

xi0,x
j
0

[
Γ0(xi, xj)Γ 1(xi, xj)

]
+Re

l−1∑
τ=1

Ei
=j
xi0,x

j
0

[
Γτ (xi, xj)Γ τ+1(xi, xj)

+ Γτ−1(xj , xi)Γ τ (xj , xi) ]
}

=
1
3l3

{
2Ei
=j

xi0,x
j
0

[
|Γ0(xi, xj)|2

]
+ 4

l−1∑
τ=1

Ei
=j
xi0,x

j
0

[
|Γτ (xi, xj)|2

]
+ReEi
=j

xi0,x
j
0

[
Γ0(xi, xj)Γ 1(xi, xj)

]
+Re

l−1∑
τ=1

Ei
=j
xi0,x

j
0

[
Γτ (xi, xj)Γ τ+1(xi, xj)

+ Γτ−1(xi, xj)Γ τ (xi, xj) ]
}
, (9.26)

where E is the expectation and the random variables xi0 and x
j
0 have the density

f0.
For the spreading sequences generated by the chaotic mapping S : [0, 1] →

[0, 1], we have xik = S
k(xi0) and x

j
k+τ = S

k+τ (xj0). So

|Γ0(xj , xj)|2 =
(
l−1∑
k=0

|Q(Sk(xj0))|2
)2
,

Ei
=j
xi0,x

j
0

[
|Γτ (xi, xj)|2

]
=
l−τ−1∑
k=0

l−τ−1∑
n=0

Ei
=j
xi0,x

j
0

[
Q(Sk(xi0))Q(S

k+τ (xj0))Q(S
n(xi0))Q(S

n+τ (xj0))
]

=
l−τ−1∑
k=0

l−τ−1∑
n=0

∫ 1

0

∫ 1

0

Q(Sk(xi0))Q(S
k+τ (xj0))Q(S

n(xi0))
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× Q(Sn+τ (xj0))f0(xi0)f0(x
j
0)dx

i
0dx

j
0

=
l−τ−1∑
k=0

l−τ−1∑
n=0

∫ 1

0

Q(Sk(x))Q(Sn(x))f0(x)dx

×
∫ 1

0

Q(Sk+τ (x))Q(Sn+τ (x))f0(x)dx

for 0 < τ < l, and for 0 � τ < l − 1,

Ei
=j
xi0,x

j
0

[
Γτ (xi, xj)Γ τ+1(xi, xj)

]
=
l−τ−1∑
k=0

l−τ−2∑
n=0

Ei
=j
xi0,x

j
0

[
Q(Sk(xi0))Q(S

k+τ (xj0))Q(S
n(xi0))Q(S

n+τ+1(xj0))
]

=
l−τ−1∑
k=0

l−τ−2∑
n=0

∫ 1

0

∫ 1

0

Q(Sk(xi0))Q(S
k+τ (xj0))Q(S

n(xi0))

× Q(Sn+τ+1(xj0))f0(xi0)f0(x
j
0)dx

i
0dx

j
0

=
l−τ−1∑
k=0

l−τ−2∑
n=0

∫ 1

0

Q(Sk(x))Q(Sn(x))f0(x)dx

×
∫ 1

0

Q(Sk+τ (x))Q(Sn+τ+1(x))f0(x)dx.

Thus, it follows from (9.26) that the evaluation of R involves integrals of the
type

∫ 1

0

(f ◦ Sk)(g ◦ Sn)f0dm =
∫ 1

0

fP k [(g ◦ Sn)f0] dm, (9.27)

which is closely related to the rate of decay of correlations for the chaotic map-
ping S.
As an illustration how to proceed along this direction, we let k = 0 in

(9.27). The discussion in Section 9.1 tells us that if S is piecewise C2 with
inf

x∈[0,1]\{a1,··· ,ar−1}
|S′(x)| > 1 (i.e., S is a Lasota-Yorke interval mapping [88]),

and if the invariant probability measure μ∗ with density f∗ is mixing with re-
spect to S, then it is also exact. That is, lim

n→∞μ
∗(Sn(A)) = 1 for any measurable

subset A of [0, 1] with μ∗(A) > 0 [14]. Furthermore, there is a constant M such
that for any function f ∈ BV (0, 1),

∥∥∥∥Pnf −
(∫ 1

0

f(x)dx
)
f∗
∥∥∥∥
BV

�M‖f‖BV rnmix, ∀ n, (9.28)
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where rmix ∈ (0, 1) is the rate of mixing. (9.28) implies the following inequality∣∣∣∣
∫ 1

0

f(x)g(Sn(x))f∗(x)dx−
∫ 1

0

f(x)f∗(x)dx ·
∫ 1

0

g(x)f∗(x)dx
∣∣∣∣

�C‖f‖∞‖g‖∞rnmix

for the correlation coefficient∣∣∣∣
∫ 1

0

f(x)g(Sn(x))f∗(x)dx−
∫ 1

0

f(x)f∗(x)dx ·
∫ 1

0

g(x)f∗(x)dx
∣∣∣∣ ,

where C is a constant independent of the choice of the functions f and g. In

particular, if
∫ 1

0

f(x)f∗(x)dx = 0 or
∫ 1

0

g(x)f∗(x)dx = 0, then

∣∣∣∣
∫ 1

0

f(x)g(Sn(x))f∗(x)dx
∣∣∣∣ � C‖f‖∞‖g‖∞rnmix, ∀ n.

The above analysis implies that the performance of the spreading sequences
depends on the correlation property of the underlying mapping S, which is
determined by the rate of mixing rmix ∈ (0, 1). We refer to [117] for more
details.

Exercises

9.1 Let μ be a unique absolutely continuous invariant measure of S :
[0, 1] → [0, 1] with the density f∗. Let P : L1(0, 1) → L1(0, 1) be the corre-
sponding Frobenius-Perron operator with respect to the Lebesgue measure m.
Define an operator Pμ on L1(μ) by

Pμf =
P (f · f∗)
f∗

.

Show that Pμ is the Frobenius-Perron operator induced by S from L1(μ) into
itself (see Exercise 4.12).

9.2 Let X = [0, 1] and let μ be a unique absolutely continuous invariant
measure of S : [0, 1]→ [0, 1]. Express the correlation coefficient Cor (f, g, n) in
Definition 9.1.1 in terms of the Frobenius-Perron operator with respect to the
Lebesgue measure m and the invariant measure μ, respectively.

9.3 Show that if f ∈ L1(0, 1) is of bounded variation and m(supp f) > 0,
then the interior of supp f is nonempty.

9.4 Show that if f ∈ L1(0, 1) is of bounded variation, then the support of
f can be expressed as

supp f =
s⋃
n=1

In a.e., 1 � s � ∞,



220 Chapter 9 Applications of Invariant Measures

where In are mutually disjoint open intervals.
9.5 Let f and g be two distinct stationary densities of the Frobenius-Perron

operator associated with a nonsingular transformation S : [0, 1] → [0, 1] that
satisfies the conditions of Theorem 5.2.1. Show that there exist two stationary
densities f∗ and g∗ of P such that supp f∗ ∩ supp g∗ = ∅.

9.6 Show that if f is a stationary density of the Frobenius-Perron operator
associated with S and if S−1(A) = A, then f · χA is a fixed point of P .

9.7 Let f : [a, b]→ R be of bounded variation. Let x, y ∈ [a, b] and x < y.
Show that

|f(x)|+ |f(y)| �
1∨
0

f +
2

y − x

∫ y

x

|f(t)|dt.
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[70] Jabloński M. On invariant measures for piecewise C2-transformations of the
n-dimensional cube. Ann. Polon. Math., 1983, XL : 185–195

[71] Jenkinson O, Pollocott M. Entropy, exponents and invariant measures for hyper-
bolic systems: dependence and computation. Modern Dynamical Systems and
Application. Cambridge University Press, 2004, 365–384

[72] Keane M, Murrary R, Young L S. Computing invariant measures for expanding
circle maps. Nonlinearity, 1998, 11(1): 27–46
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Li-Yorke, 2

∼ theorem, 7
Lipschitz continuous, 30
Liverani, 152
logistic model, 2, 3, 71

map
coupled ∼, 76
cusp ∼, 91
Gauss ∼, 59
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∼ function, 18
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∼ transformation, 18, 36

measure, 10, 16
∼ preserving, 37
absolutely continuous ∼, 10, 22
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Borel probability ∼, 51
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Dirac ∼, 10
equivalent ∼, 22, 86
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Gibbs ∼, 67
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physical ∼, 68
positive ∼, 16
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Markov ∼, 116, 128, 152
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∼, 116
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Miller, 118
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Morgen’s formula, 16
Murray, 144, 152

∼’s estimate theorem, 161

Neumann series, 96, 147, 159
node, 134
norm

difference ∼, 153

observables, 196
operator, 33

bounded linear ∼, 33
Clément ∼, 135
compact ∼, 33
composition ∼, 48
constrictive Frobenius-Perron∼,

102
constrictive Markov ∼, 97
deterministic Markov ∼, 90
dual ∼, 78, 88, 194
ergodic Markov ∼, 83
exact Markov ∼, 84
finite dimensional Markov∼, 151
Foias ∼, 212
Frobenius-Perron∼, 11, 69, 205
Frobenius-Perron∼ on measures,

52, 55, 75
identity ∼, 86
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Koopman ∼, 48, 77, 205
Markov ∼, 63, 84, 119, 208
Markov ∼ on measures, 75
mixing Markov ∼, 84
monotone ∼, 63
multiplicative ∼, 48
positive ∼, 63
positive transfer ∼, 197
quasi-compact ∼, 34, 96, 145,
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Ruelle ∼, 67
self-adjoint ∼, 210
spacial transfer ∼, 207
transfer ∼, 205

orbit, 3, 48
dense ∼, 48, 49

paradox of the weak repellor, 103
pedal triangle, 66
performance merit figure, 216
period, 3

∼-doubling, 7
∼ −n point, 3

periodic
∼ orbit, 3
∼ point, 2
attracting ∼ point, 3
basin of attraction of a ∼ orbit,

7
eventually ∼ point, 3
repelling ∼ point, 3

peripheral eigenvalue, 145
permutation, 98
Poincaré, 2

∼ map, 2
Poisson bracket, 74
predictable, 7
probabilistic, 9
projection

coordinate ∼, 31, 207
Galerkin ∼, 119
positive ∼ operator, 84

Rényi, 200

∼ condition, 157
Radon-Nikodym, 22

∼ derivative, 22, 76, 89
random

∼ number, 199
pseudo-∼ number, 199

range, 85, 94
rate

∼ of decay, 197
∼ of mixing, 219

refinement, 181
repellor

strong ∼, 104, 105, 123
weak ∼, 103

resolvent, 162
∼ set, 86
∼ set, 162

reversibility, 204
Riemann

∼ integrable, 20
∼ integral, 20

Rochlin, 41, 200

SARS, 204
Schütte, 204
Schwartz’s distribution theory, 27
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∼ of Frobenius-Perron oepra-
tors, 74

∼ of Markov operators, 65
∼ of transformations, 74

sensitive dependence on initial con-
ditions, 8

set
dense ∼, 47, 120
limit ∼, 8
totally ordered ∼, 103
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Shannon, 177
shift, 48

one-sided ∼, 48, 67
two-sided ∼, 48

Sierpiński gasket, 75
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signal-to-interference ratio (SIR), 216
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Sobolev, 28

∼ norm, 27
∼ space, 27, 30

space, 9
σ-finite measure ∼, 10, 18
∼ average, 9
∼ mean, 9
Banach ∼, 33
Borel measure ∼, 17
compact Hausdorff ∼, 17
compact metric ∼, 10, 47
complete measure ∼, 18
counting measure ∼, 17
dual ∼, 23
finite measure ∼, 18
Lebesgue measure ∼, 18
measure ∼, 16
metric ∼, 184
normalized measure ∼, 18
null ∼, 85
phase ∼, 205
position ∼, 205
probability ∼, 18
sample ∼, 17, 173
topological ∼, 18
vector ∼, 23

spectral radius, 34, 213
essential ∼, 213

spectrum, 86, 162
approximate point ∼, 87
continuous ∼, 86
isolated point of the ∼, 162
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stochastic, 211
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∼ matrix, 118, 133, 214
∼ perturbation, 148
∼ stability, 144

∼ally pre-stable, 152
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doubly ∼ kernel, 148, 151
quasi column ∼, 66
quasi-∼, 2

sub-σ-algebra, 42, 86
sub-shift of finite type, 48
supp f , 64
support, 64, 70, 134

∼ of a measure, 75
symmetric difference, 64

theorem
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Birkhoff’s pointwise ergodic ∼,

61, 78
Birkoff’s pointwise ergodic ∼,

117
Brouwer’s fixed point ∼, 123
Chiu-Du-Ding-Li’s estimate ∼,

169
Ding-Hornor’s decomposition∼,

85
Ding-Zhou’s convergence∼, 127
Fubini’s ∼, 149, 150
Hahn-Banach ∼, 94
Ionescu-Tulcea and Marinescu

∼, 34, 97, 113, 145, 197
Kakutani-Yosida abstract ergodic

∼, 94–96, 113
Keller’s estimate ∼, 151
Keller’s stability ∼, 148
Komornic-Lasota spectral decom-

position ∼, 98
Krylov-Bogolioubov ∼, 10, 52
Lasota-Yorke’s ∼, 99
Lebesgue’s dominated conver-
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∼, 21
Li’s convergence ∼, 121
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Rellich ∼, 33
Riesz’s representation ∼, 51
Ruelle’s ∼, 67
von Neumann’s mean ergodic
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time, 9
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Tonnelli, 31, 106
topological, 49

∼ entropy, 185
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∼ly conjugate, 8
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discrete ∼, 48
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weak ∼, 32
weak∗-∼, 51
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trajectory, 204
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Ck-∼, 27
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r-adic ∼, 200
baker ∼, 60, 72
continuous ∼, 10, 47
dyadic ∼, 41
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exact ∼, 42
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Markov ∼, 115
measure preserving ∼, 9
minimal ∼, 57
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Rényi ∼, 200
random ∼, 76
uniquely ergodic ∼, 57
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transition
∼ function, 88
∼ matrix, 214
∼ probability, 207

transitivity, 39
triangulation, 134

shape-regular ∼, 134
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Ulam, 13, 99, 116
∼’s approximation, 123
∼’s conjecture, 116, 118

uniform
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quasi-∼ partition, 124
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universal constant, 7
unpredictable, 2, 8

variation, 24, 28
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Tonnelli ∼, 31
total ∼, 16, 29

vector 1-norm, 27
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von Neumann, 13, 44, 199
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